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Abstract In this paper, we introduce the concept of fuzzy multi-hyperrings and obtain several
related results. Also, we study different operations on fuzzy multi-hyperrings (such as intersec-
tion and union). Moreover, we define homomorphism and the direct product of fuzzy multi-
hyperrings and investigate some of their main properties.

1 Introduction

A fuzzy multiset is a generalization of a fuzzy set. Zadeh [21], in his theory of fuzzy sets, proposed
using a membership function operating on the domain of all possible values. In recent years,
several researchers studied various generalizations of fuzzy sets. Yager [20] discussed the fuzzy-
bag structure and operations on fuzzy multisets, such as intersection and union. Girish [9]
introduced the concepts of relation, function, and composition and Nazmul [15] defined a group
on the multiset derived from the initial universal set. An element of a fuzzy multiset can occur
more than once with possibly the same or different membership values. This new structure has
many applications in mathematics and computer sciences.

Marty [12] introduced the concept of hyperstructure during the 8t" Congress of Scandinavian
Mathematicians in 1934. He defined the concept of a hypergroup as a generalization of a group.
Krasner [11] introduced the notion of hyperrings. Moreover, many researchers studied this field
and developed this theory and found related results. For example, Corsini and Leoreanu gave
main works in hyperstructures in [5]. Also for some related study see [1], [3].

Although many authors extended these concepts, study in the fuzzy multiset theory has not
vet gained much ground, and it is still in its infant stage. Therefore the study of hyperring
structure in a fuzzy-multiset context is helpful. In this paper, we introduce the notion of fuzzy
multi-hyperrings and study some of their main properties. We show that the intersection of two
Sfuzzy multi-hyperrings is again a fuzzy multi-hyperring, but their union may not be a fuzzy multi-
hyperring in general. In addition, we define and study homomorphic properties and the direct
product of fuzzy multi-hyperrings.

In the following, we study some basic definitions and results related to fuzzy multisets and
hyperstructures.

A multiset is an unordered collection of objects (inverse of a standard Cantorian-set) elements
are allowed to repeat. If X is a set, a multiset A drawn from X is characterized by a count function
AorCydefinedas Cy: X — {0,1,2,---}. Foreachz € X, C4(x) is the characteristic value
of x in A, and it indicates the number of occurrences of the element x in A.

Definition 1.1. [13, 17] Let X be a non-empty set. We represent a fuzzy multiset A drawn from
the set X by a function C'M 4 such that CM 4 : X — @), where @) represents the set of all crisp
multisets drawn from the unit interval [0, 1]. In particular, we represent a fuzzy multiset A by a
higher order function A : X — [0,1] — N, where N is the set of natural numbers. For each
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x € X, CM 4 is the characteristic value of x in A and indicates a crisp multiset drawn from [0, 1].
Also, for each x € X, the membership sequence is defined as the decreasingly ordered sequence
of elements in C M4 (x) and is denoted by (p!y(x),--- , pki(z)); ply(x) > - > ph(x). If every
x € X is mapped to a finite multiset of N under the count membership function C'M 4, then A is
said to be a finite fuzzy multiset of X. For all z € A, we define L(z; A) = max{j; p/,(z) # 0}.
We consider an operation between two fuzzy multisets by an equal length. Thus if A and B are
two fuzzy multisets at consideration, take L(xz; A, B) = max{L(z; A), L(x; B)}. If no ambiguity
arises, then we denote the length of membership with L(z).

Let A and B be two fuzzy multisets drawn from a set X. Then A C B ifui,(x) < /ﬂ,é(x), for
allz € X, j = 1,---,L(x). The intersection and union of A and B, denoted by AN B and
AU B, respectively, are defined by 1y - 5 (x) = iy () A ply (z) and 1y g (x) = iy (2) V iz (),
respectively, where j = 1,--- | L(z) and A, V are the minimum and the maximum operation, re-
spectively. Forall i = 1,2,--- ;max{L(x), L(y)} by CMa(z) > CMa(y), CMa(x) N\CMa(y)
and CMa(x) v CMa(y) we mean that iy () > iy (), {12 (2) Ay ()} and {1, (2) v iy ()
respectively.

Let H be a non-empty set and P*(H) be the family of all non-empty subsets of H. A mapping
o: Hx H — P*(H) is called a binary hyperoperation on H and (H, o) is called a hyper-
groupoid. A hypergroupoid (H, o) is called a semihypergroup if z o (yo z) = (zoy) o 2, for all
x,y,z € H and is called a quasihypergroup if t o H = H = H o x, for all x € H. The couple
(H, o) is called a hypergroup if it is a semihypergroup and a quasi-hypergroup. A hypergroup
(H, o) is called commutative if t oy = y oz, for all z,y € H.

Definition 1.2. [6, 11] A Krasner hyperring is an algebraic hyperstructure (R, +, .) which satis-
fies the following axioms:
(1) (R, +) is a canonical hypergroup, i.e.,
(i) forevery z,y,z € R,z + (y + 2z) = (x +y) + z;
(ii)foreveryz,y e R,z +y =y +x;
(iii) there exist 0 € R such that 0 + 2 = {z}, for all z € R;
(iv) for every z € R there exists a unique element —x € R such that 0 € z — x;
(v)ze€x+yimpliesy € —z+zandz € z — y.
(2) (R,.) is a semigroup having zero as a bilateral absorbing element, i.e., z.0 = 0.z = 0;

(3) The multiplication "." is distributive to the hyperoperation "+".

In the above definition, for simplicity of notations, we write 0+ x = x instead of 0+x = {x}.
The following elementary facts follow easily from the axioms: —(—x) = z and —(z+y) = —z—y
and —A = {—z;x € A}. We say that a Krasner hyperring (R, +,.) is commutative (with unit
element) if (R,.) is a commutative semigroup (with unit element). A non-empty subset A of
R is a sub-hyperring of (R,+,.) ifa+b C A, —a € Aand a.b € A. Let R and S be two
Krasner hyperrings. A map ¢ : R — S is called a homomorphism if p(z +y) C ¢(z) + ¢(y),

o(z.y) = p(z).0(y) and p(0) =0, forall z,y € R.

