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Abstract In this paper, we introduce and investigate a subclass of analytic and bi-univalent
functions defined by Horadam polynomials in the open unit disk U. Upper bounds for the sec-
ond and third coefficients of functions in this subclass are found. Also, we solve Fekete-Szego
problem of functions belonging to this family. Our results, which are presented in this paper,
generalize and improve those in related works of several earlier authors.

1 Introduction

Let A be a class of analytic functions in the open unit disk U = {z € C : |z] < 1}, of the form

f(z) :z—i—Zanz". (1.1)
n=2

We denote by S the class of functions f € A which are univalent in U. Since univalent
functions are one-to-one, they are invertible and the inverse functions need not be defined on the
entire unit disk U. The Koebe one-quarter Theorem [1] ensures that the image of U under every
univalent function f € S contains a disk of radius 41. Hence every function f € S has an inverse
1, which is defined by

FHUfR) == (zeU),

and
@ =w (el <nlin() = ).

where
g(w) == f~Hw) = w — aw? + (205 — a3)w® — (563 — Sazas + az)w*. (1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. The class
consisting of bi-univalent functions are denoted by X.

Lewin [2] investigated the class X of bi-univalent functions and showed that |a;| < 1.51 for
the functions belonging to X. Subsequently, Brannan and Clunie [3] conjectured that |a,| < v/2.
Tan [4] obtained the bound for |ay| namely |az| < 1.485 which is the best-known estimate
for functions in the class X. The coefficient estimate problem for each of the coefficients
lan|(n € N — {1,2}) is still an open problem. For a brief history and interesting examples



648 Morteza Moslemi and Ahmad Motamednezhad

of functions in the class X, see the pioneering work [5]. In fact, this widely-cited work by
Srivastava et al. [5] actually revived the study of analytic and bi-univalent functions in recent
years, and it has also led to a flood of papers on the subject by (for example) Srivastava et al.
[6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. Let the function f and g be analytic
in U, we say that the function f subordinate to g if there exists a schwarz function w analytic in
U with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)). This subordination is denoted by
f(2) < g(2) or f < g. It is well known that(see [22]), if the function g is univalent in U , then
f < gifand only if f(0) = g(0) and f(U) = g(U).

Hoérgum and Koger [23] considered the Horadam polynomials /., (), which are given by the
following recurrence relation(see also Horadam and Mahon[24]):

hn(2) = prhop_1(x) + ¢hn—2(x) (z€R, neN-{1,2}) (1.3)

with hy(z) = a and hy(z) = bz for some real constants a, b, p and q.
The generating function of the horadam polynomials /., (x)( see[23]) is given by

a+ (b—ap)zz

2 (1.4)

1 —pzz—qz

(z,2) = Zhn(;ﬂ)z”*1 =

Remark 1.1. By selecting the particular values of a, b, p and ¢, the Horadam polynomial h,,(z)
reduces to several polynomials. Some of them are illustrated below:

+ Taking a = b = p = q = 1, we obtain the Fibonacci polynomials F,,(z).

+ Taking a = 2 and b = p = q = 1, we attain the Lucas polynomials L, (x).

+ Taking a = ¢ = 1 and b = p = 2, we have the Pell polynomials P, (z).

+ Takinga = b =p =2 and ¢ = 1, we get the Pell-Lucas polynomials Q,,(x).

» Takinga = b =1, p =2 and ¢ = —1, we obtain the Chebyshev polynomials 7;,(x) of the
first kind.

» Takinga = 1, b = p = 2 and ¢ = —1, we have the Chebyshev polynomials U,,(x) of the
second kind.

More recently, Srivastava et al.[25] by using the above horadam polynomials, introduced the
following subclass of the bi-univalent functions and obtained estimates on the first two Taylor-
Maclaurin coefficients |ay| and |as| of functions in this subclass.

Definition 1.2. (see [25]) A function f(z) € X is said to be in the class Wy (u, ) where (0 <
u < 1,z,w € U), if the following subordination conditions are satisfied:

L[2£() | (2 (2)\*
zlf(z) () %H(‘”’Z”l_“

and

g(w) g(w)

1
1 |wg'(w)  (wg' (w)\*
2[ + <H(x,w)—|—lfa,
where a, b is a real constant and the function g is given by(1.2)..

