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Abstract A lattice L is said to be lower-finite if the set [0, a] is finite for every element a of L.
This article provides a detailed proof that, if M is a subset of a complete lower-finite distributive
lattice L that contains the join-irreducible elements of L, and a an element of M which is not
join-irreducible, then Z s (b, a)bbelongs to the submodule (aAb+aVb—a—b|a,b € L)

beMN[0,a]
of the module ZL. This property was initially established by Zaslavsky for finite distributive
lattice. It will be seen that this property is the main ingredient to obtain the fundamental theorem
of dissection theory of Zaslavsky. This articles ends with a concrete application of that theorem
to face counting for submanifold arrangements.

1 Introduction

Recall that a distributive lattice is a partially order set with join and meet operations which dis-
tribute over each other. Standard examples are sets whose join and meet are the usual union and
intersection. Other examples include the Lindenbaum algebra of logics that support conjunc-
tion and disjunction, every Heyting algebra, and Young’s lattice formed by all integer partitions
ordered by inclusion of their Young diagrams. This article mainly aims to provide a complete
proof that, if L is a complete lower-finite distributive lattice, M a subset of L containing its join-
irreducible elements, f : L — G a valuation on L to a module G, and a an element of M which
is not join-irreducible, then

> pu(ba)f(b) =0. (1.1)

be(0,alNM

Its proof is carried out in several stages. We first consider the general case of posets in Section 2.
A proof of the lemma of Zorn [20] and an introduction to the Mgbius algebra Mob(L) of a
lower-finite poset L are namely provided. Although diverse proofs of Zorn’s lemma can easily
be found in the literature, new ones are still proposed other time like that of Lewin [11]. The
proof in Section 2 is inspired by the notes of Debussche [5] in § 2.II. The Mobius algebra was
discovered by Solomon [15] who defined it for finite posets. We give a proof of the Mobius

inversion formula, and of the fact that { Z wr(b,a)b
b€(0,a)

a € L} is a complete set of orthogonal

idempotents in Mob(L).
We study the special case of lattices in Section 3. After viewing some essential generalities, we

focus on the distributive lattices, and establish diverse properties like the distributivity of a lattice
L if and only if, for all a,b,c € L,cVa=cVband cAa =cAbimply a = b.

Those last properties are necessary to investigate the valuation algebra in Section 4. It is the
central part of this article, and principally inspired from the articles of Geissinger [7, 8], and
Zaslavsky [19]. In that section is particularly proved that if M is a subset of a complete lower-
finite distributive lattice L containing its join-irreducible elements, and a an element of M which
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is not join-irreducible, then Z was (b, a)b belongs to the submodule (a Ab+aVb—a—
beMN[0,a]

b|a,be L) of ZL. That allows to deduce Equation 1.1.

Thereafter, Equation 1.1 is used to deduce the fundamental theorem of dissection theory in

Section 5. This latter affirms that, if </ is a subspace arrangement in a simple topological

space T, and L a meet-refinement of L., then Z x(C) = Z pr (X, T)x(X). In its

CeCy XelL
original form in Theorem 1.2 of his article, Zaslavsky [19] stated this formula for CW com-

plexes. Remark that if all chambers have the same Euler characteristic ¢ # 0, then they are

1
#Cy = p Z pr(X,T)x(X) in number. Deshpande [6] showed a similar result in Theo-

XeL
rem 4.6 of his article for the special case of a submanifold arrangement with chambers having

the same Euler characteristic (—1)".

We finally compute the f-polynomial of submanifold arrangements from the dissection theorem
of Zaslavsky in Section 6. Chamber counting has probably its origin in the article of Steiner
[16] who studied the partition of plane using circles and lines, then that of R? using planes and
spheres. About 150 years later, Alexanderson and Wetzel [1] computed the numbers of the i-
dimensional faces for an arbitrary set of planes, and Zaslavsky [18] for hyperplane arrangements
in a Euclidean space of any dimension. One of our formulas is a generalization of those results as
it considers a submanifold arrangement <7 such that y(X) = (—1)%mX forevery X € L, UF,,
and states that f,(z) = (=1)*?M/(—x, —1) where M, is the Mobius polynomial of 7.
Moreover, Pakula [12] computed in Corollary 1 of his article the number of chambers of a
pseudosphere arrangement with simple complements. Another formula is a generalization of his
result considering a submanifold arrangement . such that

2 ifdimX =0 mod?2
0 otherwise

)

VO € Fuy: x(C) = (—=1)¥mC and VX € Ly : x(X)= {

and states

1 if dmX =0 mod 2

fd(x) = (_l)n—rkd(Md($7 _1)+’VHMM(_$7 _1)) Wlth’}/n = .
—1 otherwise

For some related study on lattices, see [2], [10], [13].

2 Poset

We begin with the general case of posets. A proof of the Zorn’s lemma is provided in particular,
and the Mobius algebra is described. That algebra plays a key role in this article.

Definition 2.1. A partial order is a binary relation < over a set L such that, for a,b,c € L,
e a=a,
e ifa <banda = b, thena = b,
e ifa<bandb <¢,thena < c.

The set L with a partial order is called a partially ordered set or poset, and two elements
a,b € L are said comparable if a < bora > b.

Definition 2.2. A poset L has an uppest resp. lowest element 1 resp. 0 € L if, for every a € L,
one has a < 1resp. a = 0. The poset is said to be complete if it has an uppest and a lowest
element.

2.1 Zorn’s Lemma

Definition 2.3. A subset C' of a poset P is a chain if any two elements in C' are comparable.
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Denote by Cy, the set formed by the chains of a poset L. A subset S of L has an upper resp. lower
bound if there exists u resp. [ € L such that s < u resp. [ < s for each s € S. The upper resp.
lower bound w resp. [ is said strict if u resp. [ ¢ S.

Definition 2.4. A poset L is said to be inductive if every chain included in L has an upper bound.

For an inductive poset L, and C' € Cy, let C< be the set formed by the strict upper bound of
C, and denote by &/, the set {C € C, | C< # (}. The axiom of choice allows to deduce the
existence of a function ¢ : 2%\ {#} — L such that, for every A € 21\ {}}, we have c(A) € A.
Define the functionm : &, — L, for C € &1, by m(C) := ¢(C<).

Definition 2.5. Let S, A be subsets of a poset L. The set S is called a segment of A if
SCA and Vse S,Vae A: s>a=a€S.

Definition 2.6. An upper resp. lower bound u resp. [ of the subset S of a poset L is called a join
resp. meet if u < a resp. b < [ for each upper resp. lower bound a resp. b of S.

Definition 2.7. A chain C of an inductive poset L is called a good set if, for every segment S of
C with S # C, we have S4 N C # () and m(S) is the meet of S. N C.

For elements a, b of a poset, by a < b we mean that a < b and a # b.

Lemma 2.8. Let A, B be nonempty good sets of an inductive poset L. Then, either A is a segment
of B or vice versa.