Example 1.3. [14, 18] Let (H, o) be a finite group with k elements (k¥ > 3) and consider "+" and
"x"on G = H U {0} with:

r+y =y+z = CJz,y}, foral z,y € Ha # y, x + 2z = {z,0}, for all x € H;
24+0=0+z={a},forallz € Gz xy=zoy,forallz,y € H;x x0=0,forallz € G.
Then (G, +, x) is a Krasner hyperring.

Throughout this paper, let X be a Krasner hyperring and 0 be the additive identity of X. We
also omit all clear proofs throughout the article.

2 Characterizations of Fuzzy multi-hyperrings

In this section, inspired by the definitions of the Krasner hyperring [11] and the fuzzy multiset
[9], we introduce the concept of fuzzy multi-hyperring.

Definition 2.1. A fuzzy multiset A drawn from X is said to be a fuzzy multi (Krasner) hyperring
over X, if for all z,y € X the count function of A i.e., C'M 4 satisfies the following conditions:
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D) Ascayy OMa(z) = OMa(z) A CMa(y);
(ii)) CMa(—z) > CM4(z);
(i) CMa(z.y) > CMa(z) A CMa(y).
The set of all fuzzy multi-hyperrings over X is denoted by FMHR(X).

Example 2.2. In the following, we present different examples of fuzzy multi-hyperrings:

(i) Let X = % = {zH | © € Z,}, where Z, is the set of all congruence classes of integers
modulo 12 and H is its multiplicative subgroup of units. So H = {1,5,7,11}. Clearly,
2H = 10H,3H = 9H,4H = 8H and so X = {0H,1H,2H,3H,4H,6H}. Consider
the hyperoperation "+" by zH + yH = {zH;(zH + §H) N 2H # (0} and the binary
operation "." by TH.yH = zyH. Then (X,+,.) is a Krasner hyperring [4]. Tt is clear
that A — {((L03 05)>’ (060.2)y ((080.5)y ((0.60.2)y ((09.0.6)y <(0 80511 s a fuzzy multi-

TH 2H 3H iH
hyperring over X
(ii) Let X = {0, 1,2} be a set with the hyperoperation "+" and the binary operation "." defined
as follows:
+10 1 2 1012
0|0 1 2 0(0|0]|O0
1|1 1 {0,1,2} 170]1]2
2121 {0,1,2} 2 21012
Then (X, +, .) is a Krasner hyperring [6]. It is clear that

,0.6,0.4 0.3,0.2,0. 0.3,0.2,0.
A = {(U0804)y ((03020.1)y ((03.0201)}

is a fuzzy multi-hyperring over X.

(iii) Let X = {0, 1,2,3} be a set with the hyperoperation "+" defined as follows:

+]ol 1 [2] 3
olo] 1 [2] 3
11101 ]3] (23}
2121 3 Jo| 1
303 (23} [ 1] 10,1}

and the binary operation "." defined as z.y = 2, if z,y € {2,3} and z.y = 0, otherwise.
Then (X, +, .) is a Krasner hyperring [19]. It is clear that

A= {<<1,o.g,0.3)>, <(0.5i0.4)>, <o.5,oi5,o.3>7 <<0'5§0'4)>}

is a fuzzy multi-hyperring over X.

(iv) Let X = {0, 1} be a set with the hyperoperation "+" defined as follows:
0+1=14+0={1},1+1=1{0,1} and 0+ 0 = {0},
and the binary operation "." defined as the usual multiplication. Then (X, +, .) is a Krasner

hyperring [16]. It is clear that A = {< (1,05, 03)) <(0'9’0i4’0‘2)>}
over X

is a fuzzy multi-hyperring

)

(v) Let a be a fixed element in X. Consider fuzzy multiset A drown from X by count function
CM, as CMy(x) = CMa(a), for all z € X. Then A is a fuzzy multi-hyperring over X
and is called the constant fuzzy multi-hyperring over X.
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(vi) Let X = {0,1}. Consider hyperoperation "+" as z + y = {z;2z < z}, if z = y, and
x4y =2xVy,if x # y, where V is the maximum and "." is the ordinary multiplication.
Then X is a Krasner hyperring. It is clear that A = {< (©. 4 0402) o < M >} is a fuzzy
multi-hyperring over X.

nn

(vii) Let X = {0, 1,2,3} be a set with the hyperoperation "+" and the binary operation "." as
follows:

0 1 2 3
{0y | {1} 2y | {3}
{1} | {0,2} | {1,3} | {2}
{2} | {1,3} [ {0,2} | {1}
3} {2} {ry | {0}

Then (X, +,.) is a Krasner hyperring [2]. It is clear that A = {{(
fuzzy multi-hyperring over X.

(=) Nl He) Rell e}
W=D =
(=R SR S} el i )
W O W O W

W=+

W=D -

10706)>7<(0504 >} is a

Proposition 2.3. Let A be a fuzzy multi-hyperring over X with
CMa(z) = (! (2), 12 (), -, puM (@), forall w € X.

Consider the complement of A by

CMar(z) = (1 — p¥(z), -, 1 — p?(x),1 — p'(x)), forall x € X.
Then A = (A")".
Proof. Letx € X. Then CM 4/ (z) = (1—(1 — (@), 1= (1= p2(2)), - , 1= (1—pF(z))) =
(u! (@), 12 (), -y (x)) = CMa(2). o
Example 2.4. Let (X, +, .) be the Krasner hyperring defined in Example 2.2(vi). Consider

A= ({85, (202},

Then A’ = {<(060705)>7 <M>} This example shows that A’ is not a fuzzy multi-hyperring of

X in general because A, ., CMa(z) £ CM4(1).

