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Abstract The fixed point theorems can be obtained using appropriate contraction conditions
which are strong enough to generate fixed points. This paper aims to establish some new fixed
point results using Rus and Hardy-Roger’s contractions in parametric b-Metric space. An exam-
ple is also furnished to demonstrate the utility of our newly proven results.

1 Introduction

Fixed point theory has been a key of focus after the introduction of Banach Contraction Principle.
In 1905, metric space was introduced by Frechet [1]. Since then, that research in Mathematics
and applied sciences rely heavily on metric spaces. Czerwik [2] proposed the theory of b-metric
spaces. Fixed point theory for different contractive mappings has been studied by numerous
mathematicians. Alghamdi. et al. [3] contributed by concluding some coupled fixed point
theorems on b-Metric-like space. Metric space has been explored by researchers time to time
and as a result we can find number of variants of metric space in the literature [4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15, 16]. In 2014, Hussain et al. [17] introduced parametric metric space.
Again in 2015, Hussain et al. [18] Parametric b-Metric Space as an extension of metric space.
Our objective is to show fixed point theorems for expansive mappings in parametric b-metric
space where we used Rus [19] and Hardy-Roger’s [20] contractions to show the existence of
fixed point theorems.

Definition 1.1. [18] Assume X be a non-empty set, ¢ > 1 be a real number and d : X x X X
(0,00) — (0, 00) be a function which is Parametric b-Metric on X if

(@ d(z,y,t) =0Vi>0y < x=y

(b) d(z,y,t) =d(y,z,t)Vt >0

© d(z,y,t) <old(z,zt)+d(z,y,t) | Vo,y,2€ X, t>0,0 > 1.

The pair (X, d) is a parametric b-metric space with a parameter o > 1.

Remark 1.2. Obviously, for o = 1 parametric b-metric space reduces to parametric metric space
[17].

Definition 1.3. Let (X, d) be a parametric b-metric space with a parameter ¢ > 1. A sequence
{z,} is said to be (for all ¢ > 0)
(1) convergentto x € X if lim d(z,,x,t) =0.

n— oo

(2) Cauchy if lim d(z,,zm,t) =0.

n,m— 0o

Definition 1.4. A parametric b-metric space is said to be complete if every Cauchy sequence is
a convergent in the space.
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2 Main Results

Theorem 2.1. Consider a parametric b-metric space (X, d) where g and T are continuous self-
mappings. ConsiderT to be a one to one mapping. If the mapping T, g fulfill the below condition:

d(Tgx,Tgy,t) < ad(Tz,Ty,t) + p{d(Tx, Tgx,t) + d(Ty,Tgy,t)}

2.1
+ Y {d(Tz,Tgy,t) + d(Ty,Tgzx,t)}

Ve,y € Xand o, 3,Y > 0witha+268+2Y < % then g has a unique fixed point in X. Moreover,
if (T, g) is a Banach pair, then g and T have a unique common fixed point in X.

Proof. Let x be an arbitrary element in X. Then, {x,,} is a sequence for which z,,.; = gx,, for

n=20,1,2,3,---. Now, from (2.1), we have

d(Txn, Txpi1,t) = d(Tgrn_1,Tgrn,t)

ad(Txp—1,Txn,t) + B{d(Txn-1,TgTn_1,1)

+d(Txp, Tgxn, t)} + Y{d(Txp—1, Tgrn,t) + d(TTpn, Tgrs_1,t)}

ad(Txy_1,Tan, t) + B{d(Txy_1, Ty, t)

d(Txp, TTpi1,t)} + Y{d(Txpn—1,TTns1,t) + d(Txp, T, t)}

d(Txp—1,Txn,t) + B{d(Txp_1,TTpH,t)
t)
t)

IN

IA
> 4

+d(Txp, Txpi1,t)} + 0 Y {d(Txp_1,Txn,t) + d(Txp, Txpi1,t)}
= Oéd(Tan_l,TJ?n, + 6d(T$n_1,T$n,t)
+Bd(Txn, Txns1,t)} +0 Y d(Txp_1,Txpn,t) +0 Y d(Txp, TTpi1,t)}

which implies

(1=8—=0oY)d(Txn, Txpni1,t) < (a+ B+ oY)d(TTp—1,TTn,t)

(a+B840Y)
Tz, T < -~ 2d(Tz,_1,T .
d( Tn, .’17n+1,t)_ (lfﬂfJY)d( Tn—1, SCn,t)
Since «a, 8, Y > 0, we let
)\_(a—l-ﬁ—i-JY)
S (1-p-0oY)’

Now,

d(Txy, TTpi1,t) < Md(Txp_1,Tan,,t)

Ad(Txg, Tx1,t) — 0asn — co.

