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Abstract In this paper, by using a differential operator we give some properties on the 7-
Dowling polynomials, also we derive new congruences on these polynomials.

1 Introduction

The theory of differential operators studies algebraic properties of various sequences of numbers,
polynomials and functions. Specially, the differential operators can be applied to solve ordinary
differential equations, to generalize some known identities and to obtain congruences modulo a
prime number, see for instance [1, 8, 9, 10]. In this paper we use a differential operator to present
some properties and congruences concerning the r-Dowling polynomials. To start, let us give a
short introduction on these polynomials. Recall that the Dowling lattices introduced by Dowling
[7] are denoted by Q,, (G), where n is a positive integer and G is a finite group of order m > 0.
The r-Dowling polynomials are defined by

Dppp (n,2) =Y Wiy (n, k) 2%, (1.1)
k=0

where W, ,- (n, k) is the - Whitney numbers of the second kind introduced by Cheon and Jung
[5]. When x = 1, the number

Drpp (n,1) := Dy (n) =Y Wi (0, k) (1.2)
k=0

is the n-th »-Dowling number. In particular, for r = 1 or » = 1 and x = 1, the polynomial
D,,.1 (n,x) := D, (n,z) and the number D,, ; (n,1) := D,, (n) are, respectively, the n-th
Dowling polynomial and the n-th Dowling number, see [2, 3].

Recall the r-Dowling polynomials and the r- Whitney numbers of the second kind satisfy the
following relations, see [5]

n mt __
S Dy () = = exp<rt+xe 1), (1.3)
’ n! m
n>0
Dpy(n+1,2) = rDp,(na)+a) (") m" "Dy, (i,2), (1.4)
=0 L
Winr (n,k) = ¥i<—1>j ) (k= )+ )" (1.5)
m,r \T?, - mEk ~ ] m J ), .
Winr (0, k) = Wp,r(n—1Lk—=1)4+ (r4+mk) Wy, (n—1,k), (1.6)

W, (n,k) = Z(’Z)mi’“r“ {;} (1.7)
i=k
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where {}} is the (n, k)-th Stirling number of the second kind which counts the number of parti-
tion of the set [n] := {1,--- ,n} into k& non-empty subsets, see [4].
Also, recall that it is known that [6] for any prime p, we have

{i}—O(modp), 1 <k<p, and{g}zo, {i}:{g}:{f}:L

which give for p not dividing mr :

Winr (p,k) = 0(modp),for 2<k<p-—1, (1.8)
Wi (p,0) = r(modp), (1.9)
Wi (1) = Wi (p,p) =1 (mod p), (1.10)
Wyr(p—1,k) = 0(modp), for 1 <k <p-2. (1.11)
The first few r-Dowling polynomials are

Dy, (0,2) = 1,

Dy r(lz) = x4,

Dm,r (27 1') = -Tz + (m + 27’) x + ’I"Z,

Dy (3,2) = 27+ (3m+3r)2” + (m? +3mr +3r%) z +17°.

2 Some properties involving r-Dowling polynomials

In this section, we use a differential operator to establish some properties of the r-Dowling
polynomials.

Lemma 2.1. The r-Dowling polynomials satisfy the following identity

d
Dy (n+1,2) =(x+7r) Dy (n,x) + m:z:d—Dmﬂ« (n,z). 2.1
x

Proof. By (1.6), we have

n+1

Dpr(n+1l,2) = > Wp,(n+1,k)a"
k=0
n+1
= Z Wonr (0, ke — 1) + (r +mk) Wy, (n, k)] 2"
k=0

n

= =z Z Wi (n,k) 2 + 7 Z Wi (n,k) 2 + ma Z kWi (n, k) 21

k=0 k=0 k=0
O
LetD = % be the differential operator and let Q be the differential operator defined by
Q=2x+7r+mzD. 2.2)
Proposition 2.2. For any non-negative integers n, s, the following identities hold

Q"l = D, ,(nzx), (2.3)
QS (Dm,’l‘ (n—S,x)) = Dm,r (nax)a 0 S S Sna (24)

d
Q"1 = (z+r) Q"1 —i—mxd—Q”l, (2.5)

x



r-Dowling polynomials via a differential operator 549

Proof. For (2.3), we proceed by induction on n. Indeed, for n = 0, we have
Q1 =1=D,,,(0,2),
and forn =1 orn = 2, we get
Q'l1 = ((x+7r)+maD)l=x+7r=D,,(1,z),
Q1 = Q(Q)=Q+7)=(z+7) +mz =Dy, (2z).
Assume that Q"1 = D,, . (n,z) . Then
Q1 =Q(Q")