Proof. Note first that {) is a chain of L. As L is inductive, () has then an upper bound in L which
is necessary a strict upper bound, hence () € £. Moreover, since ) is obviously a segment of
both A and B which are good sets, then m(0)) € o N AN Band AN B # 0.

Fora € ANB, thesets S, 4 :={s€ A|s <a}and S, p := {s € B|s < a} are clearly
segments of A and B respectively. Set C :={a € ANB | S, 4 =S}, andletbe C,cec A,
with b > c. We have ¢ € S, 4 = Sp p, then ¢ € B which impliesc € AN B. If d € S, 4,
thend < ¢ < bimplies d € S, 4 = Sy B, hence b € S, g and S; 4 C S p. Similarly, we have
Se,B € Se,a, then ¢ € C. Therefore, C'is a segment of A and B.

Suppose now that C # A and C' # B. As A, B are good sets, then m(C) € AN B. Remark that
CU{m(C)} = Suc),a = Sm(c),5 then m(C) € C which is absurd. Hence C' = A or C = B,
in other words, A is a segment of B or vice versa. O

Denoting by Gy, the set formed by the good sets of an inductive poset L, set Uy, := U A.
A€gr

Theorem 2.9. If L is an inductive poset, then Uy, is a good set.

Proof. Fora,b € Up, there exist good sets S,, S, such thata € S, and b € S;,. Using Lemma 2.8,
we get either S, C Sp or S, C S,. That means either ¢ < b or a > b, and U}, is consequently a
chain.

Let Ac Gr,a€ A, and b € Ur, witha > b. There is B € G, with b € B. From Lemma 2.8,

« if Ais a segment of B, then A is a segment and b € A,
« if Bis asegmentof A,then BC Aandb € A.

In any case, we have b € A, then A is a segment of Uy,.

Consider a segment S of Uy, such that S # Uyr,. Since Uy, is a chain, necessarily Uy, \ S C S<.
Leta € Up \ S, and A € Gy, such that a € A. As A is a segment of Uy, then S & A and S is
a segment of A. Moreover, m(S) is the meet of S5 N A. If there exists b € S5 N Uy, such that
b < m(S), we would get b € A, which is absurd. Therefore, m(S) is the meet of S5 N Uy, and
Uy is a good set. O

Definition 2.10. An element a of a poset L is said to be maximal if there does not exist an
elementb € L\ {a} such that b >~ a.

Corollary 2.11 (Zorn’s Lemma). Every inductive poset L has a maximal element.

Proof. Recall that, since Uy, is a chain, it consequently possesses an upper bound. Suppose
U< # 0, and let w € Ur<. Then Uy U {u} is a good set which is absurd. Hence, Uy, has a
unique upper bound, contained in Uy, which is a maximal element of L. O
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2.2 Mbobius Algebra

For two elements a, b of a poset L such that a < b, denote by [a, b] the set {c € L | a < ¢ < b}.
Definition 2.12. A poset L is locally finite if, for all a,b € L such that a < b, [a, b] is finite.

For a locally finite poset L, denote by Inc(L) the module of the functions f : L? — Z with the
property that, if z,y € L, then f(z,y) =0ifz A y.

Definition 2.13. The incidence algebra Inc(L) of a locally finite poset L is the module of func-
tions f : L?> — Z, having the property f(a,b) = 0 if a £ b, with distributive multiplication
h = f - g defined, for f, g € Inc(L), by

h(a,b) :==0ifa A b and h(a,b) Z f(a,c)g(c,b) otherwise.
c€la,b]

1 ifa=0,

Its multiplicative identity is the Kronecker delta § : L? — Z with §(a, b) := .
0 otherwise

Definition 2.14. For a locally finite poset L, the zeta function {; and the Mobius function 1,
in the incidence algebra Inc(L) are defined, for a,b € L with a < b, by

1 ifa=1»
Cr(a,b):=1 and pr(a,b) =4 — Z pr(a,c) =— Z pr(c,b)  otherwise
c€la,b] c€la,b|
c#b c#a

Lemma 2.15. For a locally finite poset L, the zeta function is the multiplicative inverse of the
Moébius function in the incidence algebra Inc(L).

Proof. Fora,b € L witha < b, we have (y, - pr(a,a) = pr - Cr(a,a) =1 = §(a,a), but also

CL',UL(a7b) = Z /~LL(07 b) =0= §(a,b) and NL'CL(a7b) = Z /LL(G,,C) =0= 5(avb)

c€la,b] c€la,b|

O

The proof of the following proposition is inspired from the original proof of Rota [14] in Propo-
sition 2 of his article.

Proposition 2.16 (Mobius Inversion Formula). Let L be a locally finite poset, a,b € L with
a = b, and f, g two functions from L onto a module M over 7. Then,

Va € [a,b] Z fle) <= Vzelab]: f(z)= Z gle)pr (e, z).
c€la,z] c€la,z]
Proof. Assume first that, for every z € [a, b], Z f(c). Using Lemma 2.15, we get
c€la,z

> g@prle,z)= > Y fdupclex)= D> > f(d)Cu(d c)prlc )
c€la,x] c€la,z] d€a,c] c€la,z] d€a,c]
= Z Z f CL d C[,LL C, ’I Z f Z CL(CZ,C)ML(C,IL‘)
de€la,c] c€la,x] de€la,c] c€la,x]
= Y f@C-pda)= ) fd
dela,c] d€(a,c]

f(=).
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Similarly, if f(z Z g(c)ur (e, z) for every = € [a, b], we obtain
c€la,z]
> flo)= > 9@Durlde)= Y > gdurldc)rle,x) = Zg
c€la,z] c€la,z| d€la,c] c€la,z| d€la,c] d€(a,c]
= g()

O

Definition 2.17. We say that a poset L is lower-finite if the set {b € L | b < a} is finite for any
ac L.

For a lower-finite poset L and a € L, let uy,(a) be the element Z pr(c,a)cof ZL.

ceL
cla

Definition 2.18. The Mobius Algebra Mob(L) of a lower-finite poset L is the module ZL with
distributive multiplication defined, for a,b € L, by

a-b:= Z ur(e).

ceL
c=a,c=xb

Remark that the Mobius algebra was initial defined for finite posets by Solomon [15]. For a
lower-finite poset L with a lowest element, define the algebra Ay, := («, | a € L) over Z with

multiplication
{aa ifa =0,
gy 1=

0  otherwise -

To each a € L, associate an element a’ € Ay, by setting a’ := Z ap.
b€[0,a)

Lemma 2.19. For a lower-finite poset L with a lowest element, the set {a’ | a € L} forms a basis
of the algebra Ay,

Proof. From the Mobius inversion formula, we get a, = Z w(b,a)t'. Theset {a' | a € L}
be(0,a)

consequently generates Ay. Suppose that there exists a finite set I C L and an integer set

{ia}acr such that Z iqa’ = 0. If b is a maximal element of I, then ay Z iga’ = ipay = 0,

a€l a€l
hence i, = 0. Inductively, we deduce that i, = O for every a € I. The set {a’ | a € L} is
therefore independent. O

The following results were initially established by Greenl [9] for finite lattice.

