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Abstract In this paper, we introduce the concepts of weakly p-nuclear m-homogeneous poly-
nomials and quasi Cohen p-nuclear linear operators and m-homogeneous polynomials. The main
finding of this study shows that, under usual conditions, linear functionals in the space of weakly
p-nuclear polynomials are represented, by quasi Cohen p-nuclear polynomials.

1 Introduction

The theory of operator ideals has been extended to ideals of nonlinear operators, for example,
multilinear operators, homogeneous polynomials, Lipschitz operators..., and the different ways
of generating such non-linear operator ideals as well as the study of their properties, we refer
to the monographs (see e.g. ([2], [1], [4]) ). In 1983, Pietsch [6] made leading contributions
through his work titled "Ideals of Multilinear Functionals," extending the concept of linear nu-
clear operators to nonlinear ones, particularly in multilinear and polynomial cases. In this paper,
we further this extension by introducing the concept of weakly p-nuclear operators,l < p < oo,
to the case of the polynomial recently introduced by Kim J. M [5].

We fix some notations and notions used throughout this paper. For X and Y Banach spaces,
we denote by £(X,Y") the Banach space of all bounded linear operators from X into Y.

Let m be a natural number. A map P : X — Y is called an m—homogeneous polynomial if
there exists a unique symmetric m—linear operator P:X x- - x X — Y such that

P(z) = P(z,"™, 2) for every x € X.

We denote by P(™X; Y') the space of all continuous m—homogeneous polynomials of degree
m from X into Y, This space is a Banach space with the norm

sup{[[P(2)]| : [lz[| < 1}
inf{C : |P(z)|| < Clz||™, =€X}

1P|

We denote @ X 1= X® ) ®X for the m-fold tensor product of X is defined as the vector

space, by the set
{u = Z AT ® (m) Qx4 (/\1)?:1 c Kand z; € X} .
i=1

We denote by /(X)) the Banach space of all weakly p-summable sequences (), in X with
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the norm

o0 l/p
l(@w)ulle = sup (2|<x*,xn>|p) 1< p<too,

x*€Bx+ \n=I

[(zn)nll% = sup sup|{z*, zn)], if p=+oo

z*€EBx*x n

A polynomials ideal Q is a subclass of the class P of all continuous homogeneous polynomi-
als between Banach spaces such that for all m € N and Banach spaces X and Y its components
Q(mX,;Y) :=P(™X,;Y) N Q satisfy the following conditions:

(i) Q("X;Y) is a linear subspace of P(X,Y’) which contains the m—homogeneous polyno-
mials of finite type.

(ii) The ideal property: If P € Q("™X;Y ), u € L(G,X) and v € L(Y,F) then vo Pou isin
Q(™G,F). If ||.||g : @ — R satisfies

(@) (Q(™X;Y),|-|lo) is a normed space for all Banach spaces X and Y and all m,
() I :K—=K: I, (z) =2™|g =1 forall m,
(iii") if P € Q(™X;Y),u € L(G,X)andv € L(Y, F) then |[vo Poullg < ||v]||P|lallul™,

then (Q, ||.||g) is called a normed polynomial ideal.

Recall that a bounded linear operator u : X — Y is weakly p-nuclear (1 < p < oo) if can be
written in the form u = Z T3 @ Yn, Where (7,), € £(X*) and (yn)n € £ (Y).

We denote by pr(X Y) the space of all weakly p-nuclear operators from X into Y endowed
with the weakly p-nuclear norm

[l = ] (5 ) 311 (Y I

where the infimum is taken over all such weakly p-nuclear representations of w.
We known that in [5], a bounded linear operator u : X — Y is weakly p-nuclear (1 < p < o0)
if and only if u has a factorization u = a o b such that the following diagram commutes:

Xb\g -

with b € L(X,£p), a € L({p,Y). In this case,

11)

[ulln,, = inf [lall.[b]],

the infimum is taken over all factorization as above.

