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Abstract In this article, Lorentz-Sasakian space forms on Wjy-curvature tensor are investi-
gated. Riemann, Ricci, concircular, and projective curvature tensors are discussed for (2m + 1)-
dimensional Lorentz-Sasakian space forms, and with the help of these curvature tensors, some
special curvature conditions established on the W)- curvature tensor are examined. Also, with
the help of these curvature conditions, some properties of Lorentz-Sasakian space forms such as
Einstein manifold, n-Einstein manifold, and real space form have been obtained.

1 Introduction

¢—sectional curvature plays an important role in the Sasakian manifold. If the ¢—sectional
curvature of a Sasakian manifold is constant, then the manifold is a Sasakian-space-form [1].
P. Alegre and D. Blair described generalized Sasakian space forms [2]. P. Alegre and D. Blair
obtained important properties of generalized Sasakian space forms in their studies and gave some
examples. P. Alegre and A. Carriazo later discussed generalized indefinite Sasakian space forms
[3]. Generalized indefinite Sasakian space forms are also called Lorentz-Sasakian space forms,
and Lorentz manifolds are of great importance for Einstein’s theory of Relativity. Sasakian
space forms, generalized Sasakian space forms, and Lorentz-Sasakian space forms have been
discussed by many scientists and important properties of these manifolds have been obtained
([4]-[8]). Similarly, Lorentz-Sasakian space forms can be considered in some important works
on the subject ([9]-[10]).

In this article, Lorentz-Sasakian space forms on Wy-curvature tensor are investigated. Rie-
mann, Ricci, concircular, and projective curvature tensors are discussed for (2m + 1)-dimensional
Lorentz-Sasakian space forms, and with the help of these curvature tensors, some special cur-
vature conditions established on the Wy- curvature tensor are examined. Also, with the help of
these curvature conditions, some properties of Lorentz-Sasakian space forms such as Einstein
manifold, n-Einstein manifold, and real space form have been obtained.

2 Preliminary

Let M be a (2m+1)—dimensional Lorentz manifold. If the A7 Lorentz manifold with (¢,€,1,9)
structure tensors satisfies the following conditions, this manifold is called a Lorentz-Sasakian
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manifold
d)z%l = — "‘ﬂ(%)fﬂ?(f) = 1,71 (¢%l) = 07
g (P, 50) = g (501, 20) +1(a)n(50),n(a) = —g (5a,§) ,

(Ve @) 52 = —g (501, 50) £ — 1 (30) 501, (V,,€) = —d1,

where, ¥/ is the Levi-Civita connection according to the Riemann metric g [5].

The plane section IT in T}, M. If the IT plane is spanned by s and ¢s¢, this plane is called
the ¢-section. The curvature of the ¢-section is called the ¢-sectional curvature. If the Lorentz-
Sasakian manifold has a constant ¢-sectional curvature, this manifold is called the Lorentz-
Sasakian space form and is denoted by M (c). The curvature tensor of the Lorentz-Sasakian
space form M (c) is defined as

R (301, 30) 75 = (F2) {9 302, 33) 201 — g (301, 33) 202}

+ (<) {g (a1, ¢353) P32 — g (52, $353) P31

(L
129 (501, ¢22) P23 + 1 (302) 1 (553) 201 — 1) (501) 1) (353) 52
+9 (3a,36) 0 (52) € — g (502, 55) 1 (3a) £},
for all 521, 50, 53 € x (M (c)) . If we choose 3, = £ in (1), we get
R (&, m) 3 = —g (522, 753) € — 1) (353) 722 2
If we choose »; = £ in (1), we have
R (51,8) 353 = g (501, 253) € + 1 (533) 1. 3)
Similarly, if we choose 513 = € in (1), we obtain
R (501, 50) € =1 (30) 1 — 1 (30) 5. 4)
Also, if we take the inner product of both sides of (1) by the vector field &, we get
- c—1
N (R (e, ) 35) = —— 9 e, 25) n(a) — g (30, 56) 0 (50)] ®)

Lemma 2.1. Let M (c) be the (2m + 1)—dimensional Lorentz-Sasakian space form. The follow-
ing relations are provided for the Lorentz-Sasakian space forms [5].