Theorem 2.5. Let A be a fuzzy multi-hyperring over X. Then for all x € X, we have
(i) CM4(0) > CMa(z);
(ii) CMa(—z) = CMa(z).

Proof. Letz € X .
(i) Since A is a fuzzy multi-hyperring over X, we have

CMA(0) > N CMa(z) > CMa(—z) ACMa(z) > CMa(x).

z€—atz
(ii) It is sufficient to prove that CM4(x) > C M 4(—x). For this aim, we have
CMa(z) = CMa(—(—x)) > CMa(—1).
|

Theorem 2.6. A fuzzy multiset A is a fuzzy multi-hyperring over X if and only if for all z,y € X,

(i) Nveoy CMa(=) = CMa(w) A CMa(y):

(ii) CMa(z.y) > CMa(z) NCMa(y).
Proof. Letz,y € X. If A is a fuzzy multi-hyperring over X, then

CMa(z.y) > CMa(z) NCMy(y).
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Moreover,

N\ CMa(z) =\ CMa(z) > CMa(x) ACMa(—y)
ZEXT—Y z€x+(—y)

> CMA(Z‘) A C’MA(y),
Conversely, if the conditions hold, then

CM4(0) >\ CMa(z) > CMa(z) ACMa(z) = CMa().

zExr—x

Thus
CMa(—z) > J\ CMa(z) > CMA(0) ACMa(z) = CMa(z).
z€0—x
Hence
/\ CMA(Z) = /\ CMA(Z)ZCMA(CL‘)/\CMA(—:I])
zex+y z€x—(—vy)
> COMa(z) ANCMa(y).

Now, the condition (ii) completes the proof. O

Proposition 2.7. Let A and B be two fuzzy multi-hyperrings over X. Consider —A by CM_ 4(z) =
CMu(—x), forall x € X. Then

(i) —A is a fuzzy multi-hyperring over X;
(ii) —(~A) = 4;
(iii) if A C B, then —A C —B.

Proof. (i) Let z,y € X. Since A is a fuzzy multi-hyperring over X, then

/\ CM_A(Z) = /\ CMA(—Z): /\ CMA(t): /\ CMA(t)

z€xt+y zE€x+y te(—(z+y)) te(—z)+(—y)
> CMA(—.%') A C’MA(—y) = CM,A(;L‘) N CM,A(y).

Also CM_4(—z) = CMy(—(—x)) > CMa(—x) = CM_ 4(z). Moreover, by Theorem 2.5(2),
we have

CM_a(zy) = CMa(—(zy)) =CMa((—x).y) > CMa(—z) NCMu(y)
= CMA(—LL‘) VAN CMA(—y) = CM,A(CL') A\ CM,A(y).

Therefore — A is a fuzzy multi-hyperring over X. The proofs of (ii) and (iii) are straightforward.
|

Definition 2.8. Let A and B be two fuzzy multi-hyperrings over X. Then, we define A ® B by
CMagg(z) = \/{CMA(y) ANCMg(2);z,y,2 € X,z €y + 2},
and A ® B by
CMupp(z) = \/{CMA(y) ANCMg(z);z,y,2z € X,z € y.z}.

Example 2.9. Let (X, +,.) be the Krasner hyperring defined in Example 2.2(iv). It is clear
that A = {(“’0‘3’0‘5)% <(0'9’0i5’0‘1)>} and B = {<(1’0'(9)’0'8)>, <(1’0'§’0'6>>} are two fuzzy multi-
hyperrings over X and we have A ® B = {{( (1’0'3’0'5) ), <(1’0'§’0'6) )} and

A®B= {<(1,0.(8),0.5)>’ <(0.9,0i5,0.1)>}'
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Theorem 2.10. Let A be a fuzzy multi-hyperring over X. Then
(i) Ap A= A;
(ii) —A=A.

Proof. (i) Letx € X. Since A is a fuzzy multi-hyperring over X, then for all y, z € X,

/\ CMA(Z‘) > C’MA(y) A CMA(Z)

TE€Y+2
So CMy(x) > CMa(y) A CMa(z). Hence
CMa(z) > \/{CMa(y) NCMa(2);y, 2 € X, 2 € y+ 2} = CMaga().
Thus A® A C A. Again
CMaga(z) = \{CMa(y) ANCMa(2);y,2 € X,z € y+ 2}
> CMa(x) NCM4(0) = CMa(z).

So A C A® A. Therefore A ® A = A.
(ii) Since CM_ 4(z) = CMa(—z) = CMa(z), it follows that —A = A. i

Definition 2.11. Let A be a fuzzy multi-hyperring over X. Then A is called commutative if
CMy(z.y) = CMa(y.x), forall z,y € X.

Example 2.12. let X = {0, 1,2} be the Krasner hyperring with the hyperoperation "+" and the
binary operation "." defined in Example 2.2(ii). Then X is a non-commutative Krasner hyperring
and A = {< (0‘6’0(')5’0'3> >, < (0'5’0i370'2) >, < (0'5’0;’0'2) >} is a commutative fuzzy multi-
hyperring over X.

Theorem 2.13. Let A be a fuzzy multiset drawn from X and o € [0,1]. Consider Ay, =
{z € X;CMa(z) > a}. Then A is a fuzzy multi-hyperring over X if and only if A is a
sub-hyperrings of X.

Proof. Let z,y € Ap,). Then CMa(z) > o and CM4(y) > «. Since A is a fuzzy multi-
hyperring over X, then A\ .., CMa(z) > CM4(x) NCM4(y) > a. Thus z+y C Ay, because
forall z € x +y we get CM4(z) > aand so z € Alq]- Moreover CMy(—z) > CMa(z) > .
Thus —z € Ap,). Also, we have CMa(z.y) > CMa(z) A CMa(y) > a. Hence z.y € Ap,).
Therefore for all o € [0, 1], A is a sub-hyperring of X.

