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Abstract: In the present paper, we introduce a method of q-analogue of A™-matrix of order r.
Using this method, we obtain topological properties and some inclusion relations. Additionally,
the alpha dual the beta dual and the gamma dual of the newly defined sequence spaces are
calculated and their basis have been determined. Finally, the necessary and sufficient conditions
on an infinite matrix from newly defined sequence spaces to any of the spaces c, cy, s and £,
have been examined.

1 Introduction

Let s represents the space of all complex valued sequences. The well-known classical sequence
spaces are the set of all bounded sequences (., the null sequences cy, the convergent sequences
c and the p-absolutely summable sequences {,,, where 1 < p < co. We also indicate the spaces
of all convergent and bounded series by cs and bs respectively. A Banach sequence space with
continuous co-ordinates is a BK -space. For instance, the space {,, is a BK-space furnished by
the norm ||ul|, = (> [ug|")V/P. We assume throughout that for 1 < p < oo and p' is conjugate
number of p such that p~' +p'~! = 1.

For any sequence space p and infinite matrix A, the matrix domain of A is defined as

pa=Auecs: Au € u}. (1.1)

Throughout the text, N is the set of natural numbers including zero.
If a normed linear space U contains a sequence (by,), then for every u € U there is a unique
sequence of scalars (o) such that

[l — (a1b1 + a2by + -+ + @b || = 0 as m — oo,

then (by,) is known as the Schauder basis for U. The series Y~ _ ty,by, has the sum u known
as the expansion of u about the basis (b, ), and we write u, = Z:ZO b, (see, [8]).
Let U and V be any two sequence spaces. Then, the multiplier space M(U, V) is given as

MU,V) = {(anm) € s: av = (amvym) €V, for everyv € U}.
Thus, the a-dual, the B-dual and the ~-dual of U are denoted as
U = MU, ), UP = MU, cs), U = M(U,bs).

An infinite matrix can be observed as the linear operator from a sequence space into another
sequence space. For this, let U and V be any arbitrary subsets of s. Let A = (amy) is an infinite
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matrix with complex entries (an,;,). By A(u) = (A (u)) = (Au)p, we write the A—transforms
of a sequence u = (uy), if the series A, (u) =Y, amruy is convergent for m > 0.

If Au € V with u € U, then A defines a matrix mapping from U into V. Further, (U, V)
indicates the family of all infinite matrices that maps U into V. Thus, A'is in (U, V) if and only
if Au= ((Au)) € V, Y u € U, thatis, A € (U,V) if and only if A,, € UP, ¥ m (see, [20]).
In the literature, several authors have constructed the sequence spaces via the domain of some
special matrices. One may refer to ([1], [2], [5], [11], [14], [16], [18]) and references therein.

2 g-sequence spaces

The purpose of this paper is primarily focuses on the g-analogue of A" matrices and to acquire
the new results akin to the q-analogue. Let us embark with q-integer definition, following [12].

Definition 2.1. A g-integer is defined as

)y = {lf—q;”, 1R\ (1)

m, qg=1

This is known as the g-analogue of m. It is trivial that if ¢ — 17, then [m], — m. We indicate
[m], briefly by [m)].

Given q > 0, define N, = {[m] : m € N}. Then it can be seen from [m], that
Ny={0,L1+ql+q+¢ 1+q++¢,-}. 2.1)

It is clear that when we put ¢ = 1 in (2.1), then N, reduces to be the set of natural numbers and
the set of all non-negative integers N.

Definition 2.2. For any integer m and n with m > n > 0, the g-binomial coefficient is defined

as
m| | gt 0<n<m
n 0, otherwise

where g-factorial of [m]! of m is defined as

[m]! = {H’,;”l[k], m=12.3, -
1

, m=0

Proposition 2.3. There are two types of Pascal rules namely

HE R
HEl iR

It is found that studies including q-integers and its applications have become an functioning
research areas. Several authors published many research papers on the q-analogs and the exist-
ing theories, following ([7], [9], [15], [17]). The g-analogue of Cesaro sequence spaces were
defined and studied by Demiriz and Sahin [6] and Yaying et al. [21] . There are several ways to
define the Cesaro matrices via q-analogs. However, the following Theorem provides a suitable
q-analogs of the Cesaro matrices of order one.

m—1

L
j-1) 1

and

where, 1 < j<n-—1.
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Theorem 2.4. [3] C'(¢*) = (c! .. (¢%)) such that
1 ( k) ﬁ, 0 S k S m
I = q
mk 0, k>m
forall m,k € N.