Theorem 2.20. For a lower-finite poset L with a lowest element, the map ¢ : L — Ap, a — d
extends to an algebra isomorphism from Mob(L) to Ay,

Proof. The map ¢ clearly becomes a module homomorphism by linear extension, and an iso-
morphism by Lemma 2.19. Moreover, for a,b € L,

oa-v)=o( Y w@)= > o > udea)

c€0,a]N[0,b] c€(0,a]N[0,b] del0,c]
= Z Z w(d, c)d = Z Qe,
c€[0,a]N[0,b] d€[0,c] c€[0,a]N[0,b]

and p(a)p(b) =a'l = > acx Y ag= Y a. Theng(a-b) = ¢(a)¢(b), and ¢ s
c€l0,a] de[0,b] c€[0,a]N[0,b]
consequently an algebra isomorphlsm O
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Corollary 2.21. For a lower-finite poset L with a lowest element, the set {ur(a) | a € L} isa
complete set of orthogonal idempotents in Mob(L).

Proof. Since ¢(ur(a)) = Z pr(b,a)b’ = aq, then {ur(a) | @ € L} is a basis of Mdb(L).

be(0,a]
Moreover ¢ (ur(a) - ur(a)) = aqg = ¢(ur(a)), so the uz(a)’s are idempotents.
Finally ¢ (uz(a) - up (b)) = aqay, = 0if a # b, hence the u(a)’s are orthogonal. O

Corollary 2.22. Let L be a lower-finite poset with a lowest element, and M a subset of L con-
taining 0. Then, the linear map j : Mob(L) — Mob(M), which on the basis {ur(a) | a € L}

has the values
. L Jum (a) ifa S ]\47
i(ur (@) = {O otherwise,

is an algebra homomorphism.

Proof. Using Corollary 2.21, j(ur(a) - ur(a)) = j(ur(a)) = up(a) = j(ur(a)) - j(ur(a)) if
a € M. Otherwise, j(ur(a) - ur(a)) = 0 = j(ur(a)) - j(ur(a)). For a,b € L with a # b,
j(ur(a) - ur (b)) = 0=j(ur(a)) - j(uL(b))- O

3 Lattice

We study the special but important case of lattices. After viewing some generalities, we focus on
distributive ones, and establish diverse properties which are necessary to investigate the valuation
algebra in the next section.

Definition 3.1. A poset L is a join-semilattice resp. meet-semilattice if each 2-element subset
{a,b} C L has a join resp. meet denoted by a \ b resp. a A b. It is called a lattice if L is both a
join- and meet-semilattice, moreover V and A become binary operations on L.

Proposition 3.2. If a lattice L is lower-finite, then it has a lowest element.

Proof. For any a € L, the principal ideal id(a) has a lowest element which is 0, := /\ T.
z€id(a)

Consider b € L\ {a} and the lowest element 0y, of id(b). The fact 0, A 0, # 0, would contradict

the fact that 0, is the lowest element of id(a). Hence, L has a lowest element 0. O

3.1 Generalities on Lattice

Definition 3.3. A sublattice of a lattice L is a nonempty subset M C L such that, for all a,b €
M,wehaveaVbe MandaAbec M.

Definition 3.4. A lattice homomorphism is a function ¢ : L1 — L; between two lattices L
and L, such that, forall a,b € L,

p(aVvd)=p(a) V() and ¢(aAb)=p(a)Ap(b).

Definition 3.5. An ideal of a lattice L is a sublattice I C L such that, foranya € [ and b € L,
we have a A b € 1. If in addition  # L and, forany a A b € I, eithera € I orb € I, then [ is a
prime ideal.

Definition 3.6. Dually, a filter of a lattice L is a sublattice F' C L such that, for any ¢ € F' and
be L,wehaveaVbe F.Ifin addition F' # L and, forany a Vb € I, eithera € Forb € F,
then F' is a prime filter.

Proposition 3.7. A subset M of a lattice L is a prime ideal if and only if the subset L \ M is a
prime filter.

Proof. Assume that M is a prime ideal:
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e Ifa,be L\ M,clearlyanbe L\ MandaVbe L\ M since (aVb)Abe L\ M, then
L\ M is a sublattice.

s Ifae Mandbe L\ M,onceagainaVbe L\ M since (aVb)Abe L\ M,then L\ M
is a filter.

« IfaVvbe L\ M,itis clear that both a, b cannot be all in M, then L \ M is prime.

One similarly proves that if M is a prime filter, then L \ M is a prime ideal. O
Definition 3.8. Let L be a lattice, and a € L. The principal ideal generated by « is the ideal
id(a) := {b € L | b X a}, dually the principal filter generated by a is the filter fil(a) := {b €
L|b*>a}.

Definition 3.9. An element a of a lattice L is join-irreducible if, for any subset S C L, a = \/ b

bes
implies a € S. Denote by ji(L) the set formed by the join-irreducible elements of L.
Lemma 3.10. Let L be a lattice, and a € L. Then, a € ji(L) if and only if a # \/ b.
i<
Proof. Ifa € ji(L).asa ¢ {b€ L |b=<a}, thena# \/ b.
bel
b<a
Assume now that a # \/ b, and let S C L such that a = \/ b. Since b < a for every b € S, the
belL besS
b<a
only possibility is a € S, and consequently a € ji(L). O

The proof of the following proposition is inspired from that of Proposition 2.2 in the article of
Bhatta and Ramananda [3].

Proposition 3.11. Let L be a lower-finite lattice, and a € L. Then, a = \/ b.
b €id(a)Nji(L)

Proof. It is obvious if a € ji(L). Now, assume that a € L\ ji(L) and a # \/ b. The set
be€id(a)Nji(L)
S = {1: €L ’ x F# \/ b} is nonempty and has a minimal element c as L is lower-finite.
b €id(z)Nji(L)
Since ¢ # \/ b, then ¢ ¢ ji(L), and it follows from Lemma 3.10 that ¢ = \/ b. Clearly,

b€ id(c)nii(L) ber

c is an upper bound of the set X = U id(b) Nji(L). If w is another upper bound of X, then
beL
b<c

w is an upper bound of id(x) N ji(L) for every z € L with < ¢. As ¢ is minimal in S, then

T = \/ bif © < ¢, hence w is an upper bound of {b € L | b < ¢} implying u > .
b e€id(z)Nji(L)

Observe that X = | J (id(b) Nji(L)) = ji(Z£) N Jid(b) = ji(L) Nid(c). Therefore, c is a

belL beL
b<c b<c
minimal upper bound for id(c) N ji(L) which is a contradiction. m|

For two elements a,b of a lattice L such that a < b, let jo : [a A b, ] — [a, a V b] and
mg : [a, aVb] — [a Ab, b] be functions respectively defined by

jop(z):=aVvz and m,,(z) =z Ab.

