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Abstract In the present work we give a new proof of the existence and uniqueness of gener-
alized solution of the nonlinear Schrédinger problem with singular initial data, in the framework
of Colombeau algebra. Our work is based on the theory of generalized fixed point and the gen-
eralized semigroups theory. We have shown the link between this generalized solution and the
classical solution via the concept of the association.

1 Introduction

Colombeau’s theory of generalized functions has been developed in connection with nonlinear
problems, see [3, 13, 15, 18, 21, 22, 23, 24, 25]. The algebra G* of Colombeau is differential
which contains the space D’ of distributions. Furthermore, nonlinear operations more general
than the multiplication make sense in the algebra G°. Therefore the algebra G* is a very conve-
nient one to find and study the solutions of nonlinear differential equations with singular initial
data. The theory of Colombeau generalized functions provides new solutions of partial differ-
ential equations, these new solutions can be divided into two categories see [16]. The first there
are classical functions or distributions which are solutions (in one of the new senses provided by
this theory) of partial differential equations without solution in the sense of distributions, e. g.
see [1, 5]. The second there are also new objects (such as the square of the Dirac delta distri-
bution,...) which can be solutions of equations. In [16] the fundamental concept of regularized
derivatives was studied and results on global solvability, in the framework of this theory, of the
Cauchy problem for large classes of regularized partial differential equations have been given.
In particular, the well-known Schrédingar problem type with initial data is a distribution with
regularized derivatives become solvable in the Colombeau algebra. It is then interesting to show
the relation between Colombeau generalized solutions and distributional solutions if they exist.
Within the framework of Colombeau’s algebra, work on generalized fixed point theory remains
somewhat rare, except for the work of J.A .Marti see [8] noting that this author who was gived
for the first time the generalized of the fixed point Banach theorem in Colombeau algebra. Our
paper is inspired by his work in order to give a new proof of the existence and uniqueness of the
schrodinger equation with singular data and potential, u(t,z) = i(A + v(x))u(t, z) which has
been extensively studied in the last 20 years by many authors. However the study of this equa-
tion within the framework of the algebra of Colombeau remains a little rare. This paper deals,
in the framework of the simplified Colombeau algebra, with a class of differential operators non
solvable in distributions theory. The generalized is lies in the core of a Colombeau into then self
[8], this tow notions are used in solving a class of generalized evolutions problem like a class of
heat equatios with singular coefficient and data. singular coeffficients of an evolution problem
are regularized can be nets of smooth functions depending on a small parameter €. Regularized
evolution problem is then solve some partial differential equations using an appropriate net of
semigroups. In ordre to demonstrate the existence of a moderate solution of the Schrédinger
equation we using the generalized point, by this way, a net of solutions obtained represents a
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generalized solution. We will use differant various of Colombeau type generalized function al-
gebra. They contrain embedded distributions and there consider the self of all smooth functions
as a subalgebra. we refer to [1],[4], and [11].

This paper is organized as follows. In section 2, we recall the theory of Colombeau. In Section
3 we recall the theory of fixed point in Colombeau algebra, we define the generalized semigroup
which called the Colombeau semigroup in secion 4. Section 5 intersted to study the genrelized
evolution problem, more precisely the Schrodinger nonlinear problem. finally in section 6 we
studied the association between the classical and generalized solutions, we ended this article
with an example of illustration given in the context of probability measures.