In [4], Bagar introduced the new class A™ = (a’, ) of Toeplitz matrices given as

. {1+rk 0<k<m

_ ] 12
ar . = m+
" 0, k>m

for all m, k € N. It is known that the matrices A" is regular for 0 < r < 1 and is stronger than
the Cesaro matrices of order one. In the rest of the paper, our main target is on the A"-matrices
by means of q-analogs which has explicitly the following form

[ 2], 0 0 0 0]
2]q [1+7]qq
2. 1, 0 0
Ry [Hreg 4770
Ar(q’“) _ 3lq (3lq 3lq
2]q [1+7]qq [1+T2]qq2 . [(14+r™]qq™ 0
[m+1]q [m—+1]q [m+1]q [m—+1]q

3 The g-sequence spaces [a7], [ag], [a;] and [a] ]

This section involves the introduction and completeness of A" (q*) space via q-analogue. Addi-
tionally, we also give linearly isomorphism, inclusion relations and construct the Schauder basis
for the newly identified spaces. Let us now define the sequence spaces [ay)], [ag], [a7] and [al.] as

the set of all sequences such that A" (q")-transforms of them are in the spaces ay, agy, a; and al,
respectively, i. e,

[;]—{u— ug) €8 : Z‘ Z —l—r]qquk

P
<oo} (0<p< )
—i—r quk—O}

[1+ 7] g up, exists} ,

<oo}7

where A" (q") is the method of q-sequence space of A™-matrix of order r. Let us redefine the se-
quence spaces with definition of matrix domain (1.1) by [a;] = {a}} ar(qr), [ag] = {ag}ar(gr); [at] =
{actargr) and [al.] = {al.} ar(gr)

If U is any normed sequence space, then we say that the matrix domain {U} pr(gr) as the g-

analogs of A" sequence space. Let us define the sequence v = (vi,) by the A" (q*) transform of
a sequence u = (ug), i.e

1+ Tk]qqkuk

&
|
—N—
S
Il
B
m
V2]
£
El
=

[al.] = {u = (ug) € s : sup

meN [m + l]q

=

(k e N). (3.1)
z:O

Now we may have the following result:
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Theorem 3.1. The sets [ay)], [ag], [ar] and [al,] are linear spaces with the coordinate wise ad-

C
dition and scalar multiplication which are BK-spaces with the norm |[ul|,.; = | A"ul|,, and
p

leallig) = Il

= |ul

[az] G

Proof. The proof of the first part is trivial. Since ay, ag, a;. and af,, are BK-spaces accompanied
by natural norm, and a’,,,(¢*) # 0 and a’,,,(¢*) = 0,k > m,¥ k,m € N. Therefore by
Wilansky ([20], Theorem 4.3.2) it gives us to the fact that the spaces [a; ], [ag], [a7] and [al ] are
BK-spaces. O

As a consequence the absolute property does not hold on the spaces [aj], [ag], [ar] and [al_],
they are the spaces of the non-absolute type.

Theorem 3.2. The spaces [ay], [ag], [al] and [al ] are linearly isomorphic to the spaces €y, co,
and V.

Proof. Since the transformation ¢ defined by the condition (3.1) from [az’;] tol, by u = v =
Yu = A"uis a linear bijection and norm preserving. Therefore it shows the spaces [a7], [ag], [af] and [l ]
are linearly isomorphic, as desired. O

Now, we may give the following results on the inclusion relations involving the spaces [ay)], [ag], [ar]
and [a’_].

Theorem 3.3. The inclusions ¢y C [aj] and ¢ C [al] strictly hold for every g € RT.
Proof. We consider the case ¢y C [af], let us take v € cy. Since A" (¢¥) is regular, we immedi-

ately see that A" (¢")v € ¢y which shows that v € [afj]. Hence ¢y C [ajj] hold. Now, consider the
sequence u = {ug(q)} defined as

qll+r*]g

wn(q) = VE k=n*>neN
S0, k#ndeN

for each ¢ € R*. Then we have

1

{A" (") u}m = m ; [1+ 7] ,q"ur(q)
9 k=0 q

which shows A" (¢*)u — 0, as m — oo and so A" (¢*)u € ¢y which implies that u € [a}] but not
in Co.
The inclusion ¢ C [a”] can be proved in the similar lines. o

We now state the following Lemma which is required in proving the inclusion relation involy-

ing the space [ay)].