Definition 3.12. A lattice L is modular if, for all a,b € L, x € [a A b, b], and y € [a, a V b], we
have

T = ma,bja,b('r) and Yy = ja,b ma,b(y)'
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Proposition 3.13. A lattice L is modular if and only if, for all a,b, z € L, we have
(avz)A(avb)=aV (zA(aVb)) and (aAz)V(aAb)=aA (zV (aAD)).

Proof. Assume first that L is modular. We have a < (a V 2) A (a Vb) = a V b. Letting
u=(aVz)A(aVb), we get

u=jopmgp(u) =aV ((aVz)A(aVb)Ab) =aV ((aVz)Ab).

Since it is true for all a, b, z € L, interchanging z and b, we obtain u = aV (z/\ (a\/b)). Likewise,
wehavea Ab 2 (2 Ab)V (aAb) < b. Lettingv = (2 Ab) V (a A D), we get

v=mgpjas(v) =bA ((zAb)V(aAb)Va)=bA((bAz2)Va).

Since it is true for all a, b, z € L, interchanging z and a, we obtainv = b A (2 V (a A D)).

Assume now that (aV z) A (aVb) =aV (zA(aVb))and (aAz)V(aAb) =aA (zV(aAb))
forall a,b,z € L. If a < z < a Vb, then

z=(aVb)Az=(aVb)A(aVz)=aV (bA(aV2)).
SinceaV z =z then z =aV (2 Ab) = j,p myp(2). Likewise, if a A b < z < b, then
z=(anb)Vz=(bAa)V(zAb)=bA (aV (2AD)).

Andsince z Ab =z thenz =bV (a A 2) = Mg pjab(2). i

3.2 Distributive Lattice

Proposition 3.14. Let L be a poset, and a,b, c € L. The condition
aN(bVe)=(aAb)V(aNnc) isequivalentto aV (bAc) = (aVb)A(aVc).
Proof. Assume thata A (bV ¢) = (a Ab) V (a A c). Then,
(avb)A(aVe)=((avb)Aa)V ((aVb)Ac)
=aV

=aV

(
=aV(
(
(

(anb)V(ane)=((anb)Va)A((anb)Ve)=an(bVec).
O
Definition 3.15. A lattice L is distributive if, for all a,b,c € L,a A (bV ¢) = (a Ab) V (a A c).

Denote by Z;, the poset formed by the ideals of a lattice L with inclusion as partial order. It is a
lattice such that, for I, J € Zp,, I vV J := ﬂ Kand I AN J = U K.

KeTp KeTp

I,JCK KCINJ
Theorem 3.16. Let L be a distributive lattice, I an ideal of L, and F a filter of L such that
INFE = 0. Then, there exists a prime ideal P of L such that I C P and PN F = {).

Proof. Set X; p:={M €I |I C M, MNF = 0}. Itis a poset with inclusion as partial order,

and is nonempty since I € X7 r. Consider a chain £ € Cx, ., and let E = U E. Ifa,beF,

Ceg
thena € Aand b € B for some A, B € £. Since £ is a chain, either A C B or A O B hold, so

let assume A C B. Then,a € B,anda Vb € B C FE, as B is an ideal. Moreover, if ¢ € L, then
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aNc€ AC E,as Ais also an ideal. We deduce that £ € 7. Besides, ] C Eand ENF = ()
obviously hold. Hence, E is an upper bound of £ in X7 . Therefore, X7 r is an inductive poset,
and Zorn’s lemma allows to state that it has a maximal element P.

Suppose that P is not prime. Then, there exists a,b € L such that a,b ¢ Pbuta Ab € P. The
maximality of P yields (P Vid(a)) N F % ( and (P Vid(b)) N F # (. Thus, there are p,q € P
suchthat pVa € F,qVb e F,and (pVa)A(¢qVb) € Fsince F is a filter. Expanding by
distributivity, we obtain

(pva)A(gvd)=((pVa)Ag)V((pVa)Ab)=(pAg)V(aAg)V(pAD)V (anb)

which belongs to P. That means P N F # () or a contradiction. O

Corollary 3.17. Let L be a distributive lattice, I € Iy, and a € L such that a ¢ I. Then, there
exists a prime ideal P of L such that I C P and a ¢ P.

Proof. Remark that I # fil(a) = (), otherwise, if b € I # fil(a), then b A a = a € I, which is
absurd. Now, for the proof, we apply Theorem 3.16 to I and F' = fil(a). O

Corollary 3.18. Let L be a distributive lattice, and a,b € L such that a # b. Then, L has a prime
ideal containing exactly one of a and b.

Proof. If a and b are not comparable or b < a, then a ¢ id(b). It remains to apply Corollary 3.17
to I =1d(b). ]

Theorem 3.19. A lattice L is distributive if and only if, for all a,b,c € L, ¢V a = ¢V b and
cNa=cAbimplya=nh.

Proof. Suppose first that L is distributive and that there exist a,b,c € L suchthataVec=5bV ¢
and a A ¢ = b A c. Then,

a=aV(anc)=aV (bAc)=(aVb)A(aVec)=(aVO)A(DbVe)=bV(aAc),
which implies a < b, and similarly we have b < a.
Suppose now thataVc=bVcandaAc=bAcimplya="b.Ifx € [a A b, b],

« asz <X bA(aVz)thenaVe < aV (b/\(a\/x)), asaVz = bA(aVz)thenaVr = aV (b/\(a\/z)),
hence a V& =aV (bA (aV z)) on one side,

« onthe otherside,a Az =aAbAz=aAbA (aVz).

By canceling a, we obtain z = mg pjop(z). f y € [a, a V], asy = aV (bAy)thenb Ay =
bA(aV(bAy)),asbAy 2 aV (bAy)thenbAy X bA (aV (bAy)), hence bAy = bA (aV (bAY))
onone side, andbVy =aVbVy=aVbV (bAy) on the other side. By canceling b, we obtain
Y = ja,p My (y). Therefore, L is modular.

Leta* = an(bVe), b* = bA(cVa), and ¢* = cA(aVbh). Then, a*Ab* = an(cVa)AbA(DVc) = aAb,
a*Ac* = anc, and b* Ac* = bAc. Setd = (aVb)A(bVc)A(cVa). Using twice Proposition 3.13,
we get

a*Vb*=a*V (bA(aVe)) =(a*Vb)A(aVc)
= (((b\/c)/\a)\/b)/\(a\/c):(b\/c)/\(a\/b)/\(a\/c)
=d.
By symmetry, we also have a* V ¢* = b* V ¢* = d. Hence,
s c*Va*V(bAe)=c*Vb*V(aAc)=d,
candc* A (a*V(bAc)) = (c"Aa*)V(bAc)=(c"Ab*)V (anc)=c" A (b*V (aAc)).
By canceling ¢*, we obtain a* V (b A ¢) = b* V (a A ¢), whence
a*V({bAc)=a*"V(bA)VV V(aAc)=a* Vb =d.

