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Abstract This paper gives several numerical radii and norm inequalities for Hilbert space
operators. These inequalities improve some earlier corresponding inequalities. For an operator
T, we demonstrate that
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1 1 212
A0 < g |t + i g (1P o)

1 Introduction

Let (H; (-, -)) be a complex Hilbert space. The numerical range of an operator T is the subset of
the complex numbers C given by:

W(T)={(Tz,z): zeH,lz| =1}.
The numerical radius of an operator 7" on H is shown by:
w(T)={|(Tz,z)| : = € H,|z|| =1}.

It is well known that w (-) is a norm on the C*-algebra B (H) of all bounded linear operators

T : H — H. This norm is equivalent to the operator norm || T|| = sup ||Tz||. The following
zeH
llzll=1

more explicit result holds:

1
STl < w (T) < 7). (L)

Kittaneh has established in [8] that if 7' € B(H), then

(1) < 5 [P+ (12)

where |T| = (T*T)l/2 . The inequality (1.2) is stronger than the second inequality in (1.1). This

can be noticed by utilizing the fact that
1 2 2l 1 2| L2 2
- < Z — = .
o1 Rl 1 G B Gl Ry
In [4], El-Haddad and Kittaneh proved that

W (T) < H(l TP | o<t <1, > 1. (1.3)
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Notice that this is a generalization of the inequality (1.2). For some recent and impressive results
involving inequalities for the numerical radius, visit [5], [10], [11], [12], [14], and [15].

Section 2 considerably improves the second inequality in (1.1). We also give a multiplicative
refinement of this inequality.

In order to achieve the purpose of this paper, we require the following lemmas.

)

Lemma 1.1. (6] If A, B € B (H) are positive operators, then

1 1 1
|4+ Bl <> <||A|| + 1Bl + \/ (4] - 1B1)* + 4| 4t B}

Lemma 1.2. (Buzano’s inequality [3]) If a, b, x are vectors in H, then

lall 1ol + [$a, ), 2

|
[{a, 2)| [z, b)] < 3 [

Lemma 1.3. [7] Let T € B (H) and let z,y € H be any vectors. If0 <t <1,
(T, )P < (TP Y22) (1T Py ).
Lemma 1.4. Let T' € B (H) be a self-adjoint operator, and let x € H be a unit vector. Then,
(Tz,z)* < (T%z, 7).
Proof. By the Cauchy-Schwarz inequality, we have

(Tx,2)* < |Tz|* = (Tw,Tz) = (T?z, 7).

2 Main Results

We prove our numerical radius inequality, which contains several inequalities as special cases.

Theorem 2.1. If A, B € B (H), then

w(A£B) < \/H3 |A\ +1B] )+|A*| +|B| H+2 (A2) + w (B2) + 2w (B* A)),

and
w(dxB) \/H3 (14 +1B°F) + 4P +BP| +2 (w (42) + 0 (B) + 2 (BA")).

More precisely,

(A4 8) < 3 (0 (4) 40 (B) 4 min (1.4,
where

:1H3 (\A|2+|B|2> +|A*|2+|B*|2H+w(B*A)

4 b)

and

1
= 2B (4P +1B°F) + 147 + |BP|| +w (BA").
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Proof. Substituting a = Sz, b = Tz with z € H, ||z|| = 1 in Lemma 1.2, then

2[(Sz, )| [(2, Tx)| = 2[(Sx, 2)| (T, )|
< 1Sz | T=]| + [{Sz, T'z)]
= [[Sz|[|Tz| + (T" Sz, z)]

= /(Sx, Sz) (Tz, Tx) + |(T*Sz, )|

= \/<|S|2m, x> <\T|2x,l‘> + (T Sz, )|

< % (18P, 2) + (ITP.2)) + (2" 5, 2)

(by the arithmetic-geometric mean inequality)

= % <(|S|2 + |T|2) x,x> + (T Sz, x)| .

Observe that

1 1
[(Sa,2)| (T, 2)| < <<|S\2 + |T|2) zx> + 5 (T Sz, 2. .1)
In particular, if 7% = S, then
1 . 1
|(Sz, z)|* < 7 <(\S|2 +15 |2) a:,x> + 5 |(S%z, z)]. (2.2)

So, we have
(A + B)a, )’
< ({Az,z)| + |(Bx,2)|)* (by the triangle inequality)
(Az, z)|* + |(Bz, 2)* + 2 |(Az, 2)| |(Bz, z)|
1

3 (’<A2x,x>| + ’<Bzx,x>‘ —|—2\<B*A;v,x>|)
1
+2 <(3 (|A|2 + |B|2> AT+ |B*|2) xx> (by (2.1) and (2.2))
w (A%) +w (B) + 2w (B*A)) + % |3 (147 +1BP) + 1477 +1B°P| .

Consequently,

w?(A+B) = sup |((A+ B)z,z)]

llzll=1

.

< % (w(4%) +w (B?) +2w(B*A)) + % |3 (147 +1BP) + 147 +1B°]
and so
W (A+B) < % (w (42) +w (B?) + 2w (B*A)) + % |3 (147 +1BP) + 147P + |B*\2H .
We get the first inequality if we replace B by — B in the last inequality.

The second inequality can be obtained from the first inequality by replacing A and B by A*
and B*, respectively.