2 Preliminairies

Here, we list some notations and formulas to be used later. The elements of Colombeau alge-
bras G° are equivalence classes of regularizations, i.e., sequences of smooth functions satisfying
asymptotic conditions in the regularization parameter ¢. Therefore, for any set X, the family of
sequences (uc).¢(o,1) of elements of a set X will be denoted by X ©.1), such sequences will also
be called nets and simply written as u.. see [12]. Let Q be an open subset of R™. The basic
objects of the theory are families (u.).¢ (o,1) of smooth functions u. € C**(Q) for0 < e < 1. We
single out the following subalgebras of:

Moderate families, denoted by £,,(Q), are defined by the property

VK € Q,Vo € N2, 3p > 0: sup [|0%uc(2)]| = Ocmso(c7P). 2.1)
rzeK

Null families, denoted by £, (), are defned by the property

VK € Q,Va € Nij, Vg > 0: sup [|[0%ue(2)| = Ocso(e9). (2.2)
rzcK
These moderate families satisfy a locally uniform polynomial estimate as ¢ — 0, together with
all derivatives, while null functionals vanish faster than any power of ¢ in the same situation.
Null families from a differential ideal in the collection of moderate families. The Colombeau
algebra is the factor algebra

G (Q) = Eu(Q)/N(Q). (2.3)
This algebra coincides with the special Colombeau algebra in [12], where the notation G*(Q)
has been employed. It was called the simplified Colombeau algebra in [5]. The Colombeau

algebra on a closed half space R" x [0, 1) is defined in a similary way. Restriction of an element
u e G*(R™ x [0, 1)) to the line {¢t = 0} is defined on representatives by

th:O} = Class Of (u5(~, 0))56(0,1)' (24)

Similary, restrictions of the elements of G*(Q) to open subsets of Q are defined on represen-
tatives. One can see that Q — G*(Q) is a sheaf of differential algebras on R™. The space of
compactly supported distributions is imbedded in G*() by convolution

i:E(Q) = G5(Q), i(w)= class of (w* (6:)/Q)cc(o.), (2.5)

where

be(w) = "0(2) 2.6)

is obtained by scaling a fixed test function S(R™) of integral one with all moments vanishing.
By the sheaf property, this can be extended in a unique way to an imbedding of the space of
distributions D’ (). One of the main features of the Colombeau construction is the fact that this
imbedding renders C*°(Q) a faithful subalgebra. In fact, given f € C°°(Q), one can define a
corresponding element of G*(Q) by the constant imbedding

o(f) = class of [(g,x) — f(x)].

Then the important equality i(f) = o(f) holds in G5(Q). If v € G°(Q) and f is a smooth
function which is of at most polynomial growth at infinity, together with all its derivatives, the
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superposition f(u) is a well-defined element of G*(Q).
A net(r:).¢(0,1) of complex numbers is called a slow scale net if

[72]] = Ocso(e™"), Q2.7)

for every p > 0. We refer to [10] for a detailed discussion of slow scale nets. Finally, an element
u € G*(Q) is called of total slow scale type, if for some representative, ||0%uc || (k) forms a
slow scale net for every K C Q and oo € Njj. We end this section by recalling the association
relation on the Colombeau algebra G*(Q). It identifies elements of u € G*(Q) if they coincide
in the weak limit. That is, u, v € G*(Q) are called associated,

uwv, if il—% (ue(x) — ve(z))Yp(z)dx = 0. (2.8)
3 Fixed point
We start this section by the ring of generalized real numbers. Let
En(R) = {(z:). € (R)®V/ 3m € N, ]| = O-0(c™™)} 3.1
the set of all family of moderate real sequences, and
N(R) = { (@.)- € R)®D/ ¥m € N, |ja]| = O.-p0(e™)} (32)

is the set of all family of negligeable real sequences. We have

e £)(R) is an algebra with usual multiplication,

e NV(R)is an ideal in £y (R).

Then the ring of real generalized sequences is given as the factor algebra

R = &n(R)/N(R). (3.3)

3.1 Locally convex and complete spaces

Let X be a vector space with a seminorms familly (p;);cr. If 7 is the toplogy defined by the
only seminorm p;. If 7 is the super bound of topology ;.