It follows that (a Vb) Ac=c* =c* Ad=c*"A(a*V (bAc)) = (aAc)V(bAc), hence L is
consequently distributive. O
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4 Valuation on Lattice

This section is the central part of this article. After defining the valuation algebra and showing

some important properties, we prove that if M is a subset of a complete lower-finite distributive

lattice L containing its join-irreducible elements, and a an element of M which is not join-

irreducible, then Z war (b, a)b belongs to the submodule (a Ab+aVb—a—0b|a,be L)
beMN[0,a]

of ZL. It would not have been possible to write the first two subsections without the articles of

Geissinger [7, 8], and the third without that of Zaslavsky [19].

Definition 4.1. A valuation on a lattice L is a function f from L to a module G such that, for all
a,be L,

flanb) + flavb) = fla) + f(b).

4.1 Valuation Module

Definition 4.2. The valuation module of a lattice L is the module Val(L) := ZL/N(L), where
N(L) is the submodule (¢ Ab+aVb—a—b]a,be L) of the module ZL.

Proposition 4.3. Let i : L — Val(L) be the natural induced map for a lattice L. Then, i is a
valuation, and, for every valuation f : L — G, there exists a unique module homomorphism
h: Val(L) — G such that the following diagram is commutative

L</‘>al

Proof. tis clear that i is a valuation as i(a Ab) +i(aVb) —i(a) —i(b) = aAb+aVb—a—b=0.
Besides, we get the homomorphism A by setting

Va € L: h(a) := f(a) and Vz,y € Val(L): h(x +y) = h(z) + h(y).
O

Proposition 4.4. For lattices Ly, Ly with natural induced maps 11,1, respectively, a lattice ho-
momorphism ¢ : Ly — L, induces a unique module homomorphism ) : Val(L,) — Val(L;)
such that, for every a € Ly, ¥ii(a) = ixp(a).

Proof. We obtain the homomorphism 1 by setting

Va € Ly : ¥(a) :==p(a) and Vz,y € Val(Ly): ¥(z+1y) =(z) + ¥(y).

Proposition 4.5. For any prime ideal or prime filter M of a lattice L with natural induced map
i, each element of i(M) is linearly independent of those ini(L \ M) and vise versa.

Proof. Assume that M is a prime ideal, and consider the indicator function 1, : L — Z defined

1 ifae M
as 1 = . Fora,be L,
m(a) {0 otherwise “

e ifa,b € M, we clearly have 15;(a Ab) + 1p7(aV b) = 1p(a) + 10(b) =2,

« ifae Mandb¢ M,since (aVb)Ab=10b¢ M,thenaVvb ¢ M and 1, (aAb)+1a(aVbd) =
lM(a) -+ 1]\4(1)) =1,

o ifa,b ¢ M,thenaAb ¢ M, the fact (a Vb) Ab = b ¢ M implies a Vb ¢ M, and
lM(a/\b)—i—lM(a\/b): lM(a)—f—lM(b) =0.
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Therefore, 1, is a valuation on L. One similarly proves that if M is prime filter, then 1,; is

also a valuation on L. We know from Proposition 4.3 that there exists a unique homomorphism
L —— Val(L)

h : Val(L) — Z such that the diagram 8% Jh is commutative. As hi(a) = 1, for

Z
every a € M, and (i(b) | b € L\ M) C ker h, each element of i(M) is then linearly independent
of those ini(L \ M). Likewise, Proposition 3.7 allows to state that 1y, 5, is a valuation, then one
also proves that each element of i(L \ M) is linearly independent of those in i(M). ]

Proposition 4.6. The natural induced map i : L — Val(L) of a lattice L is an injection if and
only if L is distributive.

Proof. If L is distributive, we know from Corollary 3.18 that any two different elements a,b € L
can be separated by a prime ideal, hence Proposition 4.5 allows to deduce that i(a) and i(b) are
independent in Val(L).

If L is not distributive, then, by Theorem 3.19, it contains distinct elements a, b, c with cVa = ¢Vb
and ¢ A a = ¢ A b. Hence, i(a) +i(c) =i(cVa)+i(cAa) =i(cVb)+i(cAb) =i(b) +i(c),
and i(a) = i(b). i

Proposition 4.7. Let L be a distributive lattice, and a,, . .., an,b € Lwithb ¢ | /\ a;, \/ a; ).
1€[n] i€[n]

Then, b is linearly independent of {ay, ... ,a,} in Val(L).

Proof. If b ¢ id( \/ ai>, then there exists a prime ideal P such that {a;,...,a,} C P and
i€[n|

b ¢ P by Corollary 3.17, and b is linearly independent of {a, ..., a,} by Proposition 4.5.
Ifb e id( \/ ai), then b ¢ ﬁl( /\ ai), otherwise b € | /\ a;, \/ a;] which is a contradic-
i€[n] i€[n] i€[n] i€[n]
tion. Hence, id(b) N ﬁl( /\ a; ) = (), and there exists a prime ideal P such that id(b) C P and
i€[n]
Pn ﬁl( /\ ai) = () by Theorem 3.16. As {ai,...,a,} C ﬁl( /\ ai), we once again obtain

i€[n] i€[n]
the independence of b by Proposition 4.5. O

As the lattice L with either the operation V or A form a semigroup, the module ZL may con-
sequently be considered as an algebra with either V or A as multiplication. Besides, if L is
distributive, Proposition 4.6 allows to identify L with i(L).

Proposition 4.8. If L is a distributive lattice, then N(L) is an ideal of the algebra ZL for both \/
and N as multiplication.

Proof. For a,b,c € L, we have
(anb+avVb—a—b)Ac=(aAb)Ac+(aVb)Ac—arhc—bAc
=(anc)ANbAS)+(anc)V(bAc)—aNc—bAc

which belongs to N(L). Then, by linearly extension, we get (a Ab+aVb—a—0b) At € N(L)
for any ¢t € ZL. Similarly, we have

(anb+avb—a—-b)Ve=(aVe)A(bVe)+(aVe)V(bVe)—aVe—bVeeN(L).

4.2 Valuation Algebra

If the lattice L is distributive, Proposition 4.8 allows to state that the valuation module Val(L)
becomes a commutative algebra for either V or A as multiplication.
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Definition 4.9. The valuation algebra is the algebra (Val(L), V) or (Val(L), A) for a distributive
lattice L.

Lemma 4.10. Let L be a complete distributive lattice, and define the map 7 : Val(L) — Val(L)
by 7(z) :== 140 — x. Then, for a,b € L, we have 7(a V b) = 7(a) A 7(b).