Theorem 1.3. (see [25]) Let f(z) given by (1.1) be in the class
Wy (u,x), (0<p<1,z,weU). Then

] < 2pulbx |/ |bx|

\/' [<2u2+u+ D)b— (u+17p|ba® — (1 + 1)°qa
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and

4pb? x> plbx|
(n+12  p+1

laz| <

In this paper, we introduce a new subclass Wy (m, u, z) of bi-univalent functions of class X.
We also obtain estimates for the initial Taylor-Maclaurin coefficients a; and a3 for functions in
this subclass. Our results for the bi-univalent functions of subclass Wx(m, 11, ) would generalize
and improve some recent works by Srivastava et al. [25],

2 The new subclass Wy (m, u, x)

For introduce the subclass Wy (m, i, 2), we need to recall salagean differential operator. In [26]
salagean defined the differential operator as follows(f € S):

Df(z)=f(z) .,  D'f(x)=Df(2) = 2f'(2)
D" f(z) = D(D™'f(2)) = 2+ Y _k"arz®  (m e NU{0}).
k=2
Now we define the new subclass Wx(m, u, z) as following.

Definition 2.1. Form ¢ NU{0},0< p <1, (z,w € U)and 2 € R, a function f € X is said to
be in the subclass Wy (m, p, z), if the following subordination conditions are satisfied:

1 [Dmtif(z) (D™ *
3 l D) +( D) ) 1 < [J@.2)+1-a (2.1)

and

1 Dm+lg(w) Dm+lg(w) I
2 [ Dmg(w) +< Dmg(w) > ] < [[@w)+1-qa 2.2)

where a, b is a real constant and the function g is given by(1.2).

Remark 2.2. There are several choices of the parameters m and ;. which would provide inter-
esting subclasses of bi-univalent functions. For example, we have the following special cases:

D'f(z) _ zf'(2)

i. By putting m = 0 we have = . In this case the class Wx(m, u, x) reduces
Y putting D) fC2) (o)

to the class Wx(p, x) in Definition 1.2 which was considered by Srivastava et al.[25].

ii. By putting m = 0,a = 1, b = p = 2 and ¢ = —1, the class Wx(m, u, ) reduces to the
class S, (p, z) which was considered by Altinkaya er al. [27].

iii. By putting m = 0, = 1 the class Wx(m, u, z) reduces to the class S5 (z) which was
considered by Abirami et al. [28].
. , D*f(2) 2f"(2) ,
iv. By putting m = 1,u = 1, we have ————<% = 1 + . In this case the class
Y P g D'f(2) 7'
Wy (m, p, x) reduces to the class Ky(x) which was considered by Orhan et al. [29].

Now, we purpose to find the estimates on the Taylor-Maclaurin coefficients |a;| and |a3| for
functions in the subclass Wy (m, u, x), which we introduced. Also we discuss the Fekete-Szego
problem for this family.
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3 Coefficient bound for the function class W (m, u, x)

Theorem 3.1. Let f(z) given by (1.1) be in the class Wy(m, p,x), (m € NU{0},0 < p < 1).
Then,

laa] < 2p|bx|\/|bx|

\/ ‘ [((4.3m D4 4 (4.3m — 34m )+ 47V — (4 1)24mp]| ba? — (4 1)4mag

and

a3 < 4u? bra? |bx|
T A4 p)? o 3(l4p)

3.1

Proof. Let f € Wx(m, u, ) then, there are two analytic functions u,v : U — U such that
u(z) = w1z + wp2? + uz2® + ... and v(2) = viw + vyw? + vsw? + ... (z,w € U), where
u(0) =v(0) =0, |u(z)| < 1and |v(w)| < 1, such that

|-
|

! le“f(Z) N (Dm“f(2)>

2| D)\ D) _:H(x’“(z))“_a

and

2| Dmg(w) Dmg(w)

! [Dmﬂg(w) . (Dm“gw))i

or equivallently,

1 lD’"“f(Z) - (Dot

|-

1 =1+ hi(z) — a+ hy(2)u(z) + ha(z)u*(2) + ...