= ((z+r) + maD) (ZW”” (n,k)x )

n+1
—ZW,,” (n,k—1)=z —l—rZWm, (n,k)x —l—kaWm,(n k) z*
k=0 k=0 k=0

—Z Wi (0, k — 1)—}—(7‘—0—171/{)W,,w(n,k)]ac’€

n+1
— Z Wor (n+ 1, k) 2"
k=0
= Dm,r (TL =+ 1,1’) )
which completes the step induction. For (2.4), we have
Dy (n,2) = Q"1 = Q (Q"_] 1) =QD,,,(n—1,2)=--=Q°Dp,r (n—s,2).
The identities (2.5) and (2.6) can be obtained easily from (2.1) and (1.4). O
Lemma 2.3. The r-Dowling polynomials satisfy the following identity

k
oz xT n
D?n,r (n737) =e m E ki'm’“ (mk + T) . (27)
k>0

Proof. By (1.3), we have

n mt_l
Z.Dm,r (n,z) = exp (rt—i—:ce — )

n>0
xemt
= e~ m exp (rt) exp < )
o t° T tn
— o m s” n v
=cTT ) S!kav ( )nv
s>0 k>0 n>0
k n s n—s
_ = T (mk) r n
SR (R
k>0 n>0 \s=0
k n
o _z X n)t
= e mzmkk! (mk+r)" | —
n>0 k>0
By comparing the coefficient of ¢ on both sides, we get the desired result. O

Proposition 2.4. For any polynomial f and any non-negative integer s, there holds

F@Q+s) =3 f( mz—i—r—l—s)(/m). (2.8)

>0
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Proof. Let f =3}, arz® be a polynomial. Then by Lemma 2.3, we have

k

[(Q+s)1= (j) Qi1
>

k
J

) "I Dy (j, )

0k (mi +r)’

n k
_x Z
= e m <>
i>0 k=0 j=

—em Zak(mi+r+s)k

i

1lm?

(e/m)

1!

Proposition 2.5. For any polynomial f and any non-negative integer s, we have

i(j)mij;if(Q)l—e DI ml-i-T—l-sm)( /m) :

=0 >0

In particular, for f = a™ or f = 2™ and s = 1, we get
s .
s\ ,;d
ZileT s = Dmpism (0, )
> (})m' s (n.2) rrom (1,2)

d
Dy, (n,2) + m—d Dy (n,2) = Diyyim (0, 2) .
i

Proof. By (2.8), we have

Q1= f(mitr) (x/g!”)l.

i>0
Then
d , = _d , (z/m)’
e r@n) = dmgﬂmzw«) i
| i
= fo(mi—{—r—i—m) (x/m) ,
m il
i>0
and by induction on s > 0, we get
d® , = 1 . z/m)’
T (e f(Q)1) = mst(mz—i—T—i—sm) ( /Z,' ) .
i>0 :
On the other hand, we have
d’ Z . S s x/m d
e @) =3 (0) e el @1
i=0
em e (8 - d
= b — 1
ms Z) daczf Q)

This completes the proof.

2.9)

(2.10)

2.11)
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Hence, by setting r = 1 in Proposition 2.5, we get:

Corollary 2.6. For any non-negative integer s, there holds

L (s\ ,; d
; (Z)m %Dm (TL, QZ‘) - Dm,1+sm (n,x) 1) (212)

d
Dy, (n,x) + m%Dm (n,z) = Dpi4m (n,2). (2.13)

Proposition 2.7. Let [ be a polynomial with real coefficients . If the polynomial f (Q) 1 has only
real zeros, then the polynomial f (Q +m) 1 also has only real zeros.

Proof. From (2.8), we have

d | = d (z/m)"
1 (x/m)"
—mkzzof(mk—i-r—i-m) o

e:c/m
= f(Q+m)l.

So the proof can be obtained by application of Rolle’s theorem on the function e= f (Q)1. O

Example 2.8. For f = 2", f (Q) | = D, (n,z) has only real zeros [5], hence the polynomial
S0 (D) (m)"_k Dy, (k,x) has only real zeros.

3 Congruences on the r-Dowling polynomials

In this section, we give some congruences on the r-Dowling polynomials.

