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Abstract In this paper, I introduced the concept of an almost 2-absorbing J-primary ideal
which unifies the concept of an almost 2-absorbing ideal and an almost 2-absorbing primary
ideal in a commutative ring. I also defined and study the concept of a ¢-2-absorbing J-primary
ideal in a commutative ring and proved some characterizations.

1 Introduction

The concept of prime ideals in rings are generalized in different directions D. D. Anderson
and M. Bataineh [1]. Darani and Yousefian [4], studied generalization of primary ideals in a
commutative ring. The study of an expansion of ideal and J-primary ideals in a commutative
ring is carried out by Zhao [8], where § is a mapping with some additional properties. Fahid and
Zhao [5] defined 2-absorbing J-primary ideals in a commutative ring. Badawi and Fahid [3],
defined weakly J-primary ideals and weakly 2-absorbing J-primary ideals of commutative rings.
They defined expansion of ideals in product of rings. Also they defined J-twin zero and §-triple
zero. S. K. Nimbhorkar and J. Y. Nehete [7], studied generalizations of §-primary elements in
Multiplicative Lattices. They defined Almost d-primary elementss, n almost d-primary elements
and studied some characterizations.

In this paper I used expansion of ideals to define an almost 2-absorbing §-primary ideal which
unifies the concept of an almost 2-absorbing ideal and an almost 2-absorbing primary ideal in
one frame. I defined an n almost n-absorbing §-primary ideal. Also I introduced ¢-2-absorbing
d-primary ideal in a commutative ring and proved some results. I introduced ¢-J-triple-zero and
some results based on it.

In this paper, all the rings are commutative rings. I shall use the notation Id(R) to denote the
set of all ideals of the commutative ring R.

2 preliminaries

We recall some definitions of a ring R.
An ideal P is called a proper ideal of R if P # R.

Definition 2.1. A proper ideal P of R is called a prime ideal if for a,b € R, ab € P implies that
eithera € Porb € P.

Definition 2.2. The radical of an ideal I is defined as,
VI={x € R|z" € I,n € N}.

Definition 2.3. A proper ideal P of R is called a primary ideal if for a,b € R, ab € P implies
that either a € P orb € V/P.

The following definitions are from Zhao Dongsheng and Fahid [5].
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Definition 2.4. An expansion of ideals, or an ideal expansion, is a function
§ : Id(R) — Id(R), satisfying the conditions (i) I C (1) and (ii) J C K implies 6(J) C §(K),
forall I, J, K € Id(R).

Example 2.5. (1) The identity function &y : Id(R) — Id(R), where §y(I) = I for every

I € Id(R), is an expansion of ideals.

(2) The function B that assigns the biggest ideal R to each ideal is an expansion of ideals.

(3) For each proper ideal P, the mapping M : Id(R) — Id(R), defined by

M(P) = n{I € Id(R)|P C I,I is a maximal ideal other than R}, and M(R) = R. Then M is
an expansion of ideals.

(4) For each ideal T define 6;(I) = v/, the radical of I. Then &;(I) is an expansion of ideals.

Definition 2.6. Let § be an expansion of ideals of R. A proper ideal I of R is called a 2-absorbing
d-primary ideal if abc € I, ab ¢ I and be ¢ 6(I), then ac € 6(I), for all a, b, c € R.

Definition 2.7. Let § be an expansion of ideals of R. A proper ideal I of R is called a weakly
2-absorbing d-primary ideal if 0 # abc € I, then ab € I or be € §(I) or ac € 6(I) for all
a,b,c € R.

Definition 2.8. Let § be an expansion of ideals on R and n be a positive integer. A proper ideal
I of R is called a n-absorbing §-primary ideal of R if for ay,...,a,4+1 € R, ajas...an41 € 1,
then there are n number of the a,;’s whose product is in §(7).

3 Almost 2-absorbing J-primary ideals
We define an almost 2-absorbing d-primary ideal in a commutative ring.

Definition 3.1. Let § be an expansion function. Let D be a proper ideal of R. Then D is said
to be an n-almost 2-absorbing J-primary ideal if zyz € D — D™ implies that either xy € D or
yz € (D) or xz € §(D), for z,y,2 € R. If n = 2, then D is called an almost 2-absorbing
o-primary ideal of R.