Lemma 3.4. [10] Let (a,,) is a sequence of non-negative term, and A,, = ap + a; + -+ +
Gm, Ym € N. Then the following inequality

() <)z

holds, for p > 1.

Theorem 3.5. The inclusions ¢, C [ay)] strictly holds for 1 < p < oo.
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Proof. In order to prove the validity of the inclusion £, C [ap] for 1 < p < o0, it is sufficient to
ar] < M ||ull,, for all u € €. For this, let u € £,
for 1 < p < co. Then considering the inequality and using Lemma 3.4

p k ql |uz| p
: (22 i+ 1],

=0

k
1 o
Z [1+7],q"u;
[k + 1] =
P

2p )p )
S i qz Uu; P
(pl ; fd

which gives the fact that Hu||[a < 2p||ull,, and so ||u|| | < M |ull, for M = 2p for1 < p <

1 & -
[k} i 1] Z [1 + rl]qqlui

oc. Therefore, the inclusion £, C [a;] ho 1ds

Now, let us define the sequence u(q) = ; forevery k € N. Then

1+r"
Sty [ RS DR
;;[m l]quk _; gCJ[m"‘l]q
1— (—1)m+1?
:;‘ 2[m + 1], =

which yields us that u € [a7] but not in £,. That is to say u is in [a] \ £,, thus the inclusion
£y C [ag)] is strict.
Slmllarly, it is easy to prove the inclusion relation ¢; C [a]] is also strict. O

Theorem 3.6. If 1 < p < t, then [a;] C [a}].

Proof. Suppose u € [ap] and 1 < p < t. Using the relation (3.1) and since [a}] = £, yields the
fact that v € £,,. Also £, C ¢; implies that v € ¢;. This gives that u € [a}] and thus [a;] C [a]
holds. -

Theorem 3.7. The inclusions {, C [al,]| and [a;] C [al ] are strictly hold.

Proof. Letu € {,. Then

Ms
LQ
g

.1 = Su
[az.] me%
[1"‘7’k]q
< llqu sup T
H || <m€NXk: [m+ 1]‘1
[l_rm+1] }}
= |lqu sup |1+
=l 300 |1+ G =,
< 2|qull

which gives us that u € [a’ ] and thus ¢, C [al].
Further, let us define the sequence u = uy(q)

L 2k41

ug(q) = (=1) mv (k € N)

is in [al ], but not in £,. Therefore, the space [a’ ] strictly includes the space /o,

Next, let u is in [ap] for I < p < co. Then clearly v = [A"u] € ¢, C o which gives us the
fact that v is in [a[,]. Hence [a;] C [al ] holds. Also, take the sequence u = e = (1,1,1,....)
belongs to the set [al, ] \ [a},], then [a]] C [al ] also strictly holds. o

As a consequence of isomorphism 1 in Theorem 3.2 is onto and inverse image of the basis of
those spaces, £y, co and c, are the basis of new spaces [ay ], [ag], [al], respectively.
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Theorem 3.8. Define the sequence b™*)(q) = {b,gi) (@) }men of the space [aj)] given as

_1\ym—k [m+1]q
bg,’i)(q): {( 1) PIE==aE E<m<k+1 (3.2)

0, k>morm>k+1

for every fixed k € N.

(i) The sequence {b*)(q)}ren be a basis for lay] and [ag] and any u € [a}] or [ag)] is uniquely
expressed as u =", i (q)b'®)(q), where v(q) = { A" (¢")u}x, Yk € N.

(ii) The set {t,b'®)(q)}ren be a basis for the space [a}] and any u € [a%] is uniquely expressed
asu="0t+ 3, [v(q) — €% (q), where t = m and { = limg_, oo { A" (¢")u} .

4 Duals of the g-spaces [a ], [a7], [a] and [a7 ]

In the current segment, we deal with portrayal of the a-dual, the [5-dual and the ~y-dual of the
spaces [ay], [ap], [al] and [al ] of non-absolute type. Firstly, let us state the following Lemmas.

Lemma 4.1. [19] A = (ami) € (co: 1) = (c: £1) if and only if

DD amk

neN k€K

sup
K,Neg

< 00,

where G indicates the family of all finite subsets of N.

Lemma 4.2. [19] A = (ami) € (c: ¢) if and only if 3 oy, o € C such that

lim a,,, = ag foreach k € N, “4.1)
m— 00
Sup > Jami| < 00, (4.2)
meN L
’rr}i—r>noo ; Amk = Q- (43)

Lemma 4.3. [13] Let X be a sequence space . Then

(i) X is monotone if and only, if toX C X, where ty is the span of the set of all sequences of
zeroes and ones, and toX = {au = (axuy) : a € to,u € X}.