N

Now, we claim that {T'z,,} is a Cauchy sequence in X. Suppose m,n € N such that m > n.
Employing the Definition 1.1, we have

d(Txp, TTm,t)

IA

o{d(Tzy, Txpi1,t) + d(Txpi1, Tm, t)}
od(Txp, Tzpy1,t) + 0*d(Txp 1, Tap o, t)
+d(Tzp12, TTm, t)

od(Txy, Txpy1,t) + 02d(Txp i1, Ty, t)

+o o™ (T a1, Tam, t)

N (T, Txpy1,t) + A" d(Tay g1, Ty, t)
oo™ I (T g, T, t)

= (I+oX+ (oA + - )oa"d(Txo, Tz1,1).

IN

IA

IN
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Since o\ < 1, it follows that

oA
A(Txp, TTm,t) < l—a)\d(Txo’Tml’t)
— [denam )] < 17,0
ns<tmy = 1_o\ 051, .

Since 0 < oA < 1, then A" — 0 as n — oo. So, ||d(zn, Tm, t)|| — 0.
Thus, the sequence {T'z,} is a Cauchy sequence in X. Since, X is complete parametric

b-metric space, then there exist z € X such that lim Tz, = z. Since T is subsequentially
n—oo

convergent, z,, has a convergent subsequence x,, such that lim x,, = w (say). Since T is
m—r 00
continuous, lim Tz,, = Twu, we have z = Twu. Since g is continuous, lim g¢gx,, = gu .
. m—oo . . m—>00 .
Again, as T is continuous, lim Tgz,, = T'gu. Therefore, lim Tz,,;1 = Tgu. By using the
m— 00 m—00

Definition 1.1, we get

d(Tgu, Tu,t)

IN

o{d(Tgu, Tz, t) + d(Txm, Tu,t)}

od(Tgu, Tgxm_1,t) + 0d(Txm, Tu,t)
o{ad(Tu, Txp—1,t) + B{d(Tu, Tgu,t)
+d(Txp—1, Tgxm—1,t)} + Y{d(Tu, Tgzp_1,t)
+d(Txm—1,Tgu,t)} + od(Txy,, Tu,t)
o{ad(Tu, Txp—1,t) + B{d(Tu, Tgu,t)
+d(Txp—1, T, t)} + Y{d(Tu, Tz, t)
+d(Txm—1,Tgu,t)}} + od(T Ty, Tu,t)

o2 ad(Tu, Ty, t) + o> ad(Txp, T2 _1,t)
+oBd(Tu, Tgu,t) + o Bd(Txm—1,TTm,t)

+(o Y +0)d(Tu, Txm, t) + 0> Y d(Txpm_1, Tu,t)
+0? Y d(Tu, Tgu,t)

IN

IN

IN

(1—0B —a*>Y)d(Tgu,Tu,t) < (o*a+oY +o)d(Tu, Tzm,t)
(0?4 oB)d(Txp, T 1, 1)
+0% Y d(T2p_1, Tu,t)

(1083 —0%Y)
(c2a+0oY +0)
(1—0B— UZY)
(c?a+ op)
(1 -0 —0%Y)
oY

d(Tgu,Tu,t) < d(Tu, Tz, t)

A(T T, TTp—1,t)
d(Txp 1, Tu,t).

Since lim Tz, = Tu then, we obtain
m— 00

d(Tu, Tgu,t) = 0.

Hence, Tu = Tgu. But T is a one to one mapping so © = gu. The fixed point of g is u. If w
is another fixed point of g, we can prove the uniqueness of w. We can then say that w = gw.
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Consider

d(Tu, Tw,t) = d(Tgu,Tgw,t)

ad(Tu, Tw, t) + {d(Tu, Tgu,t) + d(Tw, Tgw,t)}
+ Y {d(Tu, Tgw,t) + d(Tw, Tgu,t)}

ad(Tu, Tw,t) + B{d(Tu, Tu,t) + d(Tw, Tw,t)}
+ Y {d(Tu, Tw,t) + d(Tw, Tu,t)}

< (a+28+4+2Y)d(Tu, Tw,t).