Conversely, let z,y € X. Assume that CM4(z) = a,CMa(y) = . Then o, 8 € [0, 1] and
sox € Ay and y € Ajg. Without loss of generality, let « A 3 = v and so y € A,. Since A},
is a sub-hyperrings of X, then z +y C A, and z.y € A}, and —x € A[,). Therefore z € A,
forall z € x +y . Hence

/\ CMy(z) >a=aAB=CMa(zx) NCMa(y).
z€x+y

Moreover CMa(—xz) > a = CM4(x). Also
CMy(zy) >a=aAp=CMa(z) N\CMa(y).
Thus A is a fuzzy multi-hyperring over X. O

Example 2.14. Let (X, +,.) be the Krasner hyperring defined in Example 2.2(iii). It is clear
that A = {<(1’O‘g’0‘6>>, <(0'4io'2>>, <<0‘9’028’0‘5)>, <(0'4’30'3)>} is a fuzzy multi-hyperring over X and
Ap.s) = {0,2} is a sub-hyperrings of X.

Theorem 2.15. Let A and B be two fuzzy multi-hyperrings over X. Then
~(A®B)jq = (A0 B)g)-
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Proof. Letz € X. We have 2 € (A® B)jy <= CM_(40p)(7) > a <= CMacp(—) > o
— \V{CMA(y) N\CMp(2) |y,z € X,—x =y.2} > a <= V{CMs(—y) A\CMp(2) |y,z €
X,z =(~y)z} >2a+=2ec(AD B)q. o

Definition 2.16. Let A be a fuzzy multi-hyperring over X and ) # B C A. Then B is said
to be a fuzzy sub-multi-hyperring of A if B itself is a fuzzy multi-hyperring over X. The fuzzy
sub-multi-hyperring B of A is proper if A # B.

Example 2.17. Let (X +,.) be the Krasner hyperring defined in Example 2.2(i). Consider

{< (1 0804 >7 <(0.6,§;,O.1)>, <(O.8,§f],0.3)>’ <(0.6,§;,0.1)>}

and

(1,0.9,0.8) 0.8,0.3 0.8,0.4,0.3 0.8,0.3
_{< 0H >a<( 2H )>ﬂ<( AH )>7<( 6H )>}
It is clear that A, B € FMHR(X) with A C B and A # B. Therefore A is a fuzzy (proper)
sub-multi-hyperring over B.

Proposition 2.18. Let A be a fuzzy multi-hyperring over X, B be a fuzzy sub-multi-hyperring of
A, C be a fuzzy multiset of X and C C B. Then C is a fuzzy sub-multi-hyperring of A if and only
if C is a fuzzy sub-multi-hyperring of B. Also, A is a fuzzy submulti-hyperring of B if and only if
-A is a fuzzy submulti-hyperring of -B.

Proof. The proof is straightforward. O

3 Intersection and Union of Fuzzy multi-hyperrings
In the sequel, we define some operations on fuzzy multi-hyperrings and study their properties.

Theorem 3.1. Let A and B be two fuzzy multi-hyperrings over X. For all x € X, consider
CManp(z) = CMa(x) ANCMp(z). Then AN B is a fuzzy multi-hyperring over X.

Proof. Letz,y € X. Since A and B are fuzzy multi-hyperrings over X, then

N\ CManp(z) = )\ (CMa(z) ACMp(2))
= (N OMa)A( N\ COMs(2))

(CMa(x) NCMa(y)) A(CMp(z) ACMp(y))
= (CMa(z) NCMp(x)) A(CMa(y) NCMp(y))
= CMAQB(.%') /\CMAQB(y).

Moreover,
CMang(—z) = CMa(—2) NCMp(—2x) > CMu(x) N\CMp(z) = CManp(x).
Also
CMang(zy) = CMa(zy)ANCMg(z.y)

> (CMa(z) ACMa(y)) A (CMp(x) NCMp(y))
= (CMa(z) NCMp(x)) AN (CMa(y) NCMgp(y))
= CMAQB(I) A CMAQB(y).

Hence A N B is a fuzzy multi-hyperring over X. O

Remark 3.2. Let A and B be two fuzzy multi-hyperrings over X and for all z € X, consider
CMaup(z) = CMu(z) V CMp(x). Then AU B is not a fuzzy multi-hyperring over X in
general.
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Example 3.3. Let (X, +,.) be the Krasner hyperring defined in Example 2.2(vii). Consider

A = ((U0304)y 1 ((0403)yy ang B = {(L2603)y (030.1y1 1t js clear that A, Band AN B =

{<7(1’0'(5)’0'4) )} are fuzzy multi-hyperrings over X, but AU B = {{ (1’0'8’0'5) ), <(0'4é0‘3) ), <<0'3§0‘1) '}

is not a fuzzy multi hyperrong over X because A ,5,, Caup(2) # Caup(3) A Caus(2).
Proposition 3.4. Letr A, B,C € FMHR(X). Then
(i) if CM4(0) = CMg(0), then ANB,AUBC A® B;
(ii) if AC Bor B C A, then AU B is a fuzzy multi-hyperring over X;
(iii) if AC B C C, then AN B and A U B are fuzzy sub-multi-hyperrings of C.
Proof. (i) Letx € X.

CMagp(x) = \/[{CMa(y) NCMp(2)iy,z € X,z €y + 2}
> CMa(z) N\CM4(0) = CMy(x).
Similarly, we can show that CM e 5(z) > CMp(z). Therefore
CMagp(z) > CMa(z) VCMp(z) = CMayup(z).