S (50,50) = {(m+2)c; (3m—2)] g (5a,) + [(C—H)z(m—'—l)} n(Ga)n(a), (6
SR (LR EETCUE) O (SR RS e -
$a.6) = = [ o). ®

o= - = e ©

Wy —curvature tensor on a semi-Riemann manifold was described by M. Tripathi and P. Gu-
nam [5]. Wy—curvature tensor is the (1,3)—type tensor field defined as

1
Wo (51, 202) 53 = R (301, 30) 203 — T [S (302, 363) 301 — g (511, 203) Q2] (10)

on a semi-Riemann manifold (M, g), where R, S, @ are the Riemann curvature tensor, Ricci
curvature tensor, Ricci operator and of manifold, respectively.
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Lemma 2.2. Let M (c) be the (2m + 1)—dimensional Lorentz-Sasakian space form. The follow-
ing relations are provided for the Wy—curvature tensor in M (c) .

(m+2)(c+1)

Wo (&, 502) 513 :—T[g(%27%3)€+77(%3)%2], (11)
Wo (201, €) 53 = <C4tnl> g (501, 263) € + 11 (353) 521 ] (12)

Wo (501, 50) € = (mt2)(etl) [—n (501) 22

4m

(13)
+n (sa) 1 () €] + (55) n (32) =,
forall sy, 50,553 € x (M (c)) .

3 Lorentz-Sasakian Space Forms On W,,—Curvature Tensor

In this section, the Lorentz-Sasakian space form M (c) will be characterized according to some
curvature conditions established between W, —curvature tensor and Riemann, Ricci, concircular,
and projective curvature tensor. Let us first examine the special curvature condition established
between the W, and R curvature tensors. Let us state and prove the following theorem.

Theorem 3.1. Let M (c) be the (2m + 1)—dimensional Lorentz-Sasakian space form. If M (c)
satisfies the curvature condition Wy (51, 35) - R =0, M (c) is the real space form.

Proof. Let’s assume that M (c) satisfies the condition
(Wo (501, 50) - R) (54, 35, 33) = 0,
for all 521, 50, 544, 3¢5, 33 € X (M (c)) . So, we can easily write
Wo (301, 50) R (5a4, 3¢5) 53 — R (W) (5201, 500) 324, 525) 553
(14)
—R (304, Wy (501, 302) 525) 305 — R (54, 305) Wy (501, 302) 53 = 0
If we choose > = £ in (14) and use (11), we get

*% {9 (a2, R (54, 3¢5) 363) € + ) (R (514, 5¢5) 503) 302

—g (502, 304) R (€, 525) 363 — ) (54) R (502, 525) 363
(15)

—g (32, 75) R (524, €) 563 — 1 (365) R (5, 302) 323

—g (502, 553) R (524, 505) € — 1 (353) R (504, 565) 50} = 0.
If we make use of (2),(3),(4) in (15), we have

- (mffic“) {9 (”2, R (524, 5¢5) %3) §+n (R(%m 5) %3) 20

+9 (302, 54) g (3¢5, 53) € + g (502, 324) 1) (553) 325
—n (5a4) R (502, 3¢5) 363 — g (502, 3¢5) g (54, 33) €

(16)
—g (502, 55) 0 (563) 304 — 0 (565) R (54, 5020 323

—g (522, 563) 1) (565) 224 + g (522, 33) M (32) 3¢5

=1 (353) R (51, 755) 72} = 0.
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If we choose s¢4 = ¢ in (16) and use (2) , we obtain

% {R(%L%s) w03 — [g (502, 503) 225 — g (525, 323) %2]} —0.