Definition 3.1. The spece provided with this topology T is called a locally convex space A basis
of 0-neighbourhood is the set of all "balls" of the seminorms (p;);cr

B(i;r):{xeX /pi(x)<r} Viel and : r > 0.
Then, (x,, )nen is a Cauchy sequence iff

(Ve>0)(VieI)(3ngeN)(Vn,pe N if n>ng = pi(Tnip—xn) <e ).
Definition 3.2. Let X be a locally convex space with a seminorms familly (p;);cr
we define the space of moderate functions based on the locally convex space X by
En(X) = {(ms)s e(X)ODviel, ImeN, pi(z.)= oeﬁo(s*m)}.
And the space of null functions based on the locally convex space X is given by
N(X):= {(a:g)a e(X) OV ieI, YmeN, pi(z.) = owo(e’“%}-

We have the as in the case of the construction of the simplified that
e £)(X) is an algebran,
o NV(X) ideal in Epr(X).
The algebra corresponds to these spaces is given by the quotient

X =en(X)/N(X).

First, we are looking if it is possible to define a map A : X — X by given a family (Ac)ec(on)
of maps A. : X — X, where A. is a linear and continuous operator. The general requirement is
given in the following
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Lemma 3.3. [8] Let (A.).c(0,1) be a family of maps A. : X — X. Suppose that for each
(2e)e € Em(X) and (y:). € N(X)

i) (Acze)e € Ep(X);

ll) (As(l's + ys))s - (Asxs)s € N(X)

Then

is well defined.

3.2 Contractions in locally convex and complete spaces

Definition 3.4. A map A. : X — X is called a contraction if for all 7 € I there exists k; < 1
such that
V(l‘a,ys) € X x X, pi(Asme - Aeye) <k; pi(l‘s - ya)~

Theorem 3.5. Any contraction A, : X — X has a fixed point. Moreover, if X is Hausdoff, this
fixed point is unique.

3.3 Contraction operator in X

Definition 3.6. :[8] The following hypotheses permit to well define a map A : X — X and to
call it a contraction.

a) for each (z.). € Ep(X), (Acze)e € Ep(X).

b) Each A, is a contraction in (X, 7.) endowed with the family Q. = (g-,;)icr and the corre-
sponding contraction constants are denoted by I, ; < 1.

¢)Foreachi € Tand e € (0,1],3a.; > 0 and b. ; > 0, such that

Qg i Pi S Ge,i S bs,i Di-
d) Foreachi € I, Ve € (0,1], (24), and (=—). € [|Ex(R)].

Qe,i £,i

Theorem 3.7. :[8] Any contraction A : X — X has a fixed point in X .

4 Generalized semigroup

Definition 4.1. [19] S€ (R4 : £.(X)) is the space of nets (S.). of strongly continuous map-
pings

Se t Ry — L.(X), € € (0,1) with the property that for every T' > 0 there exists a € R such
that,

sup Hse(t)H = Oe—)()(Ea)' 4.1
tel0,7T)
SN(R: : L.(X)) is the space of nets (N.). of strongly continuous mappings N, : Ry —
L.(X), e € (0,1) with the properties
Forevery b € Rand T > 0,
sup HNa(t)” = Oa—>0(5b)' 4.2)
te[0,7)

There exist ¢y > 0 and a € R such that,

N(t
sup | =0 = 0._(e). @3)
t<to
There exists a net (H. ). in £.(X) and ¢ € (0, 1) such that,
lim M =H.ox, zeX, ¢<ep. 4.4
t—0 ¢

For every b > 0,
[He|| = Oc0(e”). (4.5)
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Remark 4.2. Let us remark that,because of (4.1), it is enough that (4.2) holds for all x € D
where D is a dense subspace of X.

Proposition 4.3. [19] SE (R : L.(X)) is algebra with respect to composition and SN (R,
L.(X)) is an ideal of SE€ (R : L(X)).

Now we define Colombeau type algebra as the factor algebra
SG(R: : L(X)) =8SEm (R, : L(X))/SN (R, : L(X)). (4.6)

Elements of SG(R, : £(X)) will be denoted by S = [S.], where (S; ). is a representatvie of the
above class.