Hence A® B2 AU B. Clearly, AN B C AU B. Therefore ANB,AUB C A® B.
The proof of (ii) and (iii) are straightforward. O

Theorem 3.5. Let A and B be two fuzzy multi-hyperrings over X. Then A, N Blo) = (AN By
and A[a] U B[a] = (A U B)[a],fOF all o € [0, 1]

Proof. Let x € X. Then z € A[a] N B[a] < x € A[a] and z € B[a] — CMu(z) > «
and CMp(x) > a <= CMa(z) NCMp(r) > a <= CManp(r) > a <= x € (AN B)[y.
Therefore A[a] n B[a] = (A N B)[o(]
Similarly, we can prove that Af,) U Bjo) = (AU B)[q).

]

Definition 3.6. Let {A;;i € I} be an arbitrary family of fuzzy multi-hyperrings over X, where

I ={1,2,---}isanindexed set. Then their intersection, defined by CMn,_, 4, (z) = Nic1CMa, (),
for all z € X and their union, defined by CMy,_, 4, (x) = \/;c; CMa, (), for all z € X. More-
over, we say that this family satisfies in ascending (resp. descending) chain condition if for every
chain of fuzzy multi-hyperrings A; C A, C --- (resp. A} 2 Ay O ---) there exist n € N such
that A,, = A,,,, for all m > n.

Theorem 3.7. Let { A; : i € I} be an arbitrary family of fuzzy multi-hyperrings over X. Then
(i) The intersection of A;s, for all i € I is a fuzzy multi-hyperring over X;
(ii) The union of A;s, for all i € I is a fuzzy multi-hyperring over X if this family satisfies in
either ascending or descending chain condition.

Proof. (i) Put A = NierA;. So CMy(t) = \;c; CMa,(t), forall t € X. Since forall i € I, A;
is a fuzzy multi-hyperring over X, then A CMa,(z) > CMa,(x) NCMa,(y). Thus

A CMa) = N (ACMA) = AC A CMa(2)
> (€M () A CMa, () = (N CMa, () A (N CMa, (1)

= CMA(QS) AN CMA(y)
Also CMy(—x) = N;c; CMa, (=) > \;c; CMa, (=) = CM4(—2). Moreover
CMa(zy) = \CMa,(zy)> \(CMa,(x) ACMa,(y))
iel iel

(/\ CMa, () A (J\ CMa,(y)) = CMa(z) A CMa(x).

el i€l
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Therefore A is a fuzzy multi-hyperring over X.

(i) Put B = (J;c; Ai. Then CMp(k) = \/,c; CMy,(k), for all k € X. If {A;;i € I}
satisfies in the ascending chain condition then there exists i,, € I such that CMy,, (z) =
Vier CMa, (z) = CMp(z), for all z € X. Thus

/\ CMgp(z)= )\ CMa, (2)>CMa, (x) ANCMa, (y) = CMp(z) ACMgp(y).
z€x+y ZEX+Y
Also CMp(—x) = CMy, (—x) > CMy, (x) = CMp(z). Moreover,
CMp(z.y) = CMa, (z.y) > CMa, () NCMa, (y) = CMp(x) NCMp(y).

If {A;;i € I} satisfies in the descending chain condition, then CMa, (z) = V,;c; CMay,(z) =
CMp(x) and so by the same procedure, we can arrive at the result. O

Proposition 3.8. Ler {A;;i € I} be an arbitrary family of fuzzy multi-hyperrings over X. Then
_(ﬂiel Ai) = ﬂie](_Ai) and _(Uiel Ai) = Uie[(_Ai)'

Proof. Forall z € X,

CM_y, , a)(@) = CMy,_ a(-2)= \/ CMy,(—x)

el

= \/CM_, = CM, U'LEI( )(.27)

el

Hence —({U;c; Ai) = U,c;(—4;). Similarly, we can prove that —((;c; 4i) = ;e (—As)-
m

Definition 3.9. Let A be a fuzzy multi-hyperring over X. If A = (a), for some a € X, then a is
called the generator of A. The fuzzy multi-hyperring generated by A, denoted by (A), is the inter-
section of all fuzzy multi-hyperrings containing A, and so (A) = ({B;B € FMHR(X),A C
B}, that implies (A) is the smallest fuzzy multi-hyperring containing A.

Theorem 3.10. Let A and B be two fuzzy multi-hyperrings over X such that CM 4(0) = CMg(0).
If A® B is a fuzzy multi-hyperring over X, then A® B = (AU B).

Proof. Letz € X. Since CM4(0) = CMg(0), then
CMasp(r) = \/{CMA(y)/\CMB(z);y,zeX,g:ey+z}
> CMA(x)/\CMB(O):CMA(.%')/\CMA(O)ZCMA(.%).

Thus A C A @ B. Similarly, BC A@ Bandso AUB C A® B. Now, let C be any fuzzy
multi-hyperring over X containing A U B. Since for all y,z € X, CM¢c(y) > CMyu(y) and
CMc(z) > CMp(z), then

CMcgc(z) = \/{CMC(:U) ANCMc(2);y,2 € X,z € y+ 2}

> \/{CMA(y) ANCMg(2);y,z € X,z € y+ 2} = CMagp(z).
Thus A® B C C @ C. Now, since C is a fuzzy multi-hyperring over X, then
Nacyr. CMc(z) > CMc(y) ACMc(2), forally, z € X.

Therefore CMc(xz) > {CMc(y) NCMc(z);y,z € X,z € y+ z}. Hence

CMC \/{CMC CMc(z);y,z€X7m€y+z}:CMc@C(x).

Thus C @ C C C and A® B C C. Therefore A @ B is generated by A U B. O
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4 Homomorphism and Direct Product of Fuzzy multi-hyperrings
In the following, we study some homomorphic properties of fuzzy multi-hyperrings.