IN

Since, (a4 28 +2Y) < 1, which implies a contradiction. Hence u = w is a unique fixed point
of g. Since (T, g) is a Banach pair, then T'gu = gTu. Hence Tu = gT'w. So, T'u is another fixed
point of g. Hence u = gu = T'u is a unique common fixed point of g and 7" in X. O

Now, we state and proof and analogue of Hardy-Rogers type fixed point theorem as given
under:

Theorem 2.2. Consider a parametric b-metric space (X, d) with ¢ > 1 and ac* < 1 and the
pair of continuous self-mappings g and T satisfies the following condition
d(Tgx, Tgy,t) < and(Tx, Ty, t) + aad(Tz, Tgx, t) + azd(Ty, Tgy, 1)

2.2
+aad(Tx, Tgy,t) + asd(Ty, Tgx,t) (22)

Vo,y € X and oy, ap, a3, a4, a5 > 0 with a1+ + a3 +ag+as < a, where a0, 1). Consider T
to be one to one mapping. Then g has a unique fixed point in X. Moreover, if (T, g) is a Banach
pair, then g and T have a unique common fixed point in X.

Proof. Let x be an arbitrary element in X. Then, {x,,} is a sequence for which z,,.; = gx,, for
n=20,1,2,3,---. Now, from (2.2), we have
d(Txp, Txni1,t) = d(T9xn—1,T9Tn,t)

a1 d(Txp—1,TTn,t) + cod(Txp_1,Tgrn_1,t) +
03d(TTp, Tgrn,t) + agd(Tx, 1, Tgx,, t) +
asd(Txp, Tgrp_1,t)
1d(Txp—1,Txn,t) + d(Txp_1, Txp, t) +

(

(

(

IN

o

a3d(Txp, Txpi1,t) + ad(Trp 1, Tapy,t) +
O(jd Txanxna )

< ad(Tzp_1,Tzn,t) + cod(Txn_1,Top,t) +
azd(Txp, Txpir,t) + ocaa[d(Txp—1, Txp, t) +
d(Txp, TTpi1,t)]

< ad(Tzp_1,Tzp,t) + cod(Twp_1,Top,t) +

a3d(Txp, Txpi1,t) + oaud(Txp—1, Txy,t) +
cogd(T Ty, TTpi1,t)

which implies that

(1 — Qa3 — 0'044)d<T93n7 TZpi1, t) < (Oél +ax + 044) d(Txn—l Y t)
a1 +apy +oay

d(Tl‘n, TTpyi1, t) 1— o3 — oo

IN

d(Txp—1,Txp,t).

Since oo < 1, we let
o]+ ay + ooy

‘= (1 —a3—oas)
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Now,
d(Txp, Txpi1,t) < ad(TTp_1, TTn,t) < a™d(Txo, Tx1,1).

Now, to prove {7z, } is a Cauchy sequence in X. Suppose m,n € N such that m > n. Employ-
ing the Definition 1.1, we have

d(Txp, TTm,t) < old(TTn, TTpi1,t) + d(Txps1, TTim, t)]
< 0d(Tzp, Ttni1,t) + 0?d(Tay i1, Topya,t)
—l—azd(T:anrz, TZm, t)
< 0d(Tzp, Txni1,t) + 0?d(Tay i1, Topia,t)
+oood o™ (T2, T, 1)
< 0d™d(Txy, Txpit,t) + 0?a™d(Txy 1, T2nyo,t)

NI U’m_n_]am_ld(T"Em,hTl’m,t)
= (14+oa+(ca)+- - )oa"d(Txy, Txy,t).

Since oo < 1, it follows that

n

o
d(Twp, Trm,t) < d(Txg, Txy,t
(Tzp, Tom, t) T o d(Tz0, T21,1)
oa”
= |d(@n, T, t)[| < 1_0a||d(.%‘0,l‘1,t)‘|.

Since 0 < a < 1, then @™ — 0 as n — o0o. So, ||d(zp, Tm,t)|| — 0.
The sequence {7z, } is a Cauchy sequence in X. Since, X is complete parametric b-metric

space, then there exist z € X such that lim Tz, = 2. Since T is subsequentially convergent,
n—oo

x, has a convergent subsequence z.,, such that lim z,, = u (say). Since 7T is continuous,
m— o0

lim Tz,, = Tu, we have z = Tu. Since g is continuous, lim gz, = gu . Again, as T is
m— 00 m— 00

continuous, lim Tgx,, = Tgu. Therefore, lim Tx,,;; = Tgu. By using the Definition 1.1,
m— 00 m—r 00

we get

d(Tgu,Tu,t) < o{d(Tgu,Txm,t)+ d(TTm,Tu,t)}
cd(Tgu, Tgxm—1,t) + 0d(Txpm, Tu,t)