Definition 4.4.[19] S € SG(R, : £(X)) is a called a Colombeau Cy-Semigroup if it has a
representative (S; ). such that, for some gy > 0, S is a Cy-Semigroup, for every e < €.

In the sequel we will use only representatives (S; ). of a Colombeau Cy-semigroup S which
are Cp-semigroups, for € small enough.

Proposition 4.5. [19] Let (S.). and (S.). be representatives of a Colombeau

Co-semigroup S, with the infinitesimal generators A., € < ey, and A., ¢ < &, respectively,
where g and &y correspond ( in the sense of Definition 4.4) to (Sc). and (5.)., respectively.
Then, D(A.) = D(A.), for every ¢ < & = min{eg,éo} and A. — A, can be extended to an
element of L(X), denoted again by A. — A.. Moreover, for every a € R,

|Ac — A.|| = O-_0(£%). “4.7)

Now we define the infinitesimal generator of a Colombeau Cy-semigroup S.
Denote by A the set of pairs ((A:)e, (D(A:)):) where A, is a closed linear operator on X with
the dense domain D(A.) C X, for every € € (0, 1). We introduce an equivalence relation in A4,

((As)sa(D( ))E)N(( ) ( ( 8))6)7

if there exist g9 € (0, 1) such that D(A.) = D(A.), for every € < €, and for every a € R there
exist C' > 0and &, < g¢ such that, for € D(A.), ||(A: —A)z|| < Ce?|z|, x € D(AL), e < e,.
Since A. has a dense domain in X, R, := A. — A. ca, be extended to be an operator in £.(X)
satisfying ||(A. — A.)z|| = OE_)O(e“), for every a € R. Such an operator R, is called the
zero operator. We denote by A the corresponding element of the quotient space .4/ ~. Due to
Propostion 4.3, the following definition makes sense.

Definition 4.6. A € A/ ~ is the infinitesimal generator of a Colombeau Cy-semigroup S if there
exists a representative (A.). of A such that A, is the infinitesimal generator of S., for £ small
enough.

Remark 4.7. [19] Let the assymptions of Definition 4.1 hold. Moreover,assume a stronger as-
sumption than (4.1). There exist M > 0, a € R and ¢y € (0, 1) such that,

1S ()] < Me%e® o e<ey, t>0, 4.8)
where 0 < . < «, for some a > 0.

Then we obtain the corresponding subalgebra of SG(R, : £(X)). For this subalgebra we
can formulate the Hille-Yosida theorem in a usual way.
For the whole algebra of Colombeau Cy-semigroups, SG(R,. : £(X)) the formulation of the
Hille-Yosida-Type theorem is an open problem.

5 Nonlinear Generalized Schrodinger Equation

In order to study the existence and uniqueness of Colombeau generalized solutions of Cauchy
problems with partial regularized derivatives, one introduces the algebra of generalized functions
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suitable to this context. We denote by Dy~ (Q) the algebra of restrictions to Q of smooth func-
tions defined on R™ with all derivatives are boundeds. With the same method of construction
of the simplified algebra of Colombeau, we define the simplified algebra of global generalized
functions, which must be compatible with the study of the Schrodinger equation denoted G, ,(€2)
by the quotient algebra

Es,g(R)

g&q( ) NS,Q(Q) ’ (51)

where Ey/5 ,(Q) is the vector space of a family of functions (u. ). belong to (&;,,(Q)) ! (with
Es.4(Q) = C°([0,00); L*(R))NC! ([0, 00); DL~ (R)) ) with the property that VT; € (0,7) 3N >
0 such that

max{ sup || ue(t,.) o 5 sup || Gruc(t, )||L2}=Oﬁo(sN)-
te[0,T] te(0,17)

Similarly N, 75,(!2) T > 0, is the vector space of a family of functions (u.). such that u. €
C°([0, 00); L*(R))NC' ([0, oo) Dy~ (R)) for which the following property holds for every ¢ > 0,

maX{ sup | ue(t,.) lL= 5 sup || Gruc(t, )”LZ}_OE—W(@q)'

t€[0,7 te(0,1y)