Definition 4.1. Let X and Y be two Krasner hyperrings and f : X — Y be a homomorphism.
Suppose that A and B are fuzzy multi-hyperrings over X and Y, respectively. If (f(A) C B)
f(A) = B, then A is called (weakly) homomorphic to B, denoted by (A ~ B) A ~ B and if
f is an isomorphism with (f(A4) C B) f(A) = B then A is called (weakly) isomorphic to B,
denoted by (A ~ B) A = B. The image of A under f, denoted by f{A), is a fuzzy multiset of
Y defined by CMp(4)(y) = Vies-1(5)CMa(), if f~'(y) # 0 and CMy(4)(y) = 0, otherwise.
Moreover, the inverse image of B under f, denoted by f~!(B), is a fuzzy multiset of X defined
by CMffl(B)(I) = CMB(f(:E>), forall z € X.

Theorem 4.2. Let X and Y be two Krasner hyperrings and f : X — Y be a homomorphism of
Krasner hyperrings. Then

(i) if A is a fuzzy multi-hyperring over X, then f(A) is a fuzzy multi-hyperring over Y;
(ii) if B is a fuzzy multi-hyperring over Y, then f~'(B) is a fuzzy multi-hyperring over X.

Proof. (i) Letxz,y € Y and z € x +y. If f~'(z) = D or f~'(y) = 0, then CMy(4)(x) = 0
or CMjy(a)(y) = 0. Thus A\, , CMy(a)(2) > 0= CMya)(x) A CMa)(y). Moreover, we
have CMy(a)(2z.y) > 0 = CMya)(x) A CMya)(y). Hence, the result holds by Theorem 2.6. If
f~Y(z) # 0 and f~!(y) # 0, then Hr,s € X such that f(r) = z and f(s) = y, then

Since f is a homomorphism, then z € f(r) + f(s) = f(r +s). Hence 3k € r + s; z = f(k).
Since A is a fuzzy multi-hyperring over X, then
CMyay(z) = \/ CMa(t) = CMa(k) > J\ CMa(z)
ft)== zZEr+s

> CMA(T) A CMA(S) = CMf(A)(.T) A CMf(A)(y).

ze€xty
CMyay(—z) = \/ CMa(t) > CMa(—1) > CMa(r) = CMja)(x).
ft)=—2z
Moreover,
CMf(A)(x.y) = \/ CMa(t) > CMa(r.s) > CMa(r) NCMy(s)
ft)=z.y

Therefore f(A) is a fuzzy multi-hyperring over Y.
(ii) Let B be a fuzzy multi-hyperring over Y. Since f is a homomorphism, then for all z,y € X,

/\ CMf—l(B)(Z) = /\ CMB(f(Z)): /\ CMB(t)

zEx+y z€x+y tef(z)+f(y)
> CMgp(f(x)) NCMp(f(y))

Als0 CMj ) (—2) = CMi(f(~2)) = OMB< f(x)) > OMp(f(x)) = OMy-1 (). and

CMy-vpy(zy) = CMp(f(zy)) = CMp(f(2).f(y)) = CMp(f(x)) NCMp(f(x))
= CMf—l(B)(.T) A CMf—l(B)(y).

Therefore f~!(B) is a fuzzy multi-hyperring over X. ]
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Proposition 4.3. Let f : X — Y and g : Y — Z be two homomorphisms of Krasner hyper-
rings and A, B be two fuzzy multi-hyperrings over X, Z, respectively. Then

(i) (9)(A) = g(f(A));
(ii) (9)~"(B) = =g~ "(B)).
Proof. (i) Let z € Z. If g~'(z) = 0, then clearly the result holds. If g=!(z) # (), then

CMypan(z) = \/ CMy)= \/ (/) CMa(2))
y€g~(2) yeg~!(z) z€f~1(y)
= \/ CMA(QT) = CM(gﬁ(A)(Z).
z€(gf)~1(2)

Therefore g(f(A)) = (g9f)(A).
(ii) Let z € X. Then

CMgp-p)(z) = CMp((9f)(x)) = CMp(g(f(z))) = CMy-1(5)(f(2))
= CMf—l(g—l(B))(l’).
Hence (gf)~"(B) = f~'(¢g71(B)). O

Theorem 4.4. Let f : X — Y be a homomorphism of Krasner hyperrings and {A;;i € I} and
{Bj;j € J} be two arbitrary families of fuzzy multi-hyperrings over X and Y, respectively. Then

(i) f(—4A;) =—f(A) and f~'(=B;) = —f~1(Bj), foralli€ I.j € J;

(ii) f(ﬂie[ Ai) = ﬂie[ f(Ai): f(UiGI Ai) = Uie[ f(Az) and f‘l(ﬂjeJ Bj) = ﬂje.] f_l(Bj)»
f(UjeJ Bj) = Uje] f(Bj)'

(iii) f(Ap)) = (f(A)) (if {Aisi € I} satisfies in ascending chain condition) and f~"(Bj,)) =
(f 1 (B))ja-

Proof. Letz € X andy €Y.
(i) By Theorem 2.5(ii), we have

CMf(fAi)(y) = \/ CM_y, (l‘) - \/ CMAz(_x) - \/ CMa, (JJ)
z€f~(y) z€f~(y) z€f~'(y)

= CMjay(y) = OMyay(~y) = CM(—s(a.) (v)-
Hence f(—A;) = —f(A;), for all i € I. Moreover,

CM_j-i(p,)(x) = CMs-(p,(—a) = CMp,(f(-=x)) = CMp,(—f(z))
= CM_BJ. (f(ﬂj)) = CMffl(,Bj)(m).

Thus f~'(=B;) = —f~!(B;), forall j € J.

(ii) We have
CMf(U,;eI Al)(y) = \/ CMUZE] A ({L‘) = \/ (\/ CMAz)(x)
z€f~1(y) zef~!(y) i€l
= V(O V CMa@) =\ CMyu,(y) =CMy,_, sa,) ).
el zef~(y) el

So f(UieI Ai) = Uie[ f(Al) Simﬂaﬂy, f(ﬂie] Ai) = mie] f(AZ) Also

CMpoy,, (@) = CMy,_,5,(f(@)) = \/ CMp,(f(2)) = \/ CMyoi(5,) ()

jeJ JjeJ
= CMUjle_](Bj)(x)'
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Hence f~'(Uje; Bj) = Uje, f7(B;). Similarly, £(;c; Bj) = N;es £(B)).