2 Weakly p-nuclear polynomials

Now, we give the following concept of weakly p-nuclear polynomials, extending the notion of
weakly p-nuclear operators introduced in [5].

Definition 2.1. Given 1 < p < co. A polynomial P € P(™X;Y) is weakly p-nuclear if it can
be written in the form

Zan " Y, (z e X)

where (a,) C X* and (y,) € £3.(Y") such that
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o 1/p
sup <Z|<an,x>|mp> < o0

rEBx n—=1

We use Py, (" X;Y) to denote the set of all weakly p-nuclear polynomials from X into Y’
and define a norm on Py, ("™ X;Y) by

%) 1/p o l/p*
| Plx,, := inf sup ( <an,$>|mp> sup <Z|<y*,yn>|p ) ;
=1

T€Bx \,, y"€Byx \,—|

where the infimum is taken over all such representations as above.

Theorem 2.2. For 1 < p < oo, [Py, , |-lIn., ] is a Banach polynomial ideal.

Proof. Let Py, Py, ... € Py, ("X;Y) such that 37 ||Py][,, < oo, and consider such repre-
k=1 r

o0
sentations that for each k, P, = >_ ap'n @ Yk,n such that

n=1

1/p”

oo 1/p*
sup <Z|<y*,yk,n>p*> < [(1 +€) HPkHN’wJ

Y E€EBy~* \,—|

1/p

o 1/p
sup (Z |ak,n<x>m|p> < [ +91Py, ]

rEBXx n=1

It follows that

H (<y*> yk,n>)zo7k:1

0o oo 1/p* 00 0o 1/p*
= (ZZ <y*,yk,n>|f’*> = [Zuy*,ymw*]
k=1

P k=1 n=1 n=1

«71/p*

1/p*\? .
N’wp:| ) ] - (1 + 6)]/p

oo 1/p*
> NP Nu,pl

< [z ([a+onnd

k=1 k=1
and
oo oo 1/p [ oo [ > 711/p P /e
sup (Y farn(@)™" ) = sup Y| D] law (@)
2EBx \ 321 el €Bx 1 \ [n=1 _
M oo F oo 11/p\ PP
< sup | > |agn ()™
k=1 \*€Bx |,— i
M oo 1/p
<

([a+oum, ”p)p]
00 1/p
)3 ||Pk||pr] .

k=1

Lk=1

= (1 —i—e)l/p
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Then, P = > >~ af', @ yxn and
k=1n=1

oo oo 1/p . 1/p*
sup (zz ) sup (zz|y ) )
k —1

xE€EBx y*EBy * k=1 n=1

<(1+e)/7

Z [FA

1/p
wp‘| 1 +€ I/P

> 1Pl
k=1

> |Pk/\/u,p1 :
k=1

o0
Now € SN Pullyr,, < 00
k=1

1/p
p]

=(1+e¢)

For every € > 0, follows that

1P

Let@ : X1 — X, O : Y — Y] be a bounded linear operators and a polynomial P €

Pn,, (MX:Y). We want to show that: OPQ € [Ppr (mX,Y),]- ||pr].
OPQ(z) (Zan(Q(x))mya>
n=1
= an(Qx))™ - O (yn)
n=1
:Z(Q*an) (@)™ - O (yn)
n=1
Hence,
%) l/p 00 l/p*
sup <Z|<$,Q*an>m’p> sup <Z|<0(yn),y*>|p>
t€Bx, \,,_ ¥ E€Byx \n=1
o 1/p oo 1/p*
= sup (Zl@%anﬂm”) sup <Z|<ym0*y*>|p>
IEBXI n=1 y*eBYl* n=1
) mp\ /P i N o\ /P
O*y*
= |Q]|™ [|O*|| su < > su <yn,>
QI 107 swp {22 |\fr e 2\ o
1/p «\ 1/p"
0o mp oo O*y* p
= Q "™|O]| su < ) n> su <yn7>
QI ol s | 2\ g e S O o