In the following theorem we prove a relationships between an almost 2-absorbing J-primary
ideal and é-primary ideals.

Theorem 3.2. Let D be a proper ideal of R. Then the following statements hold.:

(1) If D is an almost 6-primary ideal of R, then D is an almost 2-absorbing 6-primary ideal.
(2) If D is a 2-absorbing §-primary ideal of R, then D is an almost 2-absorbing §-primary ideal.
(3) If D is a weakly d-primary ideal of R, then D is an almost 2-absorbing 6-primary ideal.

(2) If D is a weakly 2-absorbing §-primary ideal of R, then D is an almost 2-absorbing
d-primary ideal.

Proof. (1) Let pgr € D — D? for p,q,r € R. As D is almost §-primary, we get either pg € D or
r € §(D) . If pg € D, then the proof is clear. If » € (D) then pr € §(D) and gr € 6(D). Thus
D is an almost 2-absorbing J-primary ideal.

(2) Let zyz € D — D? for z,y, 2z € R. As D is a 2-absorbing é-primary, we get 2y € D or
yz € 6(D) or zz € §(D). Hence D is an almost 2-absorbing d-primary ideal.

(3) Let abc € D — D? for a,b,c € R. Then abc € D — {0}. As D is weakly J-primary, we get
either ab € D or ¢ € (D). If ab € D, then the proof is clear. If ¢ € §(D) then ac € §(D) and
bc € 6(D). Thus D is an almost 2-absorbing §-primary ideal.

(4) Let abc € D — D? for a,b,c € R. Then abc € D — {0}. As D is a weakly 2-absorbing
d-primary, we get ab € D or be € §(D) or ac € §(D). Hence D is an almost 2-absorbing
d-primary ideal. O

In the following result we show that the radical of an almost 2-absorbing J-primary ideal is
also an almost 2-absorbing §-primary.

Proposition 3.3. Let D be a proper ideal of R such that \/5(D) = 6(/D). If D is an almost
2-absorbing §-primary ideal of R then \/D is an almost 2-absorbing 5-primary ideal of R.



398 Jaya Y. Nehete

Proof. Let p,q, € R be such that pgr € /D — (v/D)?. As D is almost 2-absorbing

§-primary ideal of R and (pgr)™ € D — D? implies that either (pg)™ € D or (gr)" € §(D)

or (pr)™ € §(D). It follows that either pq € /D or

qr € \/0(D) = 6(v/D) or pr € \/6(D) = §(/D). Thus v/D is an almost 2-absorbing §-primary
ideal of R. O

Definition 3.4. (Zhao Dongsheng [8]) Let J and K be ideals of a ring R, the residual division of
J and K is defined as the set (J : K) = {x € R|zy € J forally € K}
Similarly, we can define (J : a) = {z € Rlaz € J}.

In the following theorem, we give a characterization for an almost 2-absorbing J-primary
ideal.

Theorem 3.5. For a proper ideal D of R, the following statements are equivalent:
(1) D is an almost 2-absorbing 6-primary ideal of R;
(2) for every p,q € R such that pq ¢ §(D), (D : pq) C (D :p) U (6(D) : q) U (D?*: pq).

Proof. (1) = (2) Let x € R be such that z € (D : pq) for some pq ¢ 6(D). Then zpg € D.
If 2pg € D?, then z € (D? : pq). Suppose that zpg ¢ D?. Since pq ¢ 6(D) and D is almost
2-absorbing J-primary. We get either zp € D or xzq € §(D) it follows that either x € (D : p) or
x € (6(D) : q). Hence (D : pg) C (D : p) U (6(D) : q) U (D?: pq).

(2) = (1) Let pgr € D — D?. Then p € (D : gr). Suppose that gr ¢ 6(D).