(iii) If x € f(Apy), then z = f(t), for some t € A}, and so CMa(t) > «, that implies
C’Mf(A)(x) = \/zef*‘(x)CMA(Z) > CM4(t) > o Thus z € (f(A))[a] and so f(A[a]) -
(f(A))(a]- On the other hand, if y € (f(A))[q), then C My 4)(y) = Vies-1(y)CMa(k) > a and
by hypothesis, CM4 (k) > a, for some k € f~'(y). Therefore k € Ay, andsoy = f(k) €
J(Ajq))- Thus (f(A))ja] S f(A[a)). Therefore equality holds. Now, we have z € (f~!(B))[q)
— CM;-(p)(z) > a <= CMp(f(z)) > a <= f(z) € Bjy <= z € f~'(By)). Hence the
result holds. O

In the following, we study some properties of the direct product of fuzzy multi-hyperrings.

Theorem 4.5. Let X, Y be two Krasner hyperrings and A, B be two fuzzy multisets drawn from
X, Y respectively such that CM 4(0) = CMp(0'), where 0 € X and 0’ € Y. Consider the direct
product of A and B by CM sy g(x,y) = CMa(xz) NCMp(y), forallz € X,y € Y. Then A and
B are (commutative) fuzzy multi-hyperrings over X and Y, respectively, if and only if A x B is a
(commutative) fuzzy multi-hyperring over X X Y.

Proof. Let (z1,22), (y1,y2) € X x Y. Since A and B are two fuzzy multi-hyperrings over X and
Y respectively, then

A CMaxp(z,y) = A (CMa(z) A CMp(y))
(@,9)€(x1,22)+(y1,42) (z,y)€(z1+y1,22+Y2)
= ( N\ CcMa@)A( N\ CMs(y)
TET|+Y| YETLI+Y2

(CMa(z1) ACMa(y1)) A (CMp(z2) ACMp(y2))
= (CMa(z1) ACMp(x2)) A (CMa(y1) A CMp(y2))
= CMaxp(z1,22) NCMaxp(y1,12).

Moreover,
CMaxp(—(z1,22)) = CMaxp(—x1,—22) = CMa(—21) ANCMp(—x3)
> CMA(I])/\CMB<I2):CMAxB(Il,:Ez).
Also,
CMaxp((®1,22).-(y1,12)) = CMaxp(@i.y1,22.92) = CMa(z1.91) N CMp(x2.92)
> (OMA(Il)/\CMA(y1>)/\(CMB<I2)/\OMB<y2))
> (CMa(x1) NCOMp(22)) AN(CMa(y1) A CMp(y2))

CMaxp(z1,22) NCMaxp(yi,y2).

Hence the direct product of A and B is a fuzzy multi-hyperring over X x Y. Now, if A and B are
commutative, then

CMaxp((z1,22).(y1,12)) = CMaxp(zi.y1,22.92) = CMa(x1.y1) AN CMp(22.92)
CMa(y1.z1) NCMp(y2.22) = CMaxp(y1.21, y2.22)
= CMaxs((y1,12)-(z1,22)).

Thus A x B is commutative.
Conversely, let x € A, y € B and A, B be two fuzzy multisets drawn from X, Y, respectively.
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Since A x B is a fuzzy multi-hyperring over X x Y, then

N\ CMa(z) = N\ (CMa(z) A\CMA(0)) = N (CMa(z) ACMp(0))
z€x+y z€Ex+y z€Ex+y
= /\ CMAxB(Z,O/) = /\ CMAXB(ZaOI)
(2,0") €(z+y,04+0") (2,0 €(z,0")+(y,0")

CMaxp(z,0) N\CMaxp(y,0)
= (CMa(z) ANCMp(0")) A (CMa(y) A CMp(0'))

CMa(x) NCMa(y) N\CMp(0') = CMa(x) ANCMa(y) ANCM4(0)
= CMa(z) ANCMa(y).

Moreover,
CMa(—x) = CMa(—2) NCM4(0) =CMs(—x) NCMp(-0")
CMaxp(—z,—0") = CMaxp(—(2,0") > CMaxp(x,0)
CMa(z) NCMp(0)
= CMu(x) N\CM4(0) = CMa(z).
Also,
CMy(zy) = CMa(z.y) NCM4(0.0) = CMa(z.y) NCMp(0'.0")

= COMaxp(2.y,0.0") = CMaxp((z,0).(y,0"))

> CMaxp(2,0) ANCMaxp(y,0") > (CMa(x) N\CMp(0')) A(CMa(y) NCMp(0'))

= C’MA(x) N CMA(y) A CMA(O) = CMA(Z‘) A\ C’MA(y)

Therefore A is a fuzzy multi-hyperring over X. Similarly, B is a fuzzy multi-hyperring over Y.
Also, if A x B is commutative, then

CMu(zy) = CMa(z.y) NCM4(0.0)

CMa(z.y) NCMp(0'.0")

CMaxp((2.y,0.0") = CMaxp((2,0").(y,0"))

CMaxp((y,0").(x,0) = CMaxp(y.z,0.0")

= COMu(y.x) NA\CMp(0'.0") = CMa(y.z) NCMa(0.0) = CM4(y.x).
Therefore A is commutative on X. Similarly, we can prove that B is commutative on Y. O

Corollary 4.6. Let X; be Krasner hyperrings and A; be (commutative) fuzzy multi-hyperrings
over X;, respectively, fori =1,2,--- . n. Then direct product of A; defined by

CMA]XAzX---XAn(xlvxZ;"' ,:L’n) = CMAl(xl) /\CMAZ({EQ) /\~~-/\CMAH(£L’n),

Sforall (x1,22, - ,25) € X1 X Xo X -+ X Xy, is a (commutative) fuzzy multi-hyperring over
X1 x Xox---xX,.