1/p 00 1/p*
<lei™lo] Sup (ZI U an) ) sup (ZI(ym@)p) :

n=1 PEBy n=1

Then, OP( is weakly p-nuclear and

10PQ Ny, < IQI™ - [1Pllnv, - O]

Then, Py, with the norm || - ||

wp

is Banach ideal of polynomials. O
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3 Connection with tensor product

We consider a tensor norm and associate it with an operator ideal. Let us define a cross norm
wp(.) (1 < p < co0) on the tensor product ®™ X ® Y as follows: if u € @ X ® Y, then

1/p n 1/p”
wpl) = 4 [ o sup. (Dx ;) > sup (Z|<y*,yi>|”>

Yy EByx \ ;=]

where the infimum is taken over all representations of « of the form
n
U:ZM%@“'%@%

with (z;)?, C X and (y;)I, C Y.

Proposition 3.1. w,, is a reasonable crossnorm on @™ X ® Y and € < wp, where € denotes the
injective tensor normon "X QY.

Lemma 3.2. If the norms ||| ., and w,(.) are equivalent on Py (™ X;Y'), then they coincide on
our space.

Proof. assume that there is a constant ¢ > 0 such that w,(.) < ¢| - ||n,, on Py (" X;Y"). Given
P e Py (™X;Y)and € > 0, take an infinite weakly p-nuclear representation

Pzia?@?ﬁ
i=1

such that

o) 1/p 1/p*
g
sup | Y [af" (z)[" sup E ly™ (y:)] < (T4 5) 1P,
rE€EBx ( ( ) ) Yy €Byx \,—| ( 2) '

i=1

In particular, for eachn € N,

n—1 n—I1 1/p n—I1 1/p*
(Zam@yz) < sup (Dazn W) sup (Z v <yi>p>
Yy .

i=1 r€Bx \ 31

< (145) 1Pl

For a sufficiently large n € N, we obtain

o 1/p o 1/p*
< sup <Za2”(w)”> sup (Zly* (yz-)lp*>

z€Bx \,—, Yy EBy= \—p

0 1/p o 1/p*
sup (Za;"(m)?) sup (Dy*(ymp*)

z€Bx \ ;,; Yy E€By« \;—|

s—ll [l

'WP

IN

w D

It follows that

n—1 [e'e)

wp(P) < wp <Z ai’ ® yz> +wp (Z ai* @ yl>
i=1 i=n

Za © yi

< (14 5) 1Pl + 511P I

And as this holds for every € > 0, the result follows. O

IA
-

+35) 1Pl +e

wp

=1 +9)|P|n

wp*

w D
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Proposition 3.3. If P € Py

wp

("mX;Y)and Q € L (D, X), then wy(P o Q) < ||P||n,, Q™

Proof. Let J : Q(D) — X be the formal inclusion, and Q : D — Q(D) be defined by Q:ur
Q(u) := Q(u). We can write @ as the composition Q = Jo(@) . Since each, Qo.J € L (Q(D),Y),
where dim Q(D) < oo, By Lemma 3.2, we obtain

wp(PoJ) = |IPo J|xn,, <IPlx, I = [Plx.,

wp —

from which it follows that

wp(P o Q) =wp(PoJoQ) <wp(Pol)|QI™ =[P, lIQI™
O

Proposition 3.4. If X* has the bounded approximation property, then w,(P) = ||P||x,, on
Py ("™X;Y) regardless of the Banach space Y .

Proof. We provide a proof for m = 2, as for other values of m it is similar. Let P € Py (2X ; Y).
We know that £;(X, X;Y) is isometrically isomorphic to £ (X;Ls(X;Y)), thanks the ap-
plication that associates S € L (X;L;(X;Y)) through S € L4(X, X;Y) for S (z1) (22) :=
S (z1,2). So, S = P is the symmetric bilinear application associate a P. Note that

S(x1) (x2) = S (21,12) = S (22, 71) = S (22) (1) -

Since X* has the property approximation, by [6, Lemma 10.2.6], given e > 0, there is T ¢
N1 (X; X) such that ||T)| < (1 +€)y,lety > 1 and ST = S. So, we have