We define also a new class of generalized functions noted by G- (R™) as the factor set .0 (R™) /N (R™),
where Ep- (R™) is the space of a family of functions (v¢)c, with v. € Dr, € € (0, 1), satis-

fying the property: 3N > 0 such that || v [|p,ec= Oc—0(e™V). Np=(R") is the space of a

family of functions (v, )., with v. € D, € € (0, 1), satisfying the property: Vg > 0 such that

| ve |Dpoe = Oc—0(e?). Gr(R) is an algebra with multiplication. Multiplication of elements

from G (R) and G, ,(Q) gives an element from G ,(Q) suchas V € Gy~ (R) and u € G, 4(Q)

ppearing in the equation. which allows nonlinear operations.

Let us consider the nonlinear generalized Schrodinger problem with singular initial data,

u(0, ) = uo(x), 62

where uisin G 4(Q), Q = (0,T] x R, T > 0 and F(u) =ik |u[*u, and A =

{atu(t,x) + Au(t,z) + F(u(t,z)) =0 for t>0,

5.1 Existence and Uniqueness of the Generalized Solution
We can write the regularization of the initial value problem (5.2) in the space Dy (Q) as follows:

{Btug(t,x) + Aeua(ta .I‘) + F(uf(t7x)) =0 fOT' t> O’ (53)

ue(0,2) = up o (x) = d:(x).

Without loss of generality we can teak F as follows F(t,.) = v(.)u(t,.), where in quantum
mechanics v means the potential that represents the environment in which the particle exists.
Multiplication of elements from G (R) and G, 4(Q), Q = [0,00) x R, gives an element from
Gs,¢(Q)which allows nonlinear operations appearing in the equation. Let us consider the foll-
wing probem

Ou(t,z) = i(A + v(z))u(t, z),
u(0,2) = §(z), (5.4)
v(z) = §(z),

where 4 is the embedding of the dirac measure in G, ,(€2) with the representative is given by:

ve(:) =8:() = Ine [*YP(z | Ine |©+), 0<c< 1, z€R, (5.5)
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where 1 is a test function such that ¢ € C*°(R), /w(:c)dx =1, ¢(z)>0.

For the initial data we use
ue(0,t) = upe(x) =| Ine |* (x| Ine |*), a > 0. (5.6)
Imbedding of the lapacien operatvr in the G, 4 is given by the following equalty
Au = [(Au.).].

Construction of semigroup:
In the sequel, we shall use the LP — L7 estimates for the Schrédinger semigroup from [6]. Recall
that the semigroup s(¢) which has the infintesimal generator ¢A possesses an explicit formula
givn by
s(tyu(x) = f(t,.) *u(z),
where f(t,x) = (4mit)~1/2eie’/(4 1),
In the sequel, we shall use the following lemma
Lemma5.1. [6] If 1 <p < q< oo, 1/p+ 1/q=1, then e is bounded from L”(R) to L(IR)
for f #0and 4
e 1< @xle)= P12 for ¢ 0.

For p = ¢ = 2 the mapping s(t) : L?> — L? holds for all t € R, (e'*?);>( is the semigroup
on L?. And by this estimate and according to the norm of convolution we can prove that the
L?—norm of s(t) has a moderate bound, which gives that s(t) € Exr.5 4(R).