Proof. The proof follows by Theorem 4.5. O

Corollary 4.7. Let X, Y be Krasner hyperrings and A, B be fuzzy multi-hyperrings over X, Y,
respectively. Then (A x B)(q) = Alq] X Blg, forall a € [0,1].

Proof. The proof follows by Theorem 2.13 and Theorem 4.5. O

Corollary 4.8. Let A and B two be two fuzzy multi-hyperrings over two X and Y, respectively.
Then

(i) —(Ax B)=(—A) x (—B),
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(ii) CMaxp(0,0") > CMaxp(x,y),
where (z,y) € X x Y and 0 and 0 are identity elements of X and Y, respectively.
Proof. The proof follows by Theorem 2.5 and Theorem 4.5. O

Example 4.9. Let X = % and Y = {0, 1,2} be two Krasner hyperrings with hyperoperations
and binary operations defined in Example 2.2(i) and Example 2.2(ii), respectively. Consider

A — {<10605>, <0.3,§g,0.1>’ (0‘9’25’0‘4)7 <0.8,0.4,0.1>} and B = {( 10502)>}. Itis clear that A and

B are fuzzy multi-hyperrings over X and Y, respectlvely and we have

(1,0.5,0.2) (0.8,0.4,0.1) (0.9,0.5,0.2) (0.8,0.4,0.1)
AxB= {< OHO >7< (QH’()) >u< (‘1H70) >=< (5H,0) >}

Theorem 4.10. Let f : X — Z and g : Y — W be two homomorphisms of Krasner hy-
perrings and A, B, C, D be fuzzy multi-hyperrings over X, Y, Z, W, respectively. Consider
fxg: X xY — Zx W bysetting (f x g)(z,y) = (f(z), f(y)). Then

(i) f x gis a homomorphism of Krasner hyperrings;
(i) (f x g)(A x B) is a fuzzy multi-hyperring over Z x W such that (f x g)(A x B) =
f(A) x g(B);
(iii) (f x g)~Y(C x D) is a fuzzy multi-hyperring over X x Y such that (f x g)~'(C x D) =
1) =< (D).
Proof. (i) Let (a,b), (¢,d) € X x Y. Since f and g are homomorphisms of Krasner hyperrings,
then

(f x g)((a;b) + (e, d)) = (f x g)({(z,9); (2,y) € (a +¢,b+d)})
={(f(z),9(y));iz €a+cyeb+d}
=({f(@);z €a+c} {g(y);y € b+d})
= (fla+¢),9(b+d)) = (f(a) + f(c),g(b) + g(d))
= (f(a),9(b)) + (f(c), 9(d)) = (f x g)(a,b) + (f x g)(c,d).

Moreover

(f x g)((a,b).(¢,d)) = (f x g)(a.c,b.d) = (f(a.c),g(b.d))
= (f(a).f(c), g(b).g(d)) = (f(a),g(b)).(f(c),g(d))
= (f x9)(a,b).(f x g)(c,d).
)=

Also, we have (f x ¢)(0,0) = (£(0), g(0)
hyperrings.

(ii) The first result is obtained by Theorem 4.5 and Theorem 4.2, so we prove that (f x g) (A x
B) = f(A) x g(B). Let (z,w) € Z x W. If (f x g)~'(2,w) = 0, then clearly the result holds.
If (f x g)~'(z,w) # 0, then we get (f x g)~!(z,w) = (f~1(2),g9~(w)). Therefore

C(fxg)(AXB)(Z’w) = \/ CAXB(xyy)
(z,y)€(fxg)~(zw)

= V (Calz) A C(y))

(zy)e(f~1(2),97 " (w))

= \/ Ca(z)) A ( \/ Cs(y))

zef~1(z) yeg~!(w)

= Cya)(2) A Cy()(w) = Ciayxg(m) (2, w).
(iii) Similarly, by Theorem 4.5 and Theorem 4.2, we have the first part, and therefore we
prove that (f x g)~!(C x D) = f~1(C) x f~Y(D). Let (z,y) € X x Y. Then

Cixg)-1(cxp)(®,y) = Coxp((f x g)(x,y)) = Coxp(f(x),9(y))
= Cco(f(z)) ACp(9(y)) = Cp1cy(x) A Cym1 (1) (y)
= Cf*‘(C)xg*‘(D)(xvy)'

(0,0). Thus f x g is a homomorphism of Krasner
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Corollary 4.11. Let f; : X1 — Y;, ¢ = 1,2,--- ,n be homomorphisms of Krasner hyperrings
and Ay, Ay, -+, A, and By, By, -+ -, By, be fuzzy multi-hyperrings over Xy, X, - -+, X,, and Y1,
Y, -+ -, Yy, respectively. Consider fi X fox-- X fr, : X1 xXp X+ xX,, — Y| XY, x--- XY,
by setting (fi x fa x -+ x fo)(x1, 22, ,20) = (fi(z1), fa(22),- -+, fu(2n)). Then

(i) fi X fa x -+ X f, is a homomorphism of Krasner hyperrings;

(i) (fix fax---x fo)(A] X Ay x -+ X A,) is a fuzzy multi-hyperring over Y1 x Ya x - - x Yy,
such that (fi x fa X -+ X fo) (A1 x Ay x -+ x Ap,) = f(A)) x f(A2) x -+ x f(A4,);

(iii) (fix fax---x fn) Y (By x By x---x By,) is a fuzzy multi-hyperring over Xi x X3 x - - x Xy,
such that (fi x fax---x fo) "' (Bix Bax---x By) = f~(B1) x f(By) x - - - x f~1(B).

Proof. The proof is straightforward. O
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