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Abstract In this work, we investigate the inclusion relationships between two sets, S; and

S», where S| is the set of least-rank solutions of the matrix equation AX B = C, while 5; is the

. X X X X
set of solutions of the form I' = 11 tAntAnt 44, where X1, X2, X33 and Xy4 are the

4
least-rank solutions of the four smaller equations derived from the original equation AX B = C.
Then, we deduce the necessary and sufficient conditions for the following relations to hold:
S1NS; #@,5 CSand S| O .5,.

1 Introduction

In this work, C™*™ represents the set of all n x m complex matrices. In addition, we denote A*
and r (A) as the conjugate transpose and the rank of matrix A, respectively. The Moore-Penrose
inverse of matrix A € C™*™ is defined as the unique m x n complex matrix denoted by A*
satisfying the following four equations:

AATA=A, ATAAT = AT, (AAT)" = AAT, (ATA)" = ATA.

Extensive studies and results regarding matrix inversion and generalized inverses see e.g. ([1, 2,
3D.

Additionally, we introduce two orthogonal projectors induced by A € C™*™, namely F4 =
I,—ATAand B4, = I, — AA™T.

Consider the matrix equation:

AXB=C (1.1)

where A € C™*", B € CP*? and C' € C™*4 are given matrices, and X € C"*? is an unknown
matrix.

Linear matrix equations have been examined in various situations. For example, in [16], the
author presented necessary and sufficient conditions for the existence of Hermitian nonnegative
definite or positive-definite solutions to (1.1) and representations of these solutions. In [9], Tian
studied the relations between two approximate solutions of (1.1), namely, least-squares and least-
rank solutions, in [6] the authors studied the problem of finding solutions to a system of linear
quaternion or octonion equations. For further related works one may refer to ([4, 10, 12, 11]).

Tian proposed the notion of least-rank solutions to matrix equations in [13, 14] based on the
minimal rank of the linear matrix function A — BXC'. The least-rank solutions have since been
investigated by many researchers. For instance, in [5], the authors derived the necessary and suf-
ficient conditions for the systems A; X B; = C| and A, X B, = C, to have a common least-rank
solution. In [15], Xu et al. used the Moore-Penrose inverse to deduce the necessary and suffi-
cient conditions for the existence of Hermitian (skew-Hermitian), Re-nonnegative (Re-positive)
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definite, and Re-nonnegative (Re-positive) definite least-rank solutions to (1.1) and presented ex-
plicit representations of the general solutions in cases for which the solvability conditions were
satisfied.

To elucidate more properties of the least-rank solutions of (1.1), we can express the matrices
A, B, and C with the following partitioned forms:

A
A

Cii C»n
Cs3 Cus

A= , B:[B“ Bzz}, C=

By comparing both sides of Equation (1.1), we obtain four individual equations:

A XBi1 = Ci, AuXBy = Crn, ApX B = (33, A X By = Cys. (1.2)

We can consider Equation (1.1) as a combination of these four smaller equations. However,
notably, the fourth equation in (1.2) may not have a common solution. In this case, we can
rewrite (1.2) as four independent matrix equations:

AnXuBn = Ci, AuXnByn = C, AnX33Bi1 = Cs3, AnXusBy = Cyus. (1.3)

The conditions for these four matrix equations to be consistent may not be the same as those for
Equation (1.1). Hence, the possible relationships between the four equations in (1.1) and (1.3)
should be investigated for general cases.

Based on the results of Li and Tian in [7], in this paper, we decompose the least-rank solution
X of Equation (1.1) into the sum of the least-rank solutions of the equations in (1.3) as follows:

_ X1+ Xop + Xs3 + Xaa

I
4

1.4)
We aim to determine the existence of additional solutions in the combined set by investigating
these connections. The results of this study improve our understanding of the properties of
solutions to (1.1).
We first introduce the following important lemmas:

Lemma 1.1. [8, 12] Let A € C*%", B € C**%, C € C'*", D € C'**. Then,

r[ A B | =r(A)+r(EsB) =1 (B)+r(EgA), (1.5)
r é =r(A)+7r(CFa)=7(C)+r(AFc), (1.6)
T é ﬁ | =r(B)+r(C)+r(EgAFc). (1.7)

The following formulas are derived from (1.5), (1.6) and (1.7):