< o{a1d(Tu, Txpm_1,t) + ard(Tu, Tgu, t)
+a3d(Txm—1, T9Tm—1,t) + agd(Tu, TgTym_1,1)
+asd(Txm—1,Tgu,t)} + od(Txy,, Tu,t)
o{a1d(Tu, TTpm—1,t) + apd(Tu, Tqu, t)
+a3d(Txm—1, Tm,t) + aqd(Tu, TTpm, t)
+asd(Txm—1,Tgu,t)} + od(Txy,, Tu,t)

< ?ad(Tu, Tz, t) + o> d(T e, Tp—1,t)

+oard(Tu, Tgu,t) + co3d(Txm—1, Txm, t)
+(o + 0ag)d(Tu, T, t) + o*asd(Ta, 1, Tu,t)
+o?asd(Tu, Tgu,t)

(1 — oo — 0?as)d(Tgu, Tu,t) < (0a;+ 0 + ooy + 0?as)d(Tu, Tz, t)
+(0%a; + oaz + o?as)d(Tzm—1, TTm,t)
+o?asd(Txpy, 1, Tu,t)
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Therefore,

(c?a) + 0 + ooy + o?as)
(1 —cay — o?as)

d(Tgu,Tu,t) < d(Tu, Txpm,t)
(c?a) + oaz + o%as)
(1 —oay — o?as)

UZOZS

A(T T, TT—1,t)

(1o — o%as) d(Txm—1, Tu,t).

Since lim Tx,, = Tu. We get

m— o0

d(Tu, Tgu,t) = 0.

Hence, Tu = T'gu. But T is a one to one mapping so u = gu. The fixed point of g is u. If w
is another fixed point of g, we can prove the uniqueness of w. We can then say that w = gw.
Consider

d(Tu, Tw,t)

d(Tgu, Tgw,t)

a1d(Tu, Tw,t) + cpd(Tu, Tgu,t) + azd(Tw, Tgw, t)
+aud(Tu, Tgw, t) + asd(Tw, Tgu, t)

a1 d(Tu, Tw,t) + apd(Tu, Tu, t) + azd(Tw, Tw,t)
+agd(Tu, Tw, t) + asd(Tw, Tu, t)

< (a1 +aa+ as)d(Tu, Tw,t).

IN

Since a; + a4 + as < 1, which implies a contradiction. Hence v = w is a unique fixed point of
g- Since (T, g) is a Banach pair, then Tgu = gTu. Hence Tu = gTu. So, Tu is another fixed
point of g. Hence u = gu = T'u is a unique common fixed point of g and 7" in X. O

Example 2.3. Consider X = [0, 1], E =R? p € [1,0). Let
P ={(z,y,t) € E: 2,y > 0}.
Defined : X x X — E by
dlz,y,t) =t(lz—y |”,|z—y |P), Vz,ye X, t > 0.
Thus (X, d, t) is a complete parametric b-metric space. Assume 7, g : X — X as Tz = %zz and

)
2
p>

ng%x

101212

(1l Lo |l 1
16" 167 | '[167 ~ 16

1 p
= (f6) *(2 o112 -01)

d(Tgxz, Tgy,t)

)

p p
< (5) () (-l =r),
Again consider
1 1 ,P |1 1,7
ATt = t<’4$2‘4yz Ji-37)
P
_ <i) t(’xZ—yz | yz|p)

Then,
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Let (%)p = ;. Then we get,

d(Tgx,Tgy,t) < oa1d(Tz,Ty,t)
a1d(Tz, Ty, t) + apd(Tx, Tgz,t) + azd(Ty, Tgy,t)
+aud(Tx, Tgy,t) + asd(Ty, Tgx,t).

N

Thus, the mappings 7" and g satisfy the condition (2.2). Therefore, all the assumptions of Theo-
rem 2.2 is true. Hence 0 is unique common fixed point of X.

3 Conclusion

By introducing additional parameters under contraction conditions, we proved whether some
known results in metric space are valid or not for Parametric b-Metric Space in this paper.It
is proved that the contractions of Rus and Hardy-Rogger can be utilized to find a fixed point
in Parametric b-Metric Space. To satisfy these contraction conditions, a parameter ¢ > 1 is
employed. An example is provided to verify our result.
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