(ii) X is perfect = X is normal = X is monotone.

(iii) X is normal = X< = x".

(iv) X is monotone = X* = zP.

Theorem 4.4. Define the following sets

k+1
¢T(q)={a=ak68:21€1§ Muk <oo},
r k+1
¢2(Q):{a:ak63:2’; Mak <oo},
r . m—k [k+1]
¢3(Q)={a=ak68-;lé%zm: k;{(—l) kMam <oo}.

Then

(i) {[ag]}* = {[al]}* = ¢5(a).

(ii) {[ap]}* = ¢7(q) for 0 <p < 1.
(iii) {[a;]}o‘ = ¢5(q) for 1 <p < 0.
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Proof. Leta = (a.m,) € s and define the matrix C' = (¢!, ) via the sequence a = (a,,) as

Cmk =

. (_l)m k%am, m—k<k<m
0, 0<k<m—-lork>m

for every m, k € N. Thus the relation (3.1) bearing in mind, let us immediately see that

_ . m—k [k + 1] _
AU, = k:zm;l(—l) mamvk = (CV)m (4.4)

for every m € N. Therefore, we see by (4.4) that au = (a,um,) € £ whenever u € [af] or [al]
if and only if Cv € ¢; whenever v € ¢y or c. Then using Lemma 4.1, we observe that

m k [k + l]q
sup Z Z qm[l + ,rm]qam

KeG n |kek

< 0

which implies the fact that {[aj]}* = {[al]}* = ¢5(q).
By similar fashion, Part (ii) and Part (iii) can be proved. O

Theorem 4.5. Define the sets ¢;(q), $5(q), #¢(q) and ¢%(q) as follows
( +rk]>[k;+1]qp/<oo},

{ < ]q>[k+1]q <oo},

o) o]

e N e OAS

@k _ Ak Af+1
A (qk[l + Tk]) a (qk[l +rk] g+ rk“]) forallk € N.
Then

(i) {[a5]}* = 9%(q) N 65 (a).

(ii) {[ac]}* = d5(q) N ¥ (q).

(iii) {[ay]} = ¢7(q) for 0 <p < 1.

() {la,]}* = () N ¢f(q) for 1 <p < 0.

Proof. Let us consider the case for the space [a”], the other parts can be obtained in the similar
way.

Let u € [a’] and a € s. Then, consider the equality

where

“ e[ [E+ 1] k] ak
2o {[Hrqu”’“_ T+ 77, (4
m m—1
_ [m—|— 1]q
kg = 0A< ]Q> ot Tlae + [l‘f'rm]qamvm
= (D),

for all m € N, where D = (dJ,,,.) is defined as

A (Gt ) [+ 1], 0<k<m—1

(- [m+1]
mk — [1+7'm]qq ms k=

0, k>m
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for every m,k € N. Thus by Lemma 4.2 and from (4.5), we deduce that au = (axuy) € cs
whenever u = (uy) € [a?] if and only if Dv € ¢ whenever v = (v) € c. Evidently, the columns
of the matrix D are in the sequence space c. Therefore, as a consequence we derive from (4.2)

and (4.3) that
[
Al ———F | [E+ 1], < 4.6
o (e e ] < 49
k+ 1],
—t 4.
(7o) <t @D
ay
_ 4.
() <= 8
respectively. However, the equation (4.7) is redundant, and thus by combining equations (4.6)
and (4.8) we obtained that {[aj]}’ = ¢%(q) N ¢5(q). O

Theorem 4.6. The y-dual of the spaces [a;], [ag], [a%] are as follows
(i) {{ag]}” = {[al]}” = ¢5(q) N B ().

(i) ()} = 61 {a) for 0 <p < 1.

(iii) {[ay]}7 = &7 (a) NP4 (q) for 1 <p < o0

Proof. The proof is in similar lines as the proof of the Theorem 4.5, we leave out the details for
the reader. O

By combining Theorem 4.4 and Theorem 4.5 with Lemma 4.3, we derive the following Corol-
lary.

Corollary 4.7. The set [a;] is not monotone, and hence it is neither perfect nor normal.