2| Dmf(z) D™ f(z)
(3.2)
and
m+1 w m+1 w i
% lDDmg?fU)) + <DDmg?1<u))> 1 — 14+ (2) — a4 ha(@)v(w) + ha(@)02 (w) + ..
(3.3)
From these last equations (3.2) ,(3.3), we obtain
m+1 m+1 i
% [DDmeES) + (DDmf](cS)> ] =1+ hy(z)urz + [ha(z)us + ha(z)ud)2? + ...
(3.4)
and
1 Dm“g(w) Dm+lg(w) m B 0 o
3 [ Dg(w) + < Drg(uw) > ] =1+ ha(x)vyw + [ha(z)va + ha(z)vi]w’ + ...

(3.5)
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It is well known that if, [u(z)| < 1 and |v(w)| < 1 for z,w € U, then |u;| < 1and |v;| < 1 for
all i e N.
Comparing the corresponding coefficients in (3.4) and (3.5) we have

1

zlu 2ma2 = hz(ac)ul, (36)
o ———(3M2a3 — 4 ) 4,u 4 a2 = hp(x)up + hs(x )ul, (3.7
N s 1
—2May =h .
2 2 = e, (3.8)
and
qu [(4.3™ — 4™)a3 — 37a3) 4M“4 a3 = ho(x)vs + hs(z)v?
3.9
From (3.6) and (3.8) we can see that
u; = —u (3.10)
and
pE1)"m
U D43 = o)+ ). G
If we add (3.7) and (3.9) we have
(4.3™ —2.4™) % + (4.3™ —3.4™) )+ 4™
242 %2
= ha(z)(ua + v2) + h3(z) (uf + vf), (3.12)

by using (3.11) and (3.12), we get

((4.3™ —24™)p? + (4.3™ = 3.4™)u +4™) [ha(2)]* — (+ 1)*4™h3(2) |a

= 24 [ha ()] (u2 + v2)

which gives

2plba] /o]

laa| <
\/‘ [((4'3m —2.4m)p2 + (4.3 = 3.4m)p +4m)b — (u+ 1)24mp | ba? — (u + 1)24maq

Next if we substract (3.9) from (3.7), we can easily see that

23 () a3) = ha(a) (un — v2) + () (] — o} (3.13)
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In view of (3.10) and (3.11), we get from(3.13)

24 [ho(x)]* (uf 4 07) . pha(@)(uz — v2)

Y T2 Py 20+ 1)3m
Thus applying (1.3), we obtain
4122 2% plbz]
|a3| < 5 .
4n(p+1)2  (p+1)3m
This completes the proof of Theorem 3.1. O

4 The Fekete-Szego problem for the class Wy (m, p, )
Theorem 4.1. Let f(z) given by (1.1) be in the class Wx(m, p, x) where

v € R. Then
pi|b|
—_— —1<T
a3 —l/a22| <
4 2 1— 3
% (lv—1|>1),
where:

)

P= ’ {((4.37“ —2.4™) 2+ (4.3™ —3.4™)u + 4’”) b—(pu+ 1)24mp] b — (p+1)*4™aq

T
Proof. Tt follows from (3.12) and (3.13) that

242 [ho ()PP (1 — v)(uz + v2)
[(4.3m —2.A4m)2 4 (43m — 3. 4m)y + 4m} [ha(2)]? = (1 + 1)%4m hs ()

pbx* + aq
b2z? ’

<(4.3m —2.4™) % 4 (4.3™ = 3.4™)u + 4’”) — (p+1)%4m {

asz — Z/CLz2 =

pha () (uz — v2)
2(p+1)3m

= hy(z) [(w(u, x) + W)uz + (W, ) — 2(,¢+M1)3m>vz} ’

+

where

22 [ha () P(1 — v) .
{(4.3m — 2.4m) 2 4 (4.3m — 3.4m) 4 4m} [ha(2)]” = (1 + 1)24m hs ()

"/]<V’ x) =

According to (1.3), we find that

pilb(@)] H
(VD (0 < [y(v,z)] < W)
a3 — vay?| =
o). 2)| (100 2)| 2 50— y5)-

After some computations we have proved the statement of Theorem 4.1. O
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5 A Set of Corollaries and Consequences

By taking m = 0 in Theorem 3.1, we have the following result which obtained by Srivastava et
al. [25, Theorem 2.].