S (Tzy,22) =S (Tx1) (22) = ST (1) (22) = S (1) (22) = S (21, 22) .
And by the symmetry of S,
S(z1,Tay) =S (T, @) = S (w2, 21) = S (21, 22) -
So, So (T,T) = 8, forall z € X, we have
P(x) = S(x,2) = So (Tx,Tx) = P(Tz) = PoT(x).
for all x € X, proving that S = S o (T, T). Calling Proposition 3.3, we have
wp(P) = wp(P o T)
<|I1Plwv, 1T
< (1+ 6P,
For each € > 0, follows that w,,(P) < ¥?| P| x:,,. The result follows from Lemma 3.2. O

Proposition 3.5. If X* has the bounded approximation property, then Py ("™ X;Y) dense in
Pr, (M X:Y) by the norm || - || ar, -

Proof. Let P € Py, (" X;Y) and given ¢ > 0 consider a representation of P such that

o 1/p o 1/p~
sup <Z<amw>|mp> sup <Z|<y*,yn>|p> < (1 + Py -

z€Bx \ | Y E€Byx* \,—|

Consider P,, = ) a" ®y; € Py (" X;Y), then, P, converges to P in the norm || - [|x,,. O

i=1

The following theorem shows that weakly p-nuclear polynomial has factorization through £,,.

Theorem 3.6. Let X and Y be Banach spaces, and let P : X — Y be an m-homogeneous
polynomial. Then the following are equivalent:
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(a) P is weakly p-nuclear.

(b) ThereexistsT € L (X;4,) and Q € P ("™L,;Y) such that its associated m-linear symmetric

application @ € L (™,;Y) is diagonal. the following diagram commutes:

P
Y
NS
by

1Pllwv, = nf Q- [[T]™

X

In this case,

where the infimum is taken over all such factorizations of P.

Proof. (=) Assume that P is weakly p-nuclear. Let (ay,)n € linp(X™*) and (yn)n € lpr (Y)

such that

o0
P:Zaf;@yn.

n=1

Consider

T: X =4, x— (an(2))n

Q: L=Y, (sn)n— D> Shyn.
n=1

00 1/p
Then, we observe that ||T]|™ < sup (Z |<Jj,an>|mP> and Q| < 1 (yn)nlle

r€Bx \n=1
Additionally, the following diagram is commutative

P
Y
N e
tp

1Pllav, = inf [QUIT™.

X

Thus

p*,w

(Y)-

(<)P =QoT. Let (fn) -, be the sequence of coordinate functional a Schauder basis {e,, } - |

for £,,, we have

T(z) = fulT(2)) - en =Y (T"fa) (2) - en,

and
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We set a,, = (T*f,) € X* and y, = Q(e,) € Y. We have the representation P =
Z am ® yn, where (yn),~ | € £y (Y), and

n=1

%) 1/p
sup <Z |{x, an>mp> < 0.

z€Bx n=1

Showing that P is weakly p-nuclear. Furthermore, we have:

1/p 00 1/p~
1P, < Sup (ZI T, an)| ) sup (Z@my*)lp )
Yy E€By= \ o
< sup (zux,mw) aup (zm(e )0 >|,,>
r€Bx \ o Yy E€By= \ ;=
1/p =\ 1/p"
o) mp 00 * ) % p
m Q"y
— QT sup < ,fn> sup <
o [l e |2 (e g
<l
Then,

1Pl n, < inf[|QIIT]™.

wp—

4 Dualof Py, (" X;Y)

Definition 4.1. We say that an m—homogeneous polynomial P : X — Y™ is quasi Cohen p-
nuclear, 1 < p < oo, if there is a constant C' > 0 such that for any (z;)"_, C X and any

(yZ) 1CY

1

n n ) 1/p*
> (P(ai),y:)| < C sup (Zl<a,xi>|’”p> sup (Zly i)l ) . @D

i=1 a€Bx= \ j— Yy EBy+ \j=

The class of all quasi Cohen p-nuclear m—homogeneous polynomials from X into Y* is de-
noted by Poxr, (" X;Y™*). Our space is a Banach space with the norm || - [|gar,, Which is the
smallest constant C' such that the inequality (4.1) holds.