Theorem 5.2. With the previous notations the problem (5.4) has a unique solution in the space
Gs,q(Q) of Colmbeau.
Proof. By duhamel principle, Eq (5.4) has an integral from

u(t,z) = S(t)u(0,z) + | S(t — s)v(z)u(s,z)ds,

to
where S(t) = [(S:(t))c] = [(s(t))c] be Colombeau Cy-semigroup with infinitesimal generator
A = —iA

The problem reduces to finding a fixed point of the map

¢ Gsg(Q) = G 4(Q),
u = o(u)(t,z) =SH)u(0,z)+ [ S(t—s)v(x)u(s,z)ds, VteR".

to

a) We can write the previous equality in terme of representatives as follows:

VtERT ¢e(uc)(t, ) = Sc(t)uoe () +/0 Se(t = s)ve(w)ue (s, x)ds,

form what it is clear that
be 1 Esg(Q) — E5,4(Q),
E,.4(Q) is here a topological space where 7 is given by the family of norms (pr)rer+, such that

pr(uc) = sup |l uc(t,.) ||L2(R)-
t€[0,T]

Let (uc)e € Ems,g(Q) and (we ). € N 4(Q), we have

| ¢ (ue)(t, ) | <[ Se(t)uoe () | +/0t | Sc(t — s)ve(z)ue(s,z) | ds.

So, \
| @e(ue)(t, ) |2 <I woe Il +/0 | ve llooll ue(s,+) lIz2 ds.
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Gronwell lemma gives

| @e(ue)(t, ) < woe Ilz2 etHUEHOO7

sup || de(ue)(t, ) |22<|| woe || 2 €TVl
te(0,T]

And thus,
pr(oe(z2)) < prug:) e"lvele.
Which implies,
(¢e(x2))e € Enrysg(RT x R).

b) We first have to write (5.4) in term of representatives

Oruc(t, ) = i(A + ve())ue (¢, z),
ue(0,z) = 0:(z),
ve(z) = ().

It is clear that

b 1 E5,9(Q) = & 4(Q).

Denote by (€,,4(€), 7.) a topological space where 7 is given by the family of norms (7. )rer+

such that, Vy. € & ,(Q), qre(ve) = sup {|| ve(t,.) ||» e tIV=ll=} we have
t€[0,T

[0, 77]
be (2 (t, 3) — e (w2) (1 2) / So(t — s)ve(uc(s, 2) — we (s, 2))ds,

then

| be(us)(t,) — be(ws) (t,) |l o< / 1 e llooll e(s,) = we(s, ) Il ds,

multiply the two preceding inequalities by we get

e tlIvelle ” ¢€(u6)( ) ¢s(ws)( ”L2
tHUE”m/ | ve llooll ue(s, <) —we(s,-) ||z ds.

We take the supremum, and by the definition of the seminorm (g7 )7cr+ We obtain

sup {eitHvE”oo | pe(ue)(t, ) = de(we)(t,) 2} < qrel(ze —ye)(1 — eiTHUEHx)

te(0,7]
And thus
QT,e(¢s(us) - d)s(ws)) § QT,E(I'E - ys)(l - eiTHvEHOC)a

Then ¢, is a contraction in & 4(L).
¢) We can write for V7' € R™ and z. € &; ,(Q)

sup {| ye(t) | e Mel=} < sup {|ye(t) | e~Ivel~}
te(0,T) t€[0,7]

< sup | ye(t) |,
t€(0,7T]

then
efT”'Us [loo

pr < qre < PT-

d) Assume now that for each T € R* we have (e7llvll=)_ € £,,(R)

and (1/(1 — e Tlvell=))_ € £,/(R), where £y (R) is the ring of generalized real numbers asso-
ciated to the maderate space.
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Finally, from the Definition 3.6 of contracting mapping in the Colombeau algebras. The maps

¢ 1 Gs,9(Q) = Gs,4(Q)
u(t,z)) = [ue(t, z)] = ¢(2)(t) = [¢e(ue(t, 2))],

is contraction, from the generalized fixed point Theorem 3.7, z = [z.] is a fixed point of ¢,
with z. being the unique fixed point of ¢..
Moreover z is the unique solution of (5.4). Indeed, assume that there exist two solutions u;, up
to problem (5.4). The difference H. given by

H.(t,x) = we(t, ) — uze(t, z),
is the solution to the problem
OcHe(t,2) = i(A 4 ve(x))He (¢, 7) + Ne(t, x),
H.(0,2) = Noc(x);

where (N;). € Ny ,(R" x R).