A BF A B 0
" g ON =r| C 0 R |—-r(N)-r(R),

f 0 N 0
M L M L

r =7 0 —r(R),
ErA ERB A B
M A

r M- APy =r| L B |—r(N).
L BFy

O N
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Lemma 1.2. /1] Let D € C**", E € C*** and H € C'*" be given matrices. Then,

D FE
min r(D-EX—-YH)=r —r(E)—r(H). (1.8)
XeC’”LT H 0
YeCs*

Lemma 1.3./10] Let D € C°*", E; € C*h, B, € C?*h, K, € Ch*" K, € CF*" be
matrices, such that R (E\) C R(E») and R(K3;) C R(K7). Then,

(1.9)

D D E
max 7 (D — B\ X K| — B2 X,K,) = min r[ D B ],r o !
X,eChxF K K> 0
XzE(CZZXkZ

2 Relationships between least-rank solutions of the matrix equation
AX B = C and its four smaller equations

Lemma 2.1. [9] Let A € C™*™, B € CP*? and C € C™*1 be given matrices. The least-rank
solution of (1.1) can be expressed as follows:

X =-TM*"S+TU +VS§, Q2.1
c A

B 0

and V e C"*"+D) gre arbitrary matrices.

where M = T =TFy, S = EyS, U € Clatn)xp

,T:[O I, ],S:

The following notations are adopted for the sets of least-rank solutions to the equations in
(1.1) and (1.3):

Si={X eC™ /r(AXB—C)=min}, (2.2)

min

Ay XnBn —Ch)

A1 X2 By — Cx») = min

ApX33B); — C33) = min
)

A2 X44 By — Cay) = min

X1+ Xo2 + X33 + Xaa)
4

S, ={T= ( (2.3)

r(
ecmr ) :E
r(

Based on these notations, the results can be obtained as follows:

Theorem 2.2. Let X and X1, Xoy, X33 and Xy4 be the least-rank solutions to (1.1) and (1.3)
respectively, define S| and S, as in (2.2) and (2.3) respectively. Denote

[ C A 0 0 0 0 0 0 0 0 ]
0 0 Cu An O 0 0 0 0 0
-B 0 B; O 0 0 0 0 0 0
0O 0 O 0 Cn Ay O 0 0 0
H=|-B 0 0 0 Bn O 0 0 0 0 1,
0 0 O 0 0 0 O3 An O 0
-B 0 O 0 0 0 By O 0 0
0 0 O 0 0 0 0 0 Cu Axn
| -B 0 O 0 0 0 0 0 Bpn O
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0

0
Cuas
By

0
0
0

A

0
Cx
B

0
0
0

An

0
Cx
By
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0
0
0

An

0
0

0 Cu
0 Bpn

T ooooc o oo

=l eoleehe =8 =l ]

564

A
—An
A
1

%

0
0
Cus
By
0
0
Cas
B>
+2) r(M;).

0
0

0
Cyz Axn
B
0 —-Ay
0
A
+r[c A

0
0

Css
=r(H)+r(H).

0
0
0

A

0
C»
—An

A
0
C
B

By
H,

An
0
0
0

C»

By

Cu
—Bii
—Bi

Cu
B
0
0 H
L

H,

D=
D)=
Then, the following hold.
a) S1 N Sy # 0 if and only if
b) S, C S| if and only if
orr
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c) 81 C Sy ifand only if

=7 (Dy) +7(Dy) +2r(M).

0 H
orr
H L

Proof. a) The intersection S; NS, # () implies that the minimum rank of the matrix expression
X —T'is zero, that is:

i X-IN=0. 2.4
FESI%,H)r(lEslr( ) ( )

According to (2.1), the general expressions for the least-rank solutions of the four matrix equa-
tions in (1.3) can be written as follows:

Xy =-T1 M| S + TnU, + V151,

Xoo = —Th M5 Sy + TolUs + VaSa,

X33 = —T5M5 S5 + T53U3 + V3533,

Xaa = —TyM," Ss + TiaaUs + Vi Saa.

where

Cu An
By 0

Cn An
By 0

Cy3 Ap
By 0

Cu Ap
By 0

My = , My = s My =

, My =

0
E:[O In},Sz_lI ,T“:EFMl’S“:EMLSZ,fOrZ:1,2,3,4.

P

We can rewrite the expression X — I" as follows:

TIMFS,  TMfS, T3MiSy  TyMj S
i T4 T4 T3
—T1nUr = Vi8S — TnU; — VaSy — T33U3 — V3533 — TyaUs — VaSus

X-T=-TM*S+

+TU+VS

TyM*S T, M S TsM;T S Ty M S
_ gy DMES DMy S TSMYSs | TaMy S
4 4 4 4
U S
-U; St
+[T T T Tx3 T44} -Us JF[V Vi =V, —V;3 *V4] S»
-Us S33
—Us Saa
=G+NZ+WK, 2.5
where . N N N
T\M:™S ToM;5S T3M;S TyM; S,
G=-TMtS+ 1120y 720092 ) 730393 ) T4 94
4 4 4 4
S
St
NZ[T T Ty T T44],K= S |,
533
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and Z = { v -uy -Uy -U; -=Uj } , W = { Vv - =V, =V3 -V, } are ar-
bitrary with appropriate sizes.
By applying (1.8) in Lemma (1.2) to Equation (2.5), we can deduce the following:

G N

min r(X—F):Ian/lr(G—i-NZ—i-WK):r K 0

Xes,Ies2

]—T‘(N)—’I"(K). (2.6)

By applying Lemma (1.1) and three elementary block matrix operations, we obtain

__TM+S+T]A{11+SI+T2ﬁ;SZ+Tw§S"+TM?SA T Ty Ton Ty Tu
S 00 0 0 0
, G N ] — Shi 0 0 0 0 0
K 0 Sx 0 0 0 0 0
S33 O 0 0 0 O
I S 0 0 0 0 0 |
r + T\ M;S, | ToM, S, 7
—M Tiz& - ;4}54 4 TFy TiFy, ToFy, TsFu, TiF,
e
EyS 0 0 0 0 0
=T EJVIISI 0 0 0 0 0
B, Ss 0 0 0 0 0
En, S3 0 0 0 0 0
I B, Sy 0 0 0 0 0 |
+a, TIM!S, | M) S, b
_Tﬂi Tﬁ*&imi*& A T T, b Tz Th» 0 0 0 0 0
4 4
s 0 0 0 0 0 M 0O 0 0 0
S 0O 0 0 0 0 0 M, 0 0 0
S5 0O 0 0 0 0 0 0 M 0
_, S 0 0 0 0 0 0 0 0 M 0
Sy 0O 0 0 0 0 0 0 0 0 M
0 M 0 0 O 0 0 0 0 0 0
0 O Mp 0 0 O O O 0 0 0
0 0 0 M, 0 0 O O 0 0 0
0 0 0 0 My 0 0 O 0 0 0
I 0 0O 0 0 0 M O 0 0 0 0 |
4
—ZZT (M;) =2r (M)
i=1
[0 T " T, T3 T, O 0 0 0 0 ]
s 0 0 0 0 0 M 0 0 0 0
$$ 0 0 0 0 0 0 M 0 0 0
S5 0 0 0 0 0O 0 0 M O 0
S5 0 0 0 0 0 0 0 0 My 0 4
=r| S 0 0 0O 0 0 0 0 0 0 M |2 r(M)-2r(M)
0O M 0 0 O 0 —-M 0 0 0 0 i=1
0 0 M 0 0 0 0 im o 0 0
0 0 0 M, 0 0 O 0 im o0 0
0 0 0 0 My O O 0 0 im0
00 0 0 0 Mg O O 0 0 1my |
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0 -4

C

An O

0 Cu
0 B

0
0
0

An O

Cx»

0
0
0

By

Ayp O

Cs3

0
0
0

By

Axn

Cus

0

B>

p+n—+r

A

Cn

A

Cn

Ao

Cs3

Ao

Caa

By

=l eleohcehel =]

S O O O O o o O

- ZZT (M;) —2r (M)

2.7)

— ZZT (M;) —2r (M).

o] oom
n T
b H, L
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=D r(M;) —r (M)

0
0

0 0 0 Cn

0 C A

B 0

I

0

An

0 0
Cn An

0
0

0 0 By
0

0
Ao

0
C33

0
0

oS O

o

0 0
Cau Ap
By

0
0

oS O

o

0 Cu Ay O
—-B 0 By

0

0
0

A O

Cx

—-B

A»n O

C33

0

Ca Ap

0

By

p+r

(2.8)

p+r(H) =Y r(M)—r(M).