It is clear from the last equation that M (c) is the real space form. This completes the proof. 0

Corollary 3.2. Let M (c) be the (2m + 1)—dimensional Lorentz-Sasakian space form. If M (c)
satisfies the curvature condition Wy (51, 50) - R = 0, M (—1) is hyperbolic space.

Let us examine the special curvature condition established between the W, and .S Ricci cur-
vature tensors. Let us state and prove the following theorem.

Theorem 3.3. Let M (c) be the (2m + 1)—dimensional Lorentz-Sasakian space form. If M (c)
satisfies the curvature condition Wy (5, s) - S = 0, M (c) is either a real space form or an
Einstein manifold.

Proof. Let’s assume that M (c) satisfies the condition
(Wo (521, 322) - S) (514, 325) = 0,
for all 521, 50, 524, 3¢5 € X (M (c)) . So, we can easily write
S (Wo (301, 312) 524, 5¢5) + S (324, Wy (321, 302) 3¢5) = 0. 17)

If we choose > = £ in (17) and use (11), we get

A2t 1o (G0 50) S (€, 305) + 11 () S (522, 325)

4m
(18)
+9 (502, 5¢5) 5 (& 24) + 1 (365) S (514, 32) } = 0.
If we choose »24 = £ in (18) and use (8) , we have
m+2)(c+1 c+1)—4m
—$ {S(%L%S) - %g(%z, %5)} =0.
It is clear from the last equation that either ¢ = —1, that is, M (c) is a real space form, or M (c)
is an Einstein manifold. ]

Let us now Lorentz-Sasakian space form characterize with the curvature condition estab-
lished on the Wy—curvature tensor itself. Let us state and prove the following theorem.

Theorem 3.4. Let M (c) be the (2m + 1)—dimensional Lorentz-Sasakian space form. If M (c)
satisfies the curvature condition Wy (301, 3) - Wy = 0, M (c) is either a real space form or an
n—Einstein manifold provided c # 3,c # —1.

Proof. Let’s assume that M (c) satisfies the condition
(Wo (521, 502) - W) (3, 725, 53) = 0,

for all 521, 50, 524, 3¢5, 33 € X (M (c)) . So, we can easily write

Wo (221, 300) Wo (54, 225) 363 — Wo (Wo (321, 502) 524, 3¢5) 523

(19)
—Wo (324, Wo (521, 502) 225) 203 — W (324, 5¢5) Wy (521, 202) 223 = 0.
If we choose 3 = £ in (19) and use (11), we get
*% {9 (502, W (54, 325) 523) € + 1 (W (324, 5¢5) 523) 202
—g (502, 324) Wy (&, 5¢5) 253 — 1) (524) W (522, 25) 223
(20)

—g (322, 205) Wo (54, &) 353 — 1 (325) Wo (514, 322) 213

—g (%2, %3) Wo (%4, %5) § —n (%3) W() (%4, %5) %2} = 0
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If we replace (11),(12),(13) in (20) and make the necessary arrangements, we obtain

—% {9 (52, Wy (524, 325) 523) & + 1 (W (324, 5¢5) 503) 202

D [ (50, 524) g (365, 563) € + g (522, 523) 1) (323) 325

+9 (322, 503) 1) (3) 565 — g (32, 263) 1 (322) M (325) €]

(2D
—n (30) Wo (502, 565) 353 — §5 [g (502, 5¢5) g (324, 363) €
+9 (302, 5765) 1 (563) 524 + g (522, 563) 1) (5¢5) 324
=1 (2e5) Wo (314, 222) 265 — 1 (563) Wy (54, 5¢5) 52} = 0.
If we choose 74 = £ in (21) and use (10), (11), we get
_ (m+j7)TSC+I) { (m+i,2r(LC+l) [g (%2’ %3) s — g (%57 %3) %2]
—R (50, 525) 363 + 55 (365, 33) 302 — 50 (32, 363) Q3¢5 22)
f%}g (522, 23) 1 (5¢5) 5} =0.
If we choose 323 = £ in (22), we get
—(m+f,,(,c+l> {(m+i,>,<f+l)77 (565) 502 + SHn (302) 1 (365) €
(23)

+wn (%2) M5 + ﬁf] (%2) Q%5} =0.