Proof. Wehave1+0—aVb=14+04+aAb—a—-b=(14+0—a)A(1+0-0). O
Proposition 4.11. Let L be a complete distributive lattice, n € N*, and ay,...,a, € L. Then,
we have 1 — \/ a; = /\ (1 — a;), that is

i€[n] i€[n]

Vo= 301 Y A

’LE[n k=1 [C[n LEI
#I=k

Proof. Using Lemma 4.10 and 0 A (1 — a;) = 0, we obtain

7'( \/ ai):O—i—l— \/ai: /\T(ai): /\(O—i—l—a,;):O—i- /\(17(114).

i€[n] i€[n] i€[n] i€[n] i€[n]

Then 1 — \/ai: /\T(ai): /\(l—ai):1+Z(—1)kZ /\ai. O

1€[n] 1€[n] i€[n| k=1 IC[n]i€l
#I=k
Corollary 4.12. Let L be a complete distributive lattice, n € N*, ay,...,a, € L, and f a

valuation on L. Then,

F(V a) =30 Y Aa).

i€[n] k=1 ICIn] el
#I=k

Proof. If f is a valuation to module GG, we know from Proposition 4.3 that a unique module
homomorphism h : Val(L) — G such that hi = f exists. Then, using Proposition 4.11, we
obtain

(Vo) =1V o) =5

i€[n] i€[n

n

(A w) = X0 Y (Aw)
k=1 i€l k=1 IC[n] i€l
#I k #I=k

O

Theorem 4.13. Let L be a complete lower-finite distributive lattice. Then, Val(L) is equal to
Zji(L) as modules.

Proof. We obviously have 0 € ji(L). Let a € L, and assume that every b € L such that
a > b is a linear combination in Val(L) of a finite number of elements in ji(L). We know from
Proposition 3.11 that there exists a subset {by,...,b,} of ji(L) such that a = \/ b;. Using

i€[n]

Proposition 4.11, we get a = z:(—l)k_1 Z /\ b; with a >~ /\ b; for each I C [n]. Thus ji(L)

k=1 IC[n] i€l iel
#I=k
generates Val(L).
Assume now that every subset with cardinality n — 1 in ji(L) is independent, and consider a
subset of n elements {ay,...,a,} C ji( ). We can suppose that a,, is a maximal element in that
set. Since a, # \/ a;, then a, ¢ /\ a;, \/ ai]. We deduce from Proposition 4.7
1€n—1] 1€[n—1] i€[n—1]

that {a1, ..., a,} is independent. Hence ji(L) is an independent set in Val(L). i
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Corollary 4.14. If L is a complete lower-finite distributive lattice, then every valuation of L is
determined by its values on ji(L) which can be assigned arbitrarily.

Proof. 1If f is a valuation to a module GG, we know from Proposition 4.3 that a unique module
homomorphism A : Val(L) — G such that hi = f exists. We know from Theorem 4.13 that, if

a € L, there exist subsets {\1,...,A\,} C Z and {a4,...,a,} C ji(L) such that a = Z AiG;.

i€[n|

Then, f(a) = h(a) = h( 3 )\iai) =3 Nh(a) =3 Mif(ar). o
ich] ich]

i€[n]
For aposet L, and a,b € L, we writea < bifa <band {c€ L|a < c < b} = 1.

Proposition 4.15. Let L be a distributive lattice, and a € ji(L) such that a is not minimal. Then,
there exists a unique element a* € L such that a* < a.

Proof. Suppose that there exist two different elements b, ¢ € L such that b < @ and ¢ < a. Then,
bVerbbVercandbVe ¢ {bc}. The only possibility is bV ¢ = a which contradicts the
join-irreducibility of a. O

Let L be a distributive lattice having a lowest element 0. Define
eo:=0€ Val(L) and e,:=a—a" € Val(L) foreach a € ji(L) \ {0}.

Theorem 4.16. Let L be a complete lower-finite distributive lattice. Then, {e, | a € ji(L)} is an
orthogonal idempotent basis of Val(L).

Proof. Fora,b € ji(L)\ {0} with a # b, we have eg Aeg = egand e, Aeg = aA0—a* A0 =0,
eaNeg=aNa—aNa*—a*Na+a*Na*=a—a* —a* +a* =e,, and

eaNep=aAb—aANb"—a* ANb+a* Ab*

_Jo=b"—b+ b ifa*=1b

@t AL —a* Ab* —a* Ab*+a* Ab* otherwise

=0.
Then, {ea |a € ji(L)} is orthogonal idempotent. Assume now that every subset with cardinality
n—1in{e, | a € ji(L)} is independent, and consider a subset of n elements {e,,, ..., €4, }. We
can suppose that a,, is a maximal element in the set {a1, ..., a,}. Since a,, # \/ a;V \/ a;,

i€n—1] i€[n]
then a,, ¢ [ /\ a; A /\ a;, \/ a; V \/ a;]. We deduce from Proposition 4.7 that a,,
i€[n—1] i€[n| i€n—1] i€[n]

is independent of {ay,...,a,_1,a},...,a’}. Hence ¢, is independent of {e,,,...,e,,_,}. and
{€q,,---,€q,} is consequently an independent set in Val(L). Finally, since there is a natural
bijection a — e, between ji(L) and {e, | a € ji(L)}, by Theorem 4.13 the latter is also a basis
of Val(L). O

4.3 Identities on Valuation Algebra

Theorem 4.17. Let L be a complete lower-finite distributive lattice. Then,

VeeL:z= Z H’_]l(L)(bv a)b
a,beji(L)
b=<a=<x
Proof. If a € ji(L), then a = e, + a*, particularly 0 = eo. Now, consider any = € L \ ji(L), and
assume that, for every b € L such that b < x, we have b = Z eq. There exist b,c € L\ {z}

deji(L)
d=<b
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such that x = bV c. Note that b A ¢ = Z eq as the e;’s are orthogonal idempotent. Hence,

deji(L)
d=bAc

bVe=b+c—bAc= Z eq. Besides, remark that, for any y € ji(L) Nid(x),
d €ji(L)N(id(b)Uid(c))
there exist b,c € L \ {z} such that y < band bV ¢ = z. Therefore, z = Z €d-

deji(L)
d=<z

Let b be the natural bijection a — e, between ji(L) and {e, | a € ji(L)}. For a € ji(L), we have

i(a) = Z b(d). Then, using the Mébius inversion formula, we obtain
d €ji(L)N[0,a]

b(a) = Z i) (d, a)i(d) or e, = Z piicz)(d, a)d.

d €ji(L)N[0,a] deji(L)
d=<a
We obtain the result by combining z = Z e, With e, = Z tiicr) (d, a)d. m|
a€ji(L) deji(L)
a=xx d=a

Lemma 4.18. If L is a lower-finite distributive lattice, then (ZL, /\) is naturally isomorphic to
the Mobius algebra (MSb(L), -).