Lemma 3.1. For any polynomial f in Z [x] and any prime number p not dividing mr, there holds

(Q"=Q)f(Q)1=2"f(Q)1 (modpZ]x]). (3.1)
More generally, for any integer s > 1, we have
(@ - Q) F(@1= (2" ++a) f(Q)1 (mod pZ[a]). (3.2)

Proof. For (3.1) it suffices to take f (x) = z™ and we proceed by induction on n. For n =
Oorn =1, by (1.8), (1.9) and (1.10), we have

p
Qpl = Z Wm,r (p7 k) mk

k=0
= Wi (,0)2° + Wi (9, 1) 2+ Wy (p, p) 2
=r+z+a?
=Q'1 +27Q"1 (mod pZ [z]),
and by (1.4), we have
Q"1 = Dy, (1 +p,z)

p
=rDp, (p,2) +2 Z (f) mp_iDm,'r (4, 2)
i=0

=r(r+z+aP)+z(m+r+z+aP)
:x2+(m—|—2r)x+r2+(x+r)xp
= Q%1 +27Q'1l (mod pZ [z]).
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Assume that Q" (Q” — Q) 1 = 2?Q"1 (mod pZ [z]) . Then by (2.3) and (2.5), we have
Q"' (Q'-Q)1=Q[Q"(Q" - Q)]
- (x+r+mx;;) @ (@ -Q)1)
= () Q Q- Q)1+ mr Q" (@ - Q)1
= (¢ +7)2PQ"1 + mm% (2"Q"1)
= g [(:17 +r) QT+ me;iQ”l}

=2 [(z+7r) Q"1+ Q"' — (z+7)Q"1]
= 2’Q "1 (mod pZ [z]) .

For (3.2) it suffices to take f (z) = 2™ and we proceed by induction on s > 1. By (3.1) clearly
the property is true for s = 1. Assume that

(st —Q) Q"l = (:cp+-~-—|—mps> Q"1 (mod pZ [z]) .

Then
(@' -q)qi=[(@" -q+Q) -q|q"

=(@”"-q+q)’@"1-qq"
= (@ -q)’ Q"1+ (Q -Q)Q"
= (mp +-~-+xps) (st - Q)p_l Q"1 +2"Q"1
= (xp—i--“—l—xps)pQ"l +2PQ 1
= (mpz oot a:f’s“) Q"1 +27Q"1
- (a:p +ar 4 +:z:””') Q"1 (mod pZ [z]),

hence, the proof is completed. =

So, by choosing f(z) = z" in Lemma 3.1 we may state the following theorem.

Theorem 3.2. For any integers n > 0, s > 1 and any prime number p not dividing mr, the
following congruence holds

Dy (n+p°,2) = Dpyr(n+1,2)+ (:cp +--- 4+ x”) Dy, (n,2) (mod pZ [x]) .
In particular for r = 1, we get
Dy (n+p",2) = Dy (n+ 1)+ (o + -+ ) Dy (n,2) (mod plZ[a])
When x = 1 orx = 1 and r = 1, we obtain

Dpr(n+p°) = Dy (n+1)+ 8Dy, (n) (modp), 3.3)
Dy, (n+ 1)+ sDy, (n) (mod p). 3.4)

)
3
£
_|_

i
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Corollary 3.3. For any integers n > 0, v > 0, s > 1 and any prime number p not dividing mr,
we have

v

N
Dy (n4uvp,z) = Z (Z) (xp+~--+xp) Dy (n4v—k,z) (modpZ|z]) .
k=0

In particular for r = 1, we have

v

Dy (n+vp®,z) = Z(Z) (xp+...+xps)kDm(n+v—k‘,a:) (mod pZ [z]) .
k=0

Inthe case x =1 orxz=1landr =1, we get

Dy, (n+wvp®) = Z <Z) skDmJ, (n+v—k) (modp), 3.5
k=0

Dy (n+uvp®) = Y (Z)JDW (n+v—k) (modp). (3.6)
k=0

Proof. The above congruence results from the following identity

Dy (n+vp®,z) = Q" (QPS -Q+ Q)v 1= zvz (Z) Qrtvt (st _ Q)k 1.

k=0

O

Corollary 3.4. Let n > 0, s > 1 be integers and let p be a prime number not dividing mr. Then

S
|

Dynr (n+p*t = p) (=5)" (D (n — k) 4 Dppy (n — 1 — k)) (mod p)

[\S I

ST

Dm,r (n +ps+1 o zps)

ko
(=}

Dy (n+pNy,) = Dy (n+N,) (mod p),
Np
Z (AIL’I))D"L’T (n+N,—k) = 0(modp),
k=1
where

Np=1+p+---+p".
Proof. Replace v by p— 1 orp —2 in (3.5) and use (3.3) and the congruences
p—1\ _ k p—2\ _ k
% =(-1)" (modp), k; =(-1)" (14 %) (modp).