T T33 T44}

T T

|

r(N)

= (M) —r (M)

A O

0 Ci
0 By

0
0

0

Crn An

0
0

0
0
0

By

An 0

Cs3

0

By

Axn

Cas

0

By

0
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2.9)

C 0 —A 0 —A 0 -4 0 -A
B 0o 0 0 0 0 0 0 0
0 Cu Ay 0 0 0 0 0 0
0O By 0 0 0 0 0 0 0 4
0 0 0 Cp Ay 0 0 0 0
"0 0 0 Bn 0 0 0 0 0 _;r(Mi)_T(M)
0 0 0 0 0 Cy A4p 0 0
0 0 0 0 0 By 0 0 0
0 0 0 0 0 0 0 Cu Ap
(00 0 0 0 0 0 By 0
4
:TL—FT(HQ)*ZT‘(Mi)*T'(M)

By substituting (2.7)-(2.9) into (2.6), we obtain

i 0 H
X-IN= —r(Hy) —r(Hy).
g r(X-1) Tle p | ) —r)
res,

By substituting (2.10) into (2.4), we obtain (a).
b) Note that S| D .5, is equivalent to

max min » (X —T) =0.
res, Xes,

Then, we have

min 7 (X — ) = minr (—TM+S ~T+TU + V§) .
Xes A%

Applying (1.8) to (2.12) yields

: ~TM*S—-T T . R
)I(nensllr(X—F)—r g 0 —T(T)—T(S).
According to (1.5) and (1.6), we have
0 I,
~ C
r(T)zr(TFM):r C A |=r@)=r| | =r(M)+n,
B 0
0 C A

r(§>:r(EA4S)= —r(M)zr[C A}fr(M)—i—p.

Ip B 0
The 2 x 2 block matrix on the right-hand side of (2.13) can be rewritten as

~TM*S-T T
S 0

S

(2.10)

@2.11)

(2.12)

(2.13)

(2.14)

(2.15)

GHTUAVS — T U =V 1811 =T Uz —V 1S9 —T33U3—V 3533 —TagUs—V4Say T
0
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Uy
_ g T | T T T Ty U, {I 0}
S 0 0 0 0 0 Us P
Uy
Sy 0
1, S» 0
— Vi Vo V3V 2.16
[ 0 { B ZE A7 } S5 0 (2.16)
Sy 0

In addition, we have

%
N2
(i8]

oo ocoo
I
[ —
=~
o
—_

* * * *
Sl 1 522 S33 544

Thus, R
0 0 0 0

T T Tz Tuy CR I, and R
0 0 0 0 0

Hence, by applying (1.9) to (2.16), we obtain

~TM+*S—-T T
max r R
res, S 0
[ G T Ty Tn Ty Tu |
~ S 0 0 0 0 0
N G T
. G T I, ~ Snu 0 0 0 0 0
=minr| ~ , 7| S 0 |,r
S 0 O I 0 S»n 0 0 0 0 0
P S3 0 0 0 0 0
| Sau 0 0 0 0 0 |
. ~ . G N |
—mln{n—l—r(S),]H-r(T),r X 0 } 2.17)

Combining (2.17) and (2.13) yields

max min 7 (X —1I)
r'es, Xes,

coinfor(0)0 ()| § 3] (5) - (9))

r (M) —r gl,r(M)—r[O A],
= min 0o H & 4 . (2.18)
1
rle S —r[c A}—2;T(MZ)

By substituting (2.18) into (2.11), we obtain (b).
(c) The inclusion S} C S, is equivalent to

max minr (X —I') =0. (2.19)
Xes res;
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Applying (1.8) to the matrix expression X — I yields