Since (D : qr) C (D:q)U(6(D):7r)U(D?:qr),wegetp € (6(D):7r)U(D:q)U(D?*:qr).
If p € (6(D) : 7), then pr € §(D). If p € (D : q), then pg € D. If p € (D? : gr), then
pgr € D?, a contradiction. Hence we get either pr € §(D) or pg € D. Therefore, D is an almost
2-absorbing §-primary ideal. O

Proposition 3.6. Let D be a proper ideal of R. If I, J, K are ideals of R with
IJK C D — D? then IJ C D or JK C §(D) or IK C §(D) implies that D is an almost
2-absorbing 6-primary ideal of R .

Proof. Let abc € D — D?, where a,b,c € R. Then < a >,< b >, < ¢ > are ideals of R, and
<a><b><e¢>CD-D>Hence<a><b>C Dor<b><c>CdD)

or < a >< ¢ >C §(D) which means ab € D or bc € §(D) or ac € §(D). Thus D is an almost
2-absorbing §-primary ideal of R. O

Proposition 3.7. Let § be an expansion of ideal such that §(I1)/P = 6(1/P), for every ideal I of
R satisfying P C I. If D is an almost 2-absorbing 6-primary ideal of R with Q C D, for any
proper ideal Q of R, then D/Q is an almost 2-absorbing d-primary ideal of R/ Q.

Proof. Let (a + Q)(b+ Q)(c + Q) € D/Q — (D/Q)* and (a + Q)(b + Q) ¢ D/Q, where
(a+Q),(b+Q),(c+Q) € R/Q. Then abc + Q € D/Q — (D/Q)? and ab + Q ¢ D/Q.
Hence abc € D — D? and ab ¢ D. As D is an almost 2-absorbing §-primary ideal of R, we get
be € 6(D) or ac € §(D). It implies that be + Q € §(D)/Q or ac+ Q € 6(D)/Q, so we conclude
that (b + Q)(c+ Q) € §(D)/Q = 6(D/Q) or (a + Q)(c+ Q) € §(D)/Q = 6§(D/Q). Hence
D/Q is an almost 2-absorbing d-primary ideal of R/Q. O

We prove a characterization for almost 2-absorbing §-primary ideals.

Theorem 3.8. Let § be an expansion of ideal such that 6(I)/P = §(1/P), for every ideal I of R
satisfying P C I. A proper ideal D of R is almost 2-absorbing 6-primary if and only if D/ D? is
a weakly 2-absorbing §-primary ideal of R/ D>.

Proof. First suppose that D is an almost 2-absorbing d-primary ideal of R.

Let 0+ D* # (v + D*)(y + D?)(= + D?) € D/D?

and (z + D?)(y + D?) ¢ 6(D/D?) = §(D)/D?,

where (x+D?), (y+D?), (z+D?) € R/D?. Then zyz € D— D?,but D is an almost 2-absorbing
§-primary ideal of R and xy ¢ §(D), so yz € D or 2z € §(D). Then (y + D?)(z + D?) € D/D?
or (x + D?)(z + D?) € §(D/D?*) = §(D)/D?. Thus D/D? is a weakly 2-absorbing §-primary
ideal of R/D?.
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Conversely, suppose that D /D? is a weakly 2-absorbing §-primary ideal of R/D?. Letp, q,7 € R
be such that pgr € D — D?. Then pgr + D?> € D/D? and so pqr + D?* # D?, it follows that
0+ D? # (p+ D*)(q + D*)(r + D*) € D/D?. So either (p + D?)(¢ + D?) € D/D? or
(¢ + D?*)(r + D?*) € 6(D/D?) = 6(D)/D? or

(p+ D*)(r + D?) € §(D/D?) = §(D)/D?* which implies that either pg € D or gr € §(D) or
pr € (D). Therefore D is an almost 2-absorbing d-primary ideal of R. O

~—

Now we introduce this concept more generally namely, n-almost n-absorbing J-primary
ideal.

Definition 3.9. A proper ideal D of R such that ajaza3 ...ap+1 € D
and ajapas . .. an+1 ¢ D™ is called n-almost n-absorbing §-primary if the product of n members
of {ay,az,a3,...,an11}is in (D), for some a1, az, a3, ...,a,+1 € R.