The last congruence follows by setting v = A, and s = 1 in (3.5). O

Corollary 3.5. For any prime number p not dividing mr, there holds

dr
Dy (n,2) + mﬁDm’r (n,2) = Dy ripm (n,x) (mod pZ[z]),
p—1 ) di
(-1 m’me’r (n,x) = Diritp—1ym (n,2) (mod pZ[x]),
i=0
p—2 . dl
(=" (1+9) mZ@Dm,r (n,) = Diyys(p—2ym (n,2) (mod pZ[z]).

i
o

(=) (14 k) (Dmr (n =1 = k) + Dy (n =2 — k) (mod p)
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Proof. Replace s by p, p — 1 or p — 2 in (2.10) and use the congruences

(Z) =0 (modp), | <k<p-—1,

-1 -2
(p ] > — (1) (mod p), (p . ) = (~1)* (1 + k) (mod p).
O
Proposition 3.6. For any prime p not dividing mr, we have
p—1
DTYLT' bl —
xzikm) =P —raP~ + 2 (mod pZ|x]).
k=0 \7
In particular forr = 1 orr =1and x = 1, we get
p—1
D
M = o —a2P ' 42 (mod pZix]),
o (—m)
p—1
D, (k
( k) = 1 (modp).
o (—=m)
Proof. By (1.8) and (1.11), we have
Dyy (p,x) = 2P + 2+ 1 (mod pZ [z]), Dpmr (p—1,2) = 1 + 2271 (mod pZ [2]) .
On the other hand by using (2.6), we get
p—1 p—1
Dy (kyx
wZL:xZ —m)" " Dy, (k, )
k=0 (_m) =0
-1
=z ( >mp1kal
k=0
=Qr1 —rQr 1
=D (p,x) = 1Dpy - (p— 1, 2)
=aP —ra?~ ' + 2 (mod pZ [2]) .
O

4 Conclusion

In our present investigation, we studied some properties and congruences involving the r-Dowling
polynomials. These polynomials are used in different mathematical frameworks, specially in
combinatorics which are linked to the number of colored partitions on a finite set. One way to
study such sequence of polynomials, the differential operators make easer such study. As it is
shown above, we conclude that the differential operator used here can be considered an inter-
esting mathematical tool and that the results obtained combine existing and new results. Other
differential operators can be used similarly to study other sequences of polynomials such the
geometric polynomials, Laguerre polynomials, etc.

References

[1] S. Ahmad Ali and A. Agnihotri, Parameter augmentation for basic hypergeometric series by Cauchy
operator, Palest. J. Math., 6(1), 159-164, (2017).



r-Dowling polynomials via a differential operator 555

(2]

(3]
(4]
(3]

(6]
(7]

(8]

(9]

[10]

M. Benoumhani, On some numbers related to Whitney numbers of Dowling lattices, Adv. Appl. Math.,
19, 106-116, (1997).

M. Benoumhani, On Whitney numbers of Dowling lattices, Discrete Math., 159, 13-33, (1996).

A.Z. Broder, The r-Stirling numbers, Discrete Math., 49, 241-259, (1984).

G.-S. Cheon and J.-H. Jung, r-Whitney numbers of Dowling lattices, Discrete Math., 312(15), 2337-2348,
(2012).

L. Comtet, Advanced Combinatorics, D. Reidel Publishing Company, Dordrecht, Boston, (1974).

T. A. Dowling, A class of geometric lattices based on finite groups, J. Combin. Theory Ser. B., 14, 61-86,
(1973). Erratum, J. Combin. Theory Ser. B., 15, 211, (1973).

N. Rao, P. Malik and M. Rani, Blending type Approximations by Kantorovich variant of a-Baskakov
operators, Palest. J. Math., 11(3), 402413, (2022).

T. G. Shaba, M. G. Khan and B. Ahmad, Coefficients Bounds for Certain New Subclasses of Meromorphic
Bi-univalent Functions Associated with Al-Oboudi Differential Operator, Palest. J. Math., 11(1), 572-582,
(2022).

A. Zireh and S. Hajiparvaneh, On estimate for second and third coefficients for a new subclass of analytic
and bi-univalent functions by using differential operators, Palest. J. Math., 8(1), 44-51, (2019).

Author information

Abdelkader Benyattou, Department of Mathematics, Ziane Achour university, RECITS Laboratory, Djelfa,
Algeria.
E-mail: abdelkaderbenyattou@gmail.com,a.benyattou@univ-djelfa.dz

Miloud Mihoubi, Faculty of Mathematics, USTHB, RECITS Laboratory, P. O. 32 Box 32, El Alia 16111,
Algiers, Algeria.
E-mail: mmihoubi@usthb.dz,miloudmihoubi@gmail. com

Received: 2023-06-30
Accepted: 2024-01-13



	1 Introduction
	2 Some properties involving  r -Dowling polynomials
	3 Congruences on the  r-Dowling polynomials
	4 Conclusion