Proof. For a € L, we have ug(a) = Z pr(c,a)e. The Mobius inversion formula conse-
c€[0,a]
quently allows to state that a = Z ur(c). Then, for a,b € L, we have
c€(0,a]
a-b= Z ur(c) = Z ur(c) =aANb.
c€0,a]N[0,b] c€[0,anbd]
i

Lemma 4.19. If L is a complete lower-finite distributive lattice, then (Mob(L)/N(L), ) is iso-
morphic to the Mobius algebra (Mﬁb (ji(L)), )

Proof. By Lemma 4.18, we get Mob(L)/N(L) ~ ZL/N(L) ~ Val(L). We know from The-
orem 4.13 that Val(L) is isomorphic to Zji(L) as modules. Now, as algebras, (Val(L),A) is

naturally isomorphic to (Mbb (ji(L)), ) since, for a,b € ji(L), Theorem 4.17 allows to state
that

b= Z uji(z)(¢) = Z ujiry(c) = a Nb.

c€[0,a]N[0,b]Nji(L) c€[0,anb]Nji(L)

O

The following theorem is the main result of this article. Zaslavsky [19] originally proved it in
Theorem 2.1 of his article for every finite distributive lattice. This latter is obviously complete,
lower-finite, and contains its join-irreducible elements.

Theorem 4.20. Let L be a complete lower-finite distributive lattice, and M a subset of L such
that ji(L) C M. Ifa € M \ ji(L), then

upr(a) € N(L).

Proof. Consider the linear maps j : Mob(L) — Mob(ji(L)), ji : M6b(L) — M6b(M), and
j2 : Mob(M) — Mob(ji(L)) which on the basis {uz(a) | a € L}, and {un(a) | a € M}
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respectively have the values

i(us(a)) == {uji(L)(a) if a € ji(L), L i (un(a) = {UM(CL) ifac M,

0 otherwise 0 otherwise ’

al’ldjz (UJW(CL)) =

iy (a) ifa € ji(L),
0 otherwise

Then, j, j1, and j, are algebra homomorphisms by Corollary 2.22. Moreover, as the diagram

Mob(L) ——+ Mob(M)

~ b

Mb(ji(L))

is commutative, then ups(a) € kerj, C kerjifa € M \ ji(L).

Finally, since M&b (ji(L)) ~ M&b(L)/ ker j like proved in II-Theorem 6.12 of the book of Burris
and Sankappanavar [4], we obtain kerj = N(L) using Lemma 4.19, and then wus(a) € N(L) if
a€ M\ji(L). o

Corollary 4.21. Let L be a complete lower-finite distributive lattice, M a subset of L such that
ji(L) € M, and f : L — G avaluation on L. If a € M \ ji(L), then

Y. uu(ba)f(b) =0.

be(0,alNM

Proof. Let h : Val(L) — G be the module homomorphism associated to f as in Proposition 4.3.
We already know from Lemma 4.18 that Val(L) ~ Mob(L)/N(L). By Theorem 4.20, we then
obtain

> pa(ba)p=0
be[0,a]NM
p( > mulbia)p) = h(0)
be(0,a]NM
Z pr(b,a)h(b) =0
be[0,alnM
Z piar (b, a) f(b) = 0.
be(0,a]NM

5 Dissection Theory

We use Corollary 4.21 to prove the fundamental theorem of dissection theory in this section.
Denote by H,,(T) the n™ singular homology group of a topological space T for n € N.

Definition 5.1. A topological space T is simple if the groups H,(T) have finite ranks, only
finitely many of them are nontrivial, and rank Hy(T") = 1.

Definition 5.2. Let us call subspace arrangement a finite set of simple subspaces in in a simple
topological space T'.

For a subspace arrangement < in T, let L, := { ﬂ H e 2T\ {0} ‘ P C 42%} be the poset

He%A
with partial order < defined, for A, B € L,/,by A < Bifandonlyif A C B.
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Definition 5.3. Let <7 be a subspace arrangement in a simple topological space 7. A meet-
refinement of L, is a finite poset L C 27\ {(} with the same partial order as that defined for

L, such that U X = U H and
XeL Hed

« any element in L., is a union of elements in L,
« any nonempty intersection of elements in L is also a union of elements in L.
Denote by C(X) the set formed by the connected components of a topological space X, and let

</ be a subspace arrangement of 7'. The set LS, := LWI_I{C( ﬂ H) B C A, ﬂ H # Q)}
He% He%

is for instance a meet-refinement of L ;.

Definition 5.4. Let </ be a subspace arrangement in a simple topological space T, and denote

by C, the set formed by the connected components of 7"\ U H. An element of C', is called

Heof
chamber.

Consider a subspace arrangement <, and a meet-refinement L of L. Let D(L) be the finite
distributive lattice of sets generated by L LI C',, through unions and intersections, that is
D(L) ::{ U4 Uy X‘MQLDQC'%}.
AeM XeD

In that case, for A, B € D(L), wehave AV B=AUBand ANB=ANB.

Lemma 5.5. Let o7 be a subspace arrangement in a simple topological space T, and L a meet-
refinement of L. Then, ji(D(L)) C {0} U LU C,y.

Proof. Every element of D(L) \ ({0} UL LIC,y) is the union of at least two elements of LI C,,.
Then, none of them can be join-irreducible. O

Theorem 5.6. Let o/ be a subspace arrangement in a simple topological space T, L a meet-
refinement of Ly, and f a valuation on D(L). Then,

YO = Y (X T)F(X).

CeCy XeLu{o}

Proof. Note first that T € Lbut T ¢ ji(D(L)) as T = U HU U C'. From Corollary 4.21

Hed CeCy
and Lemma 5.5, we get

Z H{pruLuc,, (A,T)f(A) =0.
Ae{0}ULUC »
The result is finally obtained after taking into account the following remarks:
« if C € Cy, then H{pyuLuc,, (C» T) = —H{p}uLLC,y (C, C) = -1,
« if X € {@} U L, then [X, T} NCy = 0, hence H{0}ULUC,, (X, T) = IUJ{Q)}HL(X, T).

Definition 5.7. The Euler characteristic of a topological space T is
x(T) = Z(—l)” rank H,,(T).
neN
We can now state the fundamental theorem of dissection theory.

Corollary 5.8 (Fundamental Theorem of Dissection Theory). Let <7 be a subspace arrangement
in a simple topological space T, and L a meet-refinement of L. Then,

D X0 = p(X, T)x(X).