The following result gives a characterization for a n-almost n-absorbing J-primary ideal.

Theorem 3.10. For an ideal D of R, the following statements are equivalent.
(1) D is a n-almost n-absorbing §-primary ideal of R.

(2) Forevery ay,az,as,...,a, € Rwithajaas . ..a, ¢ 6(D),
(D :ajazaz...an) C (6(D) : ajazas...a;—16i11 - . . ay) for some
ie{1,2,3,...,n}or(D:ajapaz...a,) C (D" :ajaza;3...an).

Proof. (1) = (2): Letay,az,a3,...,a, € Rbesuchthat ajazas...a, ¢ 5(D),

Suppose that b € (D : ajazas . .. ay), 80 ajazas . ..apxb € D. If ajazasz . .. apnb & D™ then by (1),
10203 . . . G;—1Git1 - .. apb € 6(D) for some i € {1,2,3,...,n}.

Sobe (6(D):ajazas...a;—1a:41 - .. an). Hence

(D :ajazaz...an) C (6(D) : ajaza3...a;—16i11 - ..ay) forsome s € {1,2,3,...,n}. If
a1a30a3 . ..apb € D™ then b € (D™ : ajaza;z ... ay).

Thus (D : ajazas . ..a,) C (D™ : ajaza;z .. . ay,). Therefore we conclude that

(D :ajazas...an) C (6(D): a1a2a3...a;—1Gi11 - .. ap)

forsomei € {1,2,3,...,n}or (D :aja2a3...a,) C (D" : ajazas...ay).

(2) = (1): Suppose that ajaza3 . ..an+1 € D and a1aza3 . .. a1 ¢ D™. If the

product of n members of a1, as,as,...,a,11 € Risin §(D) then the proof is clear. So without
loss of generality we assume that ajazas . .. a, ¢ 6(D). Then ajazas . ..a, ¢ D. Hence by (2),
(D :ajaxas...an) C (6(D): a1a2a3...a;—1Gi11 - - . ap)

forsomei € {1,2,3,...,n}or (D :aja2a3...a,) C (D" : ajazas...ay).

As ajaas...ap+1 € D, sowe getaniq € (D ajaaz...ap).

If (D:ajazas...a,) C (D" : ajazas .. .ay,), then

ans1 € (D @ ajazaz...an) C (D™ : ajapas...a,) implies that ajaza3 ... anan+ € D7, a
contradiction. Hence (D : ajazas . ..a,) C (6(D) : a1a2a3 ... a;—1Qi41 - - - Qn)

for some i € {1,2,3,...,n}, then

an+1 € (D :ajaxaz...an) C (6(D) : a1a2a3...a;—1Gi11 - - - ap)

for some i € {1,2,3,...,n}. Sowe get an+1 € (6(D) : a1a2a3 ... a;— 1041 - .. ap)
forsome i € {1,2,3,...,n} implies that ajazasz . ..a;_1a;11 . .. apnany1 € 6(D)
for some ¢ € {1,2,3,...,n}. Therefore D is a n-almost n-absorbing §-primary ideal . O

Badawi and B. Fahid [3], introduced expansion of ideals éy in a product of rings. Let
Ry, Ry, ..., R,, where n > 2, be commutative rings with 1 # 0. Assume that d;,d,,...,d,
are expansion of ideals of R, Ry, ..., R,, respectively.

Let R =Ry X Ry X ..., xR, Define a function é, : Id(R) — Id(R) such that

Ox (Il XIpx...x In) = (51([1) X (52([2) X ... X 5n(In) fOI’CVCI'y I; € Id(Rl),

where 1 < i < n. Clearly, d« is an expansion of ideals of R. Note that every ideals of R is of
the form I} x I, x ... x I,,, where each I; is an ideal of R;, for 1 < ¢ <n.