minr (X —T)
res,
(X+T]Ail+51+T2A£;SZ+T3N£;53+T4]L£IS4> _
U Shi
= min U, S
res _
2 [ Ty Ty T3 Tu } U, [ iva Wz g } S5
Us Saa
TIM{S, | ToM)Sy | TsMySy | TyM; S,
X =4+ 22272+ Ty Ty Tz Tu
Su o 0 o0 o0
. S 0 0 0 0
S33 o 0 o0 o0
Sas 0 0 0 0
St
S
*T[ Ty T Tz Tu } - Szz
Saa
The 5 x 5 block matrix in (2.20) can be rewritten as
X+ T]Ail‘ SI+T2A;[12. SZ+T3]V§S3+TMZ4} % Ty Tn Tw Tu
St 0O 0 0 O
S2 o 0 0 o0
533 o 0 0 o0
Sas 0 0 0 0
G Ty Tn T3 Tu T
S 0 0 0 0 0
=15, O 0 0 0 +|10|(U| I, 00 0O
Sy 0 0 0 0 0
Sauy 0 0 0 0 0
I,
0
+1o0 V[ S 0000 } .
0
0
Applying (1.9) to (2.21) yields
X+T‘Ai‘+s'—i—TZA?SZ—i-Tﬂ?Ss—FTM?S“ Ty T Tz Tua
St 0 0 0 0
max r Sa 0 0 0 0
XeS
S33 0 0 0 0
S 0 0 0 0

(2.20)

221
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= min

G Ty
Sn O

0
Sz 0
0

=min{ n+r

Furthermore, we have

YT oLt ol of o

i G T L T T T
Ty 133 Ty I, g 8 1 82 83 34
0 0 0 O 1
o 0 0 o0 |.r|®2 0 0 00
0O 0 0 o ’ S3 0 0 0 0 |’
0O 0 0 0 Sy 0 0 0 0
| L, 0 0 0 0 |
G T T Tzz Ty T ]
Sy, 0 0 0 0 O
S, 0 0 0 0 0
S 0 0 0 0 0
Sy O 0 0 0 0
5 0 0 0 0 O]
G N
P + T |: Tll T22 T33 T44 :| ,T K 0 ] . (222)
Ss My 0 0 O
4
S 0 M 0 O
r S3 0 0 M3 0 ;T ( )
Se 0 0 0 M
Ay, 0 0 O O 0 0 ]
0 Cn Ay O 0 0 0
4
0 B, 0 0 O 0 O
J— M/L
0 0 0 Cp3 Apn 0 0 ;r( )
6 0 0 By O 0 O
0 0 0 0 0 Cu Axn
0 0 0 0 0 Byn 0 |
A] 0 0 0 0 0 0 -
0 Cn An O 0 0 0
0 Bn, 0 0 0 0 0 )
o 0 0O By O 0 O =1
0 0 0 0 0 Cu A
0 0 0 0 0 B»n 0

(2.23)
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7“[ Ty T T3 T44}

T T3 Ty

My 0 0 0 4
=r| 0 My 0 0 =) r(M)
0 0 M 0 i=1
0 0 0 M
o 1, o0 I, O I, 0 I,
Cu Au 0 0 0 0 0 0
By 0 0 O O O 0 O
0 0 Cpn A4, 0 0 0 0 4
=r| 0 0 Bp 0 0 0 0 0 |=)r()
0 0 0 0 Cx An 0 0 i=1
0 0 0 0 By O 0 0
0 0 0 0 0 0 Cu Ay
0 0 0 0 0 0 By 0 |
[ci 0 —Ay 0 —An 0 —Ay |
By 0 0 0 0 0 0
0 Cn Ay 0 0 0 0 )
0 Bn 0 0 0 0 0
SPETL 00 0y Aw 00 _;r (M:)
0 0 0 By O 0 0
0 o0 0 0 0 Cu Ap
0 0 0 0 0 Bn 0 |
4
=n+r(Dy) = r(M). (2.24)

i=1
Substituting (2.23) and (2.24) into (2.20) and combining (2.22) and (2.20) yields

max minr (X —I')

Xes Tes,
4 4 0 H
_min{Zr(Mi)—r(Dg),Zr(Mi)—r(Dl),r[H I —r(Dz)—r(Dl)—Zr(M)}.
i=1 i=1 Z
(2.25)
Finally, by substituting (2.25) into (2.19), we obtain the desired results in (c). O

3 Conclusion

In the previous section we studied a problem relating to the relations between the original matrix
equation in (1.1) and its four smaller equations in (1.3), by using various well-known formulas
concerning rank and Moore-penrose inverses. These results give some profound investigations
into the properties of the least-rank solutions of Equation (1.1).
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