CeCy XeL
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Proof. 1t is known that x(A) + x(B) = x(AU B) + x(AN B), for A, B C T, like stated for
example at the end of § 12.4 in the book of tom Dieck [17]. The Euler characteristic is then a

valuation on D(L). Moreover, x(#) = 0 by definition. We consequently obtain the result by
using Theorem 5.6 with y as a valuation.

i
x = cos(%)
Example 5.9. Consider the arrangement </ of parametric 1-spheres H; : { y = sin(F) cos(t),
z = sin(%) sin(t)
= —cos(§) x = cos(%) sin(t) x = cos(%)sin(t)
Hy @ qy=sin(§)cos(t), Hz: qy=cos(¥)cos(t), Hs: qy=cos(5)cos(t), where
z = sin(§) sin(t) z =sin(%) z = —sin(§)

t € [0,27], in S? represented on Figure 1. On one side, C,, has 6 chambers having Euler

characteristic 1, and 1 with Euler characteristic 0, then Z X(C) = 6. On the other side

CeCy
> g, (X, SX(X) = pr, (S5 SIS + > i, (Hi, S*)x(H)
X€EL,y i€[4]
+ pip,, (Hy N Hs, S*)x(H N H3) + pp,, (Hy N H3, S*)x(Hy N H3)
=1x24+4x(-1)x0+1x2+1x2
=6.
80 |
\
\\
zaj
-1.001.00
v
y=0.00 -
1.00
1.00

x=0.00 1.00

Figure 1. 1-Sphere Arrangement of Example 5.9

Corollary 5.10. Let o7 be a subspace arrangement in a simple topological space T, and L a
meet-refinement of Loy. Suppose that every chamber of </ has the same Euler characteristic

¢ # 0. Then,

o = % Z o (X, T)x(X).

XelL
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Proof. 1t is obviously a consequence of the fundamental theorem of dissection theory where
x(C) =cforC e Cy. i

6 Face Counting for Submanifold Arrangement

We use the fundamental theorem of dissection theory to compute the f-polynomial of submani-
fold arrangements having specific face properties.

Definition 6.1. Let <7 be a subspace arrangement in a simple topological space T, and X € L.
The induced subspace arrangement on X is the subspace arrangement in X defined by

dx ={HNX |Heo, HNX ¢ {0,X}}.

Let Fyy := |_| Cy, , and call an element of F, a face of «7.
X€Ly

Definition 6.2. A n-dimensional manifold or n-manifold is a topological space with the prop-
erty that each point has a neighborhood that is homeomorphic to R™, and a submanifold of a
n-manifold 7 is a k-manifold included in 7" where k € [0, n]. Moreover, we say that a manifold
is simple if it is simple as a topological space.

Definition 6.3. Let us call submanifold arrangement in a simple n-manifold 7" a finite set .o
of simple submanifolds in 7" such that every element of L. U F, is a submanifold.
Example 6.4. Consider the arrangement &/ of 1-manifolds H, : y = 6sin(x), H, : y = = +

%
cos(z), H. 674 + E = 1 in R? represented on Figure 2. We see that

> o, (X R)N(X) = pup,, (R?RA)X(R?) + g, (Hy, RY)X(Hy) + pi,, (Ha, R?)x(Hp)
X€Ly
+ pr,, (H3, R?)X(H3) + pr,, (Hi N Hy, R?)x(H; N H)
+ pr,, (Hy N Hy, R?)x(Hy N H3) + pr,, (Hy N H3,R?)x(Hy N H3)
=Ix1+(-)x(-1)4+(-1)x (=) +(-1)x0+1x34+1x10+1x2
=18

is the number of chamber in C,.

Definition 6.5. Let <7 be a submanifold arrangement in a simple n-manifold 7', and x a variable.
For k € [0,n], denote by f;(«7) the number of k-dimensional faces of <. The f-polynomial of

A is
> fi()an”

ke0,n]
Proposition 6.6. Let o/ be a submanifold arrangement in a simple n-manifold T. Suppose that

Vk € [0,n], VX € Ly, dimX =k : x(X) = Iy,
Vk € [0,n], YC € Fuy, dimC =k : x(C) = ¢, # 0.

Then,

Y Y Y Y Fuyvet

i€l0,n] YELy ke(O, z]XGLU{y
dimY'=i dim X =k
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-10

Figure 2. Submanifold Arrangement of Example 6.4

Proof. Using the fundamental theorem of dissection theory, we get

fi(of)= Y #Cp,,

YeELy
dim Y=
1
LYY, (XX
' Y€Ly X€Ly,y
dimY =4

-3 Y Y B, ()

Y€Ly ke[0,i] XELyy,
dimY'=i dim X =k

=Y Y Y Euxw

Y €Ly k€0,i] XELyy,
dim Y’ =i dim X =k

O

Definition 6.7. Let </ be a submanifold arrangement in a simple n-manifold 7. The rank of
X € Ly istk X :=n —dim X, and that of &7 isrk./ := max{rk X | X € Ly }.

Definition 6.8. Let ./ be a submanifold arrangement in a simple n-manifold 7', and z,y two
variables. The Mobius Polynomial of o7 is

My (z,y) = Y pr, (X, Y)a Xyhe iy,
X,YELy

Corollary 6.9. Let </ be a submanifold arrangement in a simple n-manifold T'. Suppose that
X(X) = (=1)4mX for every X € Lo U Fyy. Then,

for(z) = (=1)* My (—z,—1).
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Proof. From Proposition 6.6, we obtain

= > > D (DT (X Y)et

i€[0,n] YGLo{ ke(0,i] X EL oy,
mY=i dim X =k

Z Z d1m X —dim Y L ()(7 Y)xn—dim X

Y€Ly XELQ(Y

= Z Z (_l)n*dimYHLd()QY)(_l)dimenxnfdimX

Y€Ly XELuy

= 3 ) i, (X V) ()

Y€Ly X€Ly,,
l)rk‘d Z Z MLW(X) Y)(_x)rkX(_l)rkY—rk;z{
Y €Ly XELu,

= (=1)* My (—z,—1).

Corollary 6.10. Let o7 be a submanifold arrangement in a simple n-manifold T. Suppose

2 ifdimX =0 mod2

VC € Fop : xX(C) = (—=1)™C and VX € Ly : x(X) =
0 otherwise

1 if dim X = 2
Moreover, define v, := { 1 lft;lm ) 0 mod . Then,
—1 otherwise

fo(z) = (—1)"_rk‘d(M£¢(x7—1) + My (—z,—1)).

Proof. From Proposition 6.6, we obtain

= Z Z Z Z _1)_iX(X):uL.Q¢(X7 Y)wn_k

i€[0,n] YGLQ;/ ke[0,i] XEL oy,
dimY= dim X =k

Z Z —dimY (X),UL,Q{ (X,Y).’L‘n_dimx

Y €Ly XELy,

Z Z ULM X Y) rkX(_l)rkY

Y€Ly X€ELy,,

— n tk of Z Z 'U'Lg« X Y) rkX(_l)rkdfrkY

Y€Ly XELuy,

:(,1)n7rkd Z Z ML(d(X,Y)mrkX(inrkdfrkY

Y€Ly XELy,

T ST ST (Y (X (Y
Y€L.y XEL oy,

= (=) My (z, —1) 4+ (= 1), My (—, —1).
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