Theorem 3.11. Let R; and R, be commutative rings with identity. Let R = R; X R, and 6,
0y and 6« be expansion of ideals of Ry, Ry and R respectively such that for every i € {1,2}, if
Ii 75 Rl and 51(11) 75 ]‘2z . Then

(i) P is an almost 2-absorbing §-primary ideal of R, if and only if P x R, is an almost
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2-absorbing  -primary ideal of Ry X Rj.
(ii) P is an almost 2-absorbing &,-primary ideal of R, if and only if (R x P) is an almost
2-absorbing 6« -primary ideal of Ry X Rj.

Proof. (i): Suppose that P is an almost 2-absorbing J;-primary ideal in R;. As P is a proper
ideal in R;, we get P x R; is a proper ideal in Ry x R;. Now let (a,x), (b,v), (¢,2) € B X R,
be such that (a,z)(b,y)(c,2) € (P x Ry) — (P x Ry)?*, where a,b,c € Ry and x,y,2 € R,.
Since (P x Ry) — (P x Rp)* = (P — P?) x Ry, so we can write (abc, zyz) € (P — P?) x R,
then we get abc € P — P2, as P is an almost 2-absorbing &;-primary ideal in R; which implies
that either ab € P or bc € §,(P) or ac € §;(P). Hence either (ab, zy) = (a,z)(b,y) € P X R,
or (be,yz) = (b,y)(c, z) € 61(P) x 52(Ry) = dx (P X Ry) or

(ac,z2) = (a,z)(c,z) € (61(P) x 62(R2)) = 6x(P x R,). Therefore P x R, is an almost
2-absorbing ¢ -primary ideal of R; x Rs.

Conversely, Let P x R, be an almost 2-absorbing ¢ -primary ideal of R; x R,. Let abc € P— P?.
So (a,1g,)(b, 1r,)(c, 1r,) € (P — P?*) x Ry = (P x Ry) — (P x Rp)?, where a,b,c € Ry. As
P x R, is an almost 2-absorbing 0 -primary ideal in R; x R; then either (a, 1g,)(b, 1g,) € PX R,
or (b, le)(C; 1R2) € 0x (P X Rz) = 51(P) X (52(R2) or

(a,1g,)(c,1R,) € 0« (P x Ry) = 61(P) x 82(1R,). Hence either ab € P or bc € 6;(P)

or ac € §;(P). Therefore P is an almost 2-absorbing 4, -primary ideal in R;.

(i1) Can be proved by using technique as in (i). O

4 ¢-2-absorbing §-primary ideals

Now we define a ¢-2-absorbing J-primary ideal in R.

Definition 4.1. Let ¢ be an expansion of ideal of R. Let ¢ : Id(R) — Id(R) U {(}} be a function
such that ¢(I) C I, for every I of R. A proper ideal D of R is called ¢-2-absorbing §-primary if
pqr € D — ¢(D) implies either pq € D or gr € §(D) or pr € §(D), for p,q,r € R.

Definition 4.2. Let § be an expansion of ideal of R. Let ¢ : Id(R) — Id(R) U {(} be a function
such that ¢(I) C I, for every I of R. A proper ideal D of R is called w-2-absorbing §-primary if
pgr € D —(,—, D™ implies either pg € D or gr € §(D) or pr € §(D), for p,q,r € R.

Theorem 4.3. For a proper ideal D of R.

Consider the following statements hold:

(i) If D is a 2-absorbing §-primary, then D is a weakly 2-absorbing §-primary.

(i)If D is a weakly 2-absorbing §-primary, then D is a w-2-absorbing §-primary.

(iii)If D is a w-2-absorbing §-primary, then D is a n-almost 2-absorbing d-primary.

(iv) If D is a n-almost 2-absorbing §-primary, then D is an almost 2-absorbing d-primary.

Proof. (i) Proof is obvious.

(i1) Suppose that D is not a w-2-absorbing §-primary ideal of R. Then there exist p, ¢, € R such
that pgr € D—(, D™ and pq ¢ D or qr ¢ 6(D) or pr ¢ §(D). Since D is weakly 2-absorbing
d-primary, it follows that pg € D or gr € 6(D) or or pr € §(D), a contradiction. Hence pgr = 0
this contradicts to pgr ¢ (),—, D™. Hence D is a w-2-absorbing §-primary ideal of R.