5 Matrix mappings on the g-spaces [a7] and [a[]

In this segment, we now desire to characterize some matrix mappings related to q-analogue from
the spaces [a;] and [a”), into some of the known sequence spaces. Here in what follows, we shall
write for brevity that

- Amk Amk Am, k+1
:A R — 1 — _ s 1
o= (G ) ot = (i — oo ) b+

and

a(m, k) = Zaik vV m,k e N.
=0

Let us now state the following Lemmas due to Wilansky [20].
Lemma 5.1. The matrix mappings between the BK -spaces are continuous.

Lemma 5.2. A = (a,,i) € (¢ : ¢,) if and only if

sup Z Z Amk

FeG ) |ker

P
< o0, forl <p < oo. 5.1

Theorem 5.3. Let 1 < p < oc. Then, A € ([a})] : L) if and only if

[k + 1],
Sup | =———=ami| < oo for eachm € N, 5.2)
k:eII\)I [T+ 7], g f
SUp |Gpmil? < oco. (5.3)

meN
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Proof. Suppose the conditions (5.2) and (5.3) hold and let us take any u € [a,’;]. Then {a tren €
{[ap]}” for every fixed m € N, and this shows the existence of Au.
Now, consider the following equality obtained from the n'" partial sum of the series Y, axuy.

n n—1
1

E Ak U = E QmiVk + [[fbj ”]f CrnUn, YV m,n € N. 5.4)

k=0 k=0 "a

Therefore as n — oo, we derive from (5.4) with (5.2) that

> ampur =Y Gimrvr, ¥Vm € N, (5.5)
k k

Thus by taking supremum over m € N in (5.5), we get by using the Holder’s inequality with
(5.3) that

1/p
sup [l Aull < [[v]l,, { sup (Zlamk”> < o0,
meN meN &

which provides the sufficiency of (5.2) and (5.3).

Conversely, suppose that A € ([a}] : {). Then by hypothesis (ami) € {[aj]}? for all m € N
and necessity of (5.2) is trivial and (5.5) holds. Let us consider the continuous function g,
defined on [a;] by the sequence (a.,) as gim(u) = Y. amprur ¥V m € N. Since [aj] = £, it

follows that |[gn || = [|@mll,,. with (5.5). This implies that the functional defined by rows of A
in [a}] are pointwise bounded. Hence by uniform boundedness principle, they are uniformly

bounded which implies that there exists a constant K such that ||g,,,|| < K for every m € N.

’ l/ !
Then, it follows that (Zk |G| ) - llgmm]] < K hold for all m € N, which gives the
necessity of (5.3). O

Theorem 5.4. Let 1 < p < oo. Then A € ([a}] : ¢) if and only if (5.2) and (5.3) hold and

lim @, = By for each k € N. (5.6)
m—00

Proof. Suppose the condition (5.2), (5.3) and (5.6) hold, and let us take any u € [a;]. Then Au

exists and by condition (5.6), we have that lim,, \ami|” = |Be|?" foreach k € N, which
gives us the fact that with (5.3)

k
/ ’

E |Br]” < sup E |amil” = K < o0

=0 meN Ty

holds for every & € N. This implies that (3)) € ¢,. Since by hypothesis (ux) € [a}] and [a}] = ¢,
leads us the fact that (vg) € ¢,. Thus we obtain by using Holder inequality that (Sxvy) € ¢, for
each (vi) € £,. Given any € > 0, choose a fixed ky € N with

1/p
o0

p ¢
=R0

Then there is some mg with (5.6) such that

mo

Z(&mk — Br) vk

k=0

<e€/2
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for every m > my. Thus

E dmkuk*E Brvk
% %

Z(&mk — Br) vk

k

ko S
< Z(dmk’ = Br)vk| + Z (@mk — Br)vk
k=0 k=ko+1
1/p' 1/p
o0 S
< €/2 + Z (|amk'| + ‘ﬂkDp Z |Uk|p
k=ko+1 k=ko+1
i€ _
<€/2+2K AR =€

for all sufficiently large m. Therefore, Au € c.

Conversely, suppose that A € ([a]] : ¢). Since ¢ C /o, the necessity of (5.2) and (5.3) are
immediately yield from Theorem 5.3. To prove the necessity of (5.6), take the sequence b*)(q)
given in (3.2) which is in [a} ], for every k € N. Since Au exists and is in ¢, for every u € [a], it

is evident that Ab*)(¢) = (i) € ¢, for all k € N which shows the necessity of (5.6). o

If the space c is replaced by the sequence space cg in Theorem 5.4, then we have the following
Corollary.

