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Abstract. In this paper, we will study the following class of non-coercive unilateral elliptic
problems:

N
— ZDiai(x,u, Vu) +I'(z,Vu) = f(z,u) inQ,
i=1

u=20 on 0Q,

where Q is an open bounded set of RN (N > 2), with f(z, s) and I'(z, ) satisfying only some
growth conditions. We demonstrate the existence of entropy solutions for the unilateral problem
associated with the non-coercive elliptic equations, and we will conclude some regularity results.

1 Introduction

Let Q be a bounded open set of RY (N > 2) with smooth boundary 0Q. Boccardo et al., in
[12], have proved the existence and some regularity results for the following quasilinear elliptic
problem with degenerate coercivity condition

{—div(A(%u)W)—f in Q, (1.1)

u= 0 on 0Q,

where the data f € L™(Q) for m > 1. We refer the reader to [4, 14], and also [22] for the case
of measure data.
In [3], Alvino et al. have studied the quasilinear degenerated elliptic problem

p—2

_div VUV —f in Q
(14 Juf)"*Y

u= 0 on 0Q,

(1.2)

the existence and regularity of solutions were proved in the cases of f € L™(Q) for m > 1 (see
also [11]).

Zheng et al. have studied in [28] the obstacle problem associated with the degenerate elliptic
equation

. a(z,Vu) 2 .
— le (MDG(H) + b|u| u = f mn Q7

u=20 on 0Q,

(1.3)
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where the data f is assumed to be in L!'(Q), with 0 < # < 1 and 1 < r < p. They have proved
the existence of entropy solution. For more details, we refer the reader [5, 6]. Also to [17] [18]
and [21].
In [25], Porretta et al. have considered the following strongly nonlinear elliptic problem