(iii) Suppose that D is w-2-absorbing d-primary and (n > 2). Let abc € D — D™ for some
a,b,c € R.Then abc € D — (\,_, D" for some a, b, ¢ € R, since D is w-2-absorbing J-primary
it follows that either ab € D or bc € §(D) or ac € §(D). Hence D is a n-almost 2-absorbing
d-primary ideal, (n > 2).

(iv) The last implication is obvious for n = 2. O

The following theorem gives a characterization of a w-2-absorbing §-primary ideal in R.

Theorem 4.4. Let D be a proper ideal of R. Then D is a w-2-absorbing §-primary if and only if
D is a n-almost 2-absorbing d-primary for every n > 2.

Proof. Let D be a n-almost 2-absorbing J-primary for every n > 2. Suppose that

pgr € D —(,~, D" for some p,q,r € R, then pgr € D — D™ for some m > 2 but for every
n > 2, D is n-almost 2-absorbing J-primary, we get either pg € D or gr € §(D) or pr € §(D).
Hence D is a w-2-absorbing J-primary.

The converse follows from Theorem 4.3(iii). O
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Next we show that the radical of a ¢-2-absorbing §-primary ideal of L is again a
¢-2-absorbing §-primary ideal.

Lemma 4.5. Let D be a ¢-2-absorbing §-primary ideal of R such that \/¢(D) = ¢(v/D)
and \/5(D) = 6(v/D). Then \/D is a ¢-2-absorbing §-primary ideal in R.

Proof. Assume that pgr € /D — ¢(+/D) but pq ¢ v/D for some p, ¢, € R. Then there exists a
positive integer n such that (pgr)™ € D. If (pgr)™ € ¢(D), then by hypothesis

pqr € \/#(D) = ¢(v/D), a contradiction. So assume that (pgr)™ ¢ ¢(D) and (pq)™ ¢ D. Then
we get (¢qr)™ € (D) or or (pr)™ € §(D), as D is ¢-2-absorbing §-primary.

Hence qr € \/3(D) = 6(v/D) or pr € \/6(D) = §(v/D). Therefore v/D is a $-2-absorbing

d-primary ideal in R. O

Lemma 4.6. Let ¢1, ¢, : Id(R) — Id(R) U{0} be function with ¢(I) C ¢a2(I) for every I of R.
If D is ¢|-2-absorbing §-primary, then D is also a ¢,-2-absorbing §-primary.

Proof. Let a,b,c € R be such that abc € D — ¢,(D) implies abc ¢ ¢ (D). Since D is
¢1-2-absorbing d-primary then we get ab € D or be € §(D) or ac € §(D). Thus D is a
¢»-2-absorbing §-primary. O

Lemma 4.7. Let D be a proper ideal of L. Suppose that ¢(D) is a 2-absorbing d-primary ideal
of R. If D is a ¢-2-absorbing 6-primary ideal of R, then D is a 2-absorbing 6-primary ideal of
R.

Proof. Assume that pgr € D for some p,q,r € Rand pq ¢ D. If pgr € ¢(D). Since ¢(D) C D
and pq ¢ D then pq ¢ ¢(D). As ¢(D) is 2-absorbing §-primary, we get either

qr € §(¢(D)) C §(D) or pr € §(¢p(D)) C §(D). If pgr ¢ ¢(D), then as D is a ¢-2-absorbing
d-primary, we get either gr € §(D) or pr € §(D). Hence D is a 2-absorbing §-primary ideal of
R. O

Definition 4.8. Let D be a ¢-2-absorbing d-primary ideal of R and a,b,c € R. If abc € ¢(D)
butab ¢ D, bc ¢ §(D) and ac ¢ §(D), then (a, b, ¢) is called a ¢-§-triple zero of D.

Lemma 4.9. If D is a ¢-2-absorbing 6-primary ideal of R that is not a 2-absorbing 6-primary
ideal of R, then D has a ¢-0-triple-zero (a, b, ¢), for some a,b,c € R.