Denoting by P, (™X; Y*) the space of Cohen p-nuclear polynomials operators from [1], it
is straightforward that Py n (MX5Y*) CPoy, (MX;Y™) with || - [[on, < |- [|p,~ forevery Y,
and further, Pg \ (" X; e ) Pon, ("X;Y™*) isometrically for reflexive Y.

Theorem 4.2. If X* has the bounded approximation property, then, for every Banach space Y
and 1 < p < oo, the space Poy, (" X*;Y*) is isometrically isomorphic to [Py, ("X;Y)]".

wp

Proof. Given ¢ € [Py, ("X;Y)]".

o1 Pn,,("XyY) — K
azga?@@yn = ¢(a) —<p<§)la2”®yn>
we define
P, X*— Y*
a— Py(a): Y —K
y =Py (a) (y) == (" @y)
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In order to prove that P, € Pon, ("X*Y*),letn € N,z},...,z) € X*, y1,...,y, € Y.
So,

n

> Py (ai)) (ui)

i=1

n

Zw(a?‘ ® yi)

i=1

(o)
i=1

n
< lell - Za? ® Y
i=1 Nuwp
n 1/p 0o 1/p*
<l - sup <Z|<a7$>|mp> sup <Z|<y*,y¢>|p>
z€Bx \ ,_| ¥ E€By+ \;—|

proving that P, is quasi Cohen p-nuclear, and furthermore, || P,[|ox;, < [¢].

Conversely, given P € P, (" X*;Y™), define
P:X*— Y*
ar P(a): Y —K
y =P (a)(y)

having in mind that " X* ® Y = P; (" X;Y), by the universal property of the tensor product
there exists a linear operator 7p : Py (" X;Y) — K such that

Tp (@™ ®@y) = P (a)(y)

for alla € X* and y € Y. Now we shall prove that 7p is continuous with respect to the norm
| - llar,- Givene > 0and T € Py ("X;Y), by definition of the norm w,(.) we can choose a

n
representation A = )" a!" ® y; such that

i=1

n 1/p 1/p*
sup (ZK%@)IW’) sup (Z@/*,yﬁlp*) < (1+e)wy(T).

rEBx i—1 y*EBy i=1

Therefore,

1Tr(A)l =

T (D al ®yl~> ‘

i=1

ZP(%‘) (vi)

n 1/p n 1/p*
<|IPllon, - sup <Z<ai>w>|m’)> sup (ZI(y*»yz‘V’)

z€Bx \ ;, Yy E€By+ \;—|
< [[Pllon, (1 + )wy(A).

As this holds for arbitrary € > 0, and the spaces X * has the bounded approximation property, by
Proposition 3.4, we conclude that

I Te(A)] < [ISllen, - wp(A) = IPllon, - 1Tllx,-

So, Tp € [Py ("X:Y), |+ |nw,]” and [Tl < ||Pllon,. As Py ("X;Y)is || - ||n;,,-dense

in Py, (MX:Y), there is a unique norm-preserving continuous linear extension g of 7p to
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|Plloa, and for A = Y ai* @ y; €

i=1

IN

the whole of Py, (™X:Y'). In particular, [[¢p||
PNy (MX3Y),

wp

op(A) =¢p <Z a" ® yi) => op(a @y)
i1 i=1

I~T

Il
—

P (az‘) (Z/z)

=D Tp(a"®y;) =
i=1 %
From the expression above, it follows easily that the correspondences ¢ — P, and S — ¢g

are each other’s inverse in the sense that pp, = ¢ and P,s = S for ¢ € [Ppr (mX; Y)] " and
P € Py, ("X;Y). The equality || P, onr, = [|¢|| completes the proof. ]
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