The third inequality is evident due to the first and the second inequality. O
Corollary 2.2.
(i) Letting B = A in Theorem 2.1, we get
1 2\ 1 2 2
W (4) < 7 (w (42 + 1417) + g | 31aF + 147
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(ii) Letting B = A* in Theorem 2.1, we get

1 1
IRAIP < Jw (42) + 7 [14F + 147

9

where RA = %.

The following result can be obtained easily from the triangle inequality while we establish
it with the inner product methods. More precisely, the direct proof is: Assume that 7' € B (H)
with the polar decomposition 7' = U |T|. Then

w(T):w(T§”U+”T2|U> Sw(T”?U)Jr'?cv(U)-

Theorem 2.3. Let T' € B (H) with the polar decomposition T = U |T|. Then

w(T)Sw(T—”Z”U)—F”Tzlw(U).

Proof. It has been shown in [2, Theorem 3.3] that

2 2
2 2 17| 1Tl
< _ = =
KITI my>’ < <|T\ my> 57— (@9 + 5 [(z,9)]
T2
< I (e )
We can write this in the following form
T’ il
: SO i I
< _ LI
|(i7P2,9)| < [(1TPa,y) = T (@) + S5 ()
Jizr]
< L)l + el o)
So, by replacing \T|2 by |T|, we get
T T
1z < (1200 = 1 |+ 70 o

(2.3)

< B 91+ el ) -

If we replace y with U*y, in (2.3), we get

el < (-0 )|+ Bl e

17l

< = ({0z 9l + = 1U"yl) -

In particular, for any unit vector z € H

(Tz,z)| < '<<T— ”2T”U> mx>’ + @ (Uz,z)|

gw(T_'Z”U) +@w(m

ie.,

[(Tz,z)| <w (T— ”jzﬂU) + @w(U}.
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By taking supremum over all unit vector = € H, we infer that

w(T)gw(T_”Tz”U>+”T2|w(U),

as desired. O

Lemma 2.4. Let T € B (H). Then

)

il
7 - g = 20
H -

where I € B (H) is the identity operator.

Proof. By (2.3), we can see that

((m-12)-2) 5

for any unit vector z € Hl. Therefore,

71, I o 17
< —. .
Jiz1- 13 - 120y < 12 .
On the other hand,
i, 1T, I ||, 170
i1 =i =i = e B < i - ) L sy
Combining (2.4) and (2.5) implies the desired result. O

Lemma 2.5. If T € B (H) with the polar decomposition T = U |T|. Then

T T
-]

2 2
Proof. Indeed,
1|

IN

T —
2 2

_ U(|T| |T>H I

T T
I ||H+|| I

T T
71, , 120

IN

T -

IT]| (by Lemma 2.4).

Remark 2.6. It follows from Theorem 2.3 that
T T
w(l)<w T—uU —i—uw(U)
2 2
Il H 17|

IN

HT w(U)  (by the RHS of (1.1))

=(1+w(U)) HLZH (by Lemma 2.5).

Finally, we close this section by giving the following new bound using Lemmas 1.3 and 1.4.

Theorem 2.7. Let T € B (H) and let 0 < t < 1. Then

1 4 x4 ] 2 *222
wz(T)§2H|T| + |7 4+ S (1P + 1)
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Proof. We mimic some ideas presented in [9, 13]. If 0 < ¢ < 1/2, then

(1= oy + )’

— ((1 —2t) |T* + 2t <|T|2 Z T*|2>>

o o (1TP TR
< (1=20) |11+ 2t ———

(since f (t) = 2 is operator convex; see Theorem 1.5.8 in [1])

4 4 2 2\ 2
T T* T T+
=OMH“HWT%("Z'<"Z'>)-

A similar discussion holds for 1/2 < ¢ < 1. So we obtain

2
2 T+t (TP + T
(=04 0z PY < (- + oyt -2 | L1 _<||y |

On the other hand,
Tz, z)[* < (<|T|2(l_t);z:, z> <\T* 2tx,x>)2 (by Lemma 1.3)
< (<T|2x,x>lt<|T*|2x7x>t)2 (by [4, Lemma 3])

- ((1 4y <\T|2x,x> +t<|T*|2x,ﬂ$>>2

(by the weighted arithmetic-geometric mean inequality)

<((1 — TP+ t|T*|2> z, a:>2

< <((1 —t)|T) + tT*|2)2x,x> (by Lemma 1.4)

for any unit vector = € H. Hence,

2

T &7t T 4 |T*2

(T, z)|* < <((1 — )| T + )T = 2 ( | J;' " _ (' | J;' | T2 ).
If we take integral over 0 < ¢ < 1 in the inequality (2.6), we get

2

T A O A o A A R

< — _ _
@%@I_<(20ﬂ-ﬂTl) 2( . - 71

_1 4 w14 1 2 *22
=3 (it 3 (1 ) ) )

1 1 2
< g 5 (e ey

Namely,

I 1 2
4 4 x4 2 * |2

< - - .
(T, )] _4H|T + |7+ 5 (1P +17°) H
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By taking supremum over all unit vectors = € H, we obtain

1 1 2
4y < Ll VO 2
) < g it i (1R + i)

or ]
1 1 212
20 < gt 1z 5 (1 1)
O
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