Corollary 5.5. Let 1 < p < co. Then A € ([a})] : o) if and only if (5.2) and (5.3) hold, and (5.6)
also holds with B, =0, V k € N.

Theorem 5.6. A € ([al] : £,) if and only if
(i) For 1 < p < o0,

p
Sup » 1> k| <00 (5.7)
FE9 0 |ker
Z |Gmi| < oo forallm € N (5.8)
k
( Lk ) € s forallm € N (5.9)
Y CS m . .
[T+ 7%lg ) ken
(ii) For p = oo, (5.9) holds and
sup Z |@mi| < 00. (5.10)
meN "

Proof. First, suppose that (5.7), (5.8) and (5.9) hold, and let us take any sequence (uy) € [a%].
Then (ami) € {[a’]}? for every m € N and this implies the existence of Au. Let us now define
the matrix 7' = (t,5) With 5 = Gk, for every m, k € N. Then since (5.1) is satisfied for the
matrix T € (c : £,). Reconsider the equality (5.4), obtained from the n'"-partial sum of series
> @mruk. Following the same procedure as in the proof of Theorem 4.5, one can easily obtain

by combining the (5.8) and (5.9) such that
{ [n + l]q
[

amn} € Co
L+ neN

for every m € N. Therefore, keeping in mind the fact that as n — oo in (5.4), the second term
on right side approaches to zero and we again get the condition (5.5), which obtain by taking
p-norm such that [|Aul|, = ||Tv||, < oo. This shows A € ([ag] : ;).

Conversely, suppose that A € ([a!] : ¢,). Then since [a]] and ¢, are BK-spaces, so by Lemma
5.2, 3 some real constant A/ > O that

[Aull, < M [lul|,, forallu e [al]. (5.11)
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In addition, condition (5.11) is satisfied for u = (ux) = 3, » *)(g) belonging to [a’], where
() (q) = {b¥)(q) is given in (3.2). Thus we have for any F € G

p\ 1/p
[Aul, = (Z ) < M ullg

m
which gives the necessity of (5.7). Furthermore, A is applicable to space [a”.] by hypothesis, so
the necessity of (5.8) and (5.9) is obvious. This proves Part (i).
Part (ii) can be obtained along the lines similar to that of part (i). O

§ ame

keF

Theorem 5.7. A = (a,,;) € ([al] : ¢) if and only if (5.6), (5.9) and (5.10) hold and

lim > mi = B. (5.12)
k

Proof. Suppose that the matrix A satisfies the conditions (5.6), (5.9), (5.10) and (5.12). Let us
take any u € [a”]. Then Au exists and, it is clear that v = (v) is connected with v = (uy) by
the condition (3.1) is in ¢ with vy — ¢ as k — co. We immediately see from (5.6) and (5.10) that

k
D 1Bl < sup > faimi < o0
=0 meN
holds, for all £ € N. This implies to the fact that (3x) € ¢;. Now considering (5.5), we write

Z AmkUE = Z amk(vk - t) + tz Q- (513)
k k k

Thus, as m — oo in (5.13) we observe the first term on right side approaches to Y, Sx(vi —
t) by (5.10) and (5.4) and second term approaches to ¢3 by (5.12). Therefore, we obtain
1imyy, 00 (Aw)m = Y Be(ve — t) + 3 which gives that A € ([al] : ¢).

Conversely, suppose that A € ([a}] : ¢). Also ¢ C ¢ and so the necessity of (5.9) and (5.10) are
immediately yield from the Theorem 5.6. To show the necessity of (5.5), let us take the sequence

u=ut = {U$T]§)(Q)}WL6N € [a”] given as
m—k k+1]q
u(q) = (=1 kﬁ, E<m<k+1
0, 0<m<k—-—1lorm>k+1

for every k € N. As Au exists and is in ¢ for all u € [a}], we can observe that Au*) =

(Gmk)men € ¢, for all k € N gives the necessity of (5.6). Similarly, putting v = e in (5.5), we
have Au = (3", @mr)men Which belongs to ¢, and this gives the necessity of (5.12). O

6 Conclusion

This paper aims to study new transformations of the q-analogue of A"-matrix of order r. In
addition, some topological properties and inclusion relations have been discussed. In addition
to this, the Toeplitz duals and matrix transformations have been examined. Therefore, the results
of this work are variant, significant, and so future research may focus on generalizing them with
other special number sequences and thus studying their topological properties and examining
their duals, matrix transformation and compact operators.
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