Corollary 5.1. If f(2) of the form (1.1) be in the class Wy (p, x). Then,

l < 2plbal /bl

@2+ )b — (e 1)2p]ba? — -+ 1)2ag]

and

03] < 4p2’a? plbxl
T (et 1) op+ 1

By takinga =1, b = p = 2 and ¢ = —1 in Corollary 5.1, we have the following result which
obtained by Altinkaya et al. [27, Theorem 2.1].

Corollary 5.2. If f(z) given by (1.1) be in the class S,(p, x). Then,

dpz2x
Va2 = e+ (1)’

las| <

and

By taking ;+ = 1 in Theorem 3.1, we have the following result.
Corollary 5.3. Let f(z) given by (1.1) be in the class Wx(m, x). Then,

0] < |bx|+\/|bx]

V1[37m(2b) —4m (b + p)]ba2 — 4maql

and

bz?  |bxl
4m 23m’

las| <

By taking m = 1 in Corollary 5.3, we obtain the following result which obtained by Orhan
et al. [29, Corollary 1].

Corollary 54. If f(2) of the form (1.1) be in the class Ky(x). Then,

0] < |bx|+\/|bx]

B \/’ (2b — 4p)ba? — 4aq|

and

By taking ; = 1 in Theorem 4.1 we have the following result.



654 Morteza Moslemi and Ahmad Motamednezhad

Corollary 5.5. Let f given by (1.1) be in the class Wy (m, x), where v € R. Then,

|bz|
2.3m

(lv =11 <9)
as — l/agz\ <
1 — v|bz|?

-1 >S5
|[(23m _4m)b_4mp}bx2_4maq‘ (lV | = ),

where:

|[(2.3™ — 4m™)b — 4™p|ba? — 4™agq|
2.3mp242

S:

By putting m = 0 in Corollary 5.5 we have the following result which obtained by Srivastava
et al. [25, Corollary 3].

Corollary 5.6. Let f given by (1.1) be in the class Wy (x), where v € R. Then,

|ba| ( |(b = p)bx* — aq]
el o1y (=
2 2522
az — Va22| <
|1 — v||bx]? (b — p)ba? — aq|
|(b— p)ba? — aq] (v =11= 20242 )

By taking m = 1 in Corollary 5.5 we have the following result which obtained by Orhan et
al. [29, Corollary 1].

Corollary 5.7. Let f given by (1.1) be in the class Kx(z), where v € R. Then,

|bz| |(2b — 4p)bz? — 4aq|
3 (v —11< )
asz — I/agz\ <
11— v||bz|? |(2b — 4p)ba? — 4aq]
(‘V*” 2 6222 )

|(2b — 4p)ba? — 4aq|
Putting v = 1 in Theorem 4.1, we have the following results.
Corollary 5.8. Let f € A be in the family Wx(m, u, z). Then

p|b|

2
— <
laz — ar”| < PFSIER

If we set b = 2,m = 0 in Corollary 5.8, we have the following result which obtained by
Altinkaya et al. [27, Corollary 3.2.].

Corollary 5.9. If the function f € A be in the family S,(u, x).Then

2
jas — ar?| < “EL,
p+1

6 Conclusion remarks

This paper aims to obtain upper bounds for the second and third coefficients of functions in the
subclass Wy (m, i, z) of analytic and bi-univalent functions defined by Horadam polynomials in
the open unit disk U. Also, we solve Fekete-Szego problem of functions belonging to this family.
Therefore, the results of this work are variant, significant and so it is interesting and capable to
develop its study in the future.
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