If we choose 35, = £ in (23) and later, we take inner product of both side of the equation by
i3 € x (M (c)) , we obtain

(m+2)(c+1)

1
T am {st (565, 563) + A1g (325, 353) + Ao (365) 1) (%3)} =0, 24)

where
m@B—c)—2(c+1)
A] = )
4m

and
(m+2)(c+1)
Np= -T2
4m
Thus it is clear from (24) that M (c) is either a real space form or an n—Einstein manifold
provided ¢ # —1, ¢ # 3. This completes the proof. O

Corollary 3.5. Let M (c) be the (2m + 1)—dimensional Lorentz-Sasakian space form. If M (c)
satisfies the curvature condition Wy (311, 312) - Wy = 0, M (c) is Einstein manifold if and only if
c=—1landc#3.

Now let’s take the projective curvature tensor defined as
1
P (%1, %2) 3 = R (%1, %2) M3 — % [S (%2, %3) x| — S (%1, %3) %2] (25)

and characterize the manifold for the curvature condition written with the help of the projective
curvature tensor. If we choose s; = &, 50, = &, and 353 = £ respectively in (25), we have

P (&) m = _%g(%ﬁ%ﬁf
(26)
_ctl (c+1)(m+1)

T (5653) 200 — = (52) n (33) &,
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P (30,8) 53 = WD g (5 sa) ¢

4m

27
+ty) (563) 301 + %JWU(M)TZ(%)&
1
P ) €= S I (a) sa =0 (a) ). 8)

Let us state and prove the following theorem.

Theorem 3.6. Let N (c) be the (2m + 1)—dimensional Lorentz-Sasakian space form. If M (c)
satisfies the curvature condition Wy (52, 30) - P = 0, M (c) is a real space form.

Proof. Let’s assume that M (c) satisfies the condition
(Wo (31, 302) - P) (514, 3¢5, 33) = 0,

for all 521, 50, ¢4, 565,363 € X (M (c)) . So, we can easily write

Wo (501, 502) P (514, 225) 353 — P (W (321, 302) 324, 5¢5) 323

(29
-P (%4, W() (%1, %2) %5) n3 — P (%4, %5) W() (%1, %2) n3 — 0.
If we choose 7 = £ in (29) and use (11), we get
—% {9 (b2, P (324, 505) 323) § + 0 (P (324, 225) 523) 202
—g (302, 524) P (&, 325) 303 — 1) (324) P (502, 325) 323
(30)

—g (502, 525) P (514,€) 313 — ) (325) P (34, 202) 513

—g (502, 53) P (514, 5¢5) § — 1 (363) P (324, 355) 52} = 0.
If it is written instead of (26) , (27), (28) in (30) and necessary arrangements are made, we have

D) 0 (505, P (524, 525) 363) € + 1 (P (324, 525) 363) 302

4m

D) 16 (55, 50) g (525, 363) € — g (502, 355) g (524, 353) €]

+ N (g (aa, 32a) 1 (305) 1 (363) € = g (522, 305) 1 (320) 1 (33 €]
(31)
+5t g (2, 50) 1 (553) 565 — g (322, 325) 1) (363) 324 — g (322, 363) 1) (325) 324
+9 (302, 263) 1 (34) 565] — 1) (524) P (522, 5¢5) 363 — ) (5¢5) P (504, 302) 53
=1 (353) P (524, 5¢5) 502} = 0.
If we choose 4 = £ in (31) and use (25), (26) , we get
— (mA2)(et]) {(mﬂ,),ﬂc“) [9 (302, 525) 1 (363) € — 1 (363) 1 (54) 522
+g (502, 53) 1 (5265) € + 20 (302)  (325) 1 (33) €] — R (502, 5¢5) 323
(32)
*%9 (565, 503) 300 + 5= 5 (325, 33) 302 — 7= S (502, 503) 325