Since the family (H.). belongs to the Exs5,4(Q), it suffices according to the Theorem 1.2.3 in
[12] to prove that the zero order derivative of H. has a negligeable bound. Indeed, by Duhamel
principle we have

H.(t,z) = S:(t) Noc(x /S (t — s)ve(z)H(s,z)ds+ fo (t — s)N:(s,x)ds,
S0,
t
VH6) e < I Noo ||Lz+/0 I e ool He(s, ||des+/ | Nu(s, ) Il ds
t
< C*"q*/ | ve llooll Hels,") [l ds + =t T
0
t
< clsu/ 02 Nl Heo(s, ) |l ds.
0

By using Gronwell lemma, we can get
H Hz—:(t> ) ”LZS Che? + etllvelloo

So,
(H.)e € Ny g(RT x R).

Thus ,the solution is unique in G, ,(R™ x R). o

6 Association

Let w, be the solution to the problem

%&w](t,z) — Aw;(t,z) =0, ©.1)
wi1(0,z) = 6(x), '
and wj is the solution to the problem
L0uws(t,2) — Dws(t, 2) + v(z)wo (t,x) = 0, 62)
v(z) =6(z), wy(0,z)=0. ’

Proposition 6.1. The generalized solution u to the problem (5.4) is associated with wy + ws.
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Proof. Let w; . be the classical solution to the problem

{;&wl,s(t, z) — Aw (t,z) =0, 6.3)
w1,£(0, ) = 0:(x),
and w, . the classical solution to problem

{;ath,s(t, z) = Lun(t, z) + v-(2) (w2 (t,2) + m(t, 2)) =0, 64)

ve(z) = 6(x), wa(0,7)=0.
Then
1o, (us(t, 2) — wie(tx) —welt, x)) — Aue(t,z) — wr ot ) — wa e (8, 7))
+ ve(@)[us(t, 2) — wae(t,2) — m(t,z)] =0,

and

ue(0,2) —wy (0, 2) —wy . (0,2) = 0.
The integral solution is
t
us(t,x) —wi e (t,x) —wre(t,z)) = / / Se(t — 7,2 — y)ve(y)
ue (T y) w» E(T y) (7—7 y)] dydt

:A/S — y)oe(y)

[ue(T,y) — wi,(T,y) — wae (7, y) | dydr

*A/S — y)oe(v)

[wl,e (7, y) —m(r, y)] dydr.
So,

t
||u€(t,.) _wl’e(t ) w2 6( )||L°° < Hss(t —T,T = -)HL‘”UEHLoo
0

[(w1,e(7,.) = m(7,.))|[Ledr
+ 5 [Se(t — 7,2 — )l f|vell e
luc(r,.) —wy c(7,.) — wae(7,.)|| oo dT

el [ [ Wanetr, ) = mie, Dl

IN

t
+ / lue(r,.) — we(r,.) — wne(r, )| | dr.
0

Thank’s to the Granwall lemma, we get

t
lue(t, ) —wie(t, ) —wae(t, )L < [OHUEHLN)/ lw,e (7, ) = m(7, )| poedr] Tl
0
by passing to the limit, we obtain
U w| + wp.

Which ends the proof of the proposition. O
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7 Example

As an example of a detailed regularization model we give the definition of Colombeau general-
ized positive square roots of arbitrary probability measures, which can be used it as initial values
in the Cauchy problem analyzed in our example of application to the well known Schrodinger
equation. Before giving our illustrative example we present the following

Lemma 7.1. Let ;1 be a (Borel) probability measure on R". Choose ¢ € L'(R) N W (R")
10 be positive with [ ¢ = 1 and satisfying ¢(z) >| x |"™ when | z |> 1 with some my > n.
Set he = p * ¢, then we have h. is positive and setting 1. := /h., where the net (Ye)eeio,
represents an element 1) € G*(R™) such that \* =~ .