Proof. Since D is not 2-absorbing d-primary, then there exist a, b, ¢ € R such that abc ¢ D,

ab ¢ D,bc ¢ §(D) and ac ¢ 6(D). As D is a ¢-2-absorbing §-primary ideal of R, if abc ¢ ¢(D),
then either ab € D or be € §(D) or ac € §(D) which is not possible. Hence abc € ¢(D). Thus
D has a ¢-d-triple-zero (a, b, c). i

Theorem 4.10. Let D be a ¢-2-absorbing §-primary ideal of R and suppose that (z,y, z) is a
¢-0-triple zero of D for some x,y,z € R. Then

(1) xzyD,yzD,zzD C ¢(D).

(2) eD?,yD?, 2D* C ¢(D).

Proof. (1) Suppose that zyD ¢ ¢(D). Then there exists d € D such that zyd ¢ ¢(D).

Then zyz + zyd = zy(z +d) € D and xyz + zyd = 2y(z + d) ¢ #(D). Aszy ¢ D and D
is ¢-2-absorbing d-primary ideal, either z:(z + d) € (D) or y(z + d) € §(D). So we get either
xzz € §(D) or yz € 6(D), which is a contradiction to (x,y, z) is ¢--triple zero of D. Hence
zyd € ¢(D) and so zyD C ¢(D). Similarly, we can show that yzD,zzD C ¢(D).

(2) Suppose that D> ¢ ¢(D). Then there exists dy, d, € D such that zd d, ¢ ¢(D).

xyz + xdydy + xzdy + xydy = x(y +di)(2 + da) € D and 2(y + di)(z + dp) ¢ #(D). As D is
¢-2-absorbing J-primary ideal, we have either 2:(y + d;) € D or z(z + d») € §(D) or

(y +di)(z+ dr) € (D). So we get either zy € D or zz € §(D) or yz € §(D), which is a
contradiction to (x,y, 2) is ¢-6-triple zero of D. Hence xd;dy € ¢(D) and so xD* C ¢(D).
Similarly, we can prove that yD?, zD?* C ¢(D). ]

Theorem 4.11. If D is a ¢p-2-absorbing §-primary ideal of R which is not a 2-absorbing
§-primary ideal, then D3 C ¢(D).
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Proof. Suppose that D is a ¢-2-absorbing J-primary ideal of R which is not a 2-absorbing
d-primary ideal of R, then by Lemma 4.9, D has a ¢-d-triple-zero (z, y, 2), for some z,y, 2 € R.
Suppose that D¥ & ¢(D). Then there exist dy, d, ds € D such that dydads ¢ ¢(D).

Consider

zyz + didads + z2dy + Tyds + xdpds + yzdy + ydids + zdidy = (x+ dy)(y+ da)(z 4+ d3) € D
and (z + d;)(y + d2)(z + d3) ¢ ¢(D). As D is ¢-2-absorbing d-primary ideal, we have either
(x+d)(y+da) € Dor (xz+di)(z+ds) € (D) or (y + da)(z + d3) € §(D). So we get either
zy € Dorxz € §(D) or yz € §(D), which is a contradiction to (z, y, z) is ¢-d-triple zero of D.
Hence didad; € ¢(D) and so D* C ¢(D). O

The following proposition gives some conditions for a ¢-2-absorbing J-primary ideal of R to
be a 2-absorbing J-primary ideal of R.

Proposition 4.12. Let ¢ : Id(R) — Id(R) U {0} be a function such that $(I) C I, for every
ideal I of R.

(1) If D is a ¢-2-absorbing 6-primary ideal of R such that D3 ¢ (D), then D is 2-absorbing
o-primary.

(2) If D is a ¢-2-absorbing §-primary ideal that is not a 2-absorbing §-primary ideal of R and
§(D?) = §(D), then §(D) = §(¢(D)).

Proof. (1) The proof follows from Remark 4.9 and Theorem 4.11. (2) Since ¢(D) C D, we
have §(¢(D)) C 6(D). On the otherhand, it follows that from part (1) that D3 C ¢(D). Hence
(D) = (D) € 8(4(D)), s0 8(D) = d(¢(D)). D
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