+%g (%2, %3) %5} =0.
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If we choose 353 = ¢ in (23) and later, we take inner product of both side of the equation by
¢ € x (M (c)), we obtain

A 20 VLD g (e 5) 0 2) () =0

It is clear from the last equation that ¢ = —1 ie M (c) is the real space form. This completes the
proof. O

Finally, let’s take the concircular curvature tensor defined as

7 (501,30) 33 = R (501, 502) 353 — - ) (9 (302, 33) 501 — g (501, 213) 21 (33)

2m (2m + 1

and characterize the manifold for the curvature condition written with the help of the concircular
curvature tensor. If we choose s; = &, 30 = £ and s3 = £ respectively in (33) , we have

Z (& 5m) 3= =g (502, 553) €+ 1 (523) 322] | (34)
7 (31,6) 35 = Mg (321, 503) € + 1 (303) 541, (35)
Z (31,m) € = — [0 (32) 51 — 1 (30) 5], (36)
where
A= |1+ m

and 7 is the scalar curvature of M (c) . Let us state and prove the following theorem.

Theorem 3.7. Let N (c) be the (2m + 1)—dimensional Lorentz-Sasakian space form. If M (c)
satisfies the curvature condition Wy (521, 200) - Z = 0, M (c) is a real space form.

Proof. Let’s assume that M (c) satisfies the condition
(Wo (301, 302) - Z) (3, 3¢5, 33) = 0,
for all 521, 50, 504, 3¢5, 353 € X (M (c)) . So, we can easily write

Wo (501, 302) Z (54, 3¢5) 53 — Z (Wy (5201, 302) 504, 725) 363

(37)
—7 (524, Wo (501, 302) 365) 323 — Z (324, 765) Wo (301, 522) 63 = 0.
If we choose »; = ¢ in (37) and use (11), we get
*% {9 (502, Z (34, 3¢5) 353) € + 1) (Z (514, 5¢5) 303) 502
—9 (502, 50) Z (€, 525) 323 — ) (524) Z (52, 365) 723
(38)

—g (52, 725) Z (524, €) 303 — 1) (365) Z (5, 302) 323

—g (502, 553) Z (324, 525) € — 1) (363) Z (54, 325) 32} = 0.
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If it is written instead of (34),(35), (36) in (38) and necessary arrangements are made, we have

—% {g (%2, Z (524, 5¢5) %3) §+m (Z (224, 5¢5) %3) n

+A (g (502, 214) g (305, 33) E + g (302, 24) ) (523) 525

—g (502, 265) g (524, 253) € — g (322, 325) ) (353) 24

(39

—9 (302, 553) 1 (365) 324 + g (522, 723) 1) (32a) 73]

—77(%4) Z (%27%5) 3 — 77(%5) Z(%4, %2) 13

—1 (s13) Z (524, 5¢5) %2} =0.
If we choose 34 = £ in (39) and use (33), (34), we obtain

m-+2)(c+1 ~
—$ {—R (50, 565) 355 — [g (565, 33) 500 — g (502, 323) 55 } = 0.

This completes the proof. O

4 Conclusion

In this article, Lorentz-Sasakian space forms on Wj-curvature tensor are investigated. Riemann,
Ricci, concircular, and projective curvature tensors are discussed for (2m + 1)-dimensional
Lorentz-Sasakian space forms, and with the help of these curvature tensors, some special cur-
vature conditions established on the Wj- curvature tensor are examined. Also, with the help of
these curvature conditions, some properties of Lorentz-Sasakian space forms such as Einstein
manifold, n-Einstein manifold, and real space form have been obtained.
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