Proof. The Borel measure p is regular since it is finite and R™ is locally compact and second
countable. Thus p (R™) = 1 implies that we can find a compact subset A C R™ such that
pu(A) > 1/2. A variant of Young’s inequality for measures applied to 9%h. = p x 3%¢. directly
implies that the net (h.) is C*°(R™)-moderate, even with global L>°-norms, since

I 1% 0%e Lo 2l g ||z | 0% e [l
2| ¢ ||zee eI

(Here || . || denotes the total variation norm on the space of finite Radon measures on R”, which
gives || 1 ||l7= w(R™) = 1 in case of the positive probability measure ).

hs(‘r) = N*d’s(z): ¢e(9€*y)du(y)
> /¢e r—Yy d.u )
> p(4). min $(z) >0,

ze{z}—A

and thus and hence that ¢. = /h. € C* (R") (0 < ¢ < 1). Moreover, if K C R" is compact
then we have the estimate

of 1) = Jnf vl

> u(A) - inf .
> p(A) IngZer{gl}nAsb (2)

L min 7(2/6)

2 zeK—A g™

 ol2/e)

Y%

= 2en |z |<r(
Lﬂ
= 2en r(K)mo

mo—mn
I3 0

= 2By (e < 1/r(K)),

where r(K) = max{| z | /z € K — A} If « € N™ is arbitrary then 9*¢. is a linear combination

of terms of the form 9% h, - - - 9P+ hE/hlE/2 with appropriate i, ..., € N" and | € N. Hence
C* (R™)-moderateness of (h.) together with the lower bounds for inf, ¢ h.(x) obtained above
prove C* (R™)-moderateness of ..
Finally, we have that by construction v? is represented by h. = 1 * ¢. and thus clearly converges
to p as € — 0 in the sense of distributions.

]

Example 7.2. Consider the strictly positive square root of ¢ represented by (1/¢.)., € €]0, 1],
where ¢. is a mollifier defined by ¢. () = - (£). (Note that we obtain h, = §*¢. = ¢. in this

en

case.) To simplify technical matters, assume in addition that ¢ satisfies for example, any suitably
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normalized function of the form = + (14 | = |?)~™/% with m > 2n. Then we can consider the

class g € G, 4(R™), given directly by (v/o.), € €]0,1] , as a square root of 6. We have ¢g*> ~ 6,
but g ~ 0, which is easily seen by action on a test function ¢) upon substituting y = /¢ we can

get
[owiyin == [ oty

and applying dominated convergence and then using that /¢ € L! . The Cauchy problem (5.4)
with generalized initial value g right-hand side f = 0 and V' = 0, written out for representatives
then reads

Orue = AU, Ue (=0} = Vb=, €€ (0,1].

The solution is given by the action of the strongly continuous unitary group U; := e (¢t € R)
of operators on L?(R") in the form u.(t,7) = (Up/¢2) ().

Lett € R and p! denote the positive measure on R™ with density function |ju.(t,.)||* for the
Lebesgue measure. By unitarity of U; we obtain

@) = [ o) P do
= /n (Ut\/@> (z) - (Ut\/gbi) (z)dz
/n |\ be(x) Pde= | ¢o(x)dx =1,

R~

hence {ul:teR,e€]0,1]} is a family probability measures on R™ and ||ut||; = 1, for all
t € Rand ¢ €]0, 1] holds in the Banach space of finite measures.
We claim that for any ¢ # 0 the net (u!). cjo,1] converges to 0 with respect to the vague topology

on finite measures [20]. Since v/¢. € L!'(R") we obtain from the L!'-L>°-estimate for the
Schridinger propagator [20] that [[uc(t,.)|| « < ||Vz||,, /(47[t[)"/* and therefore for any
¥ € C (R™) with compact support,

(o) 1= [ Vuelta) P loGo) | do

< (@nlt) T el I Ve Nl
@t " [l IVl = 0 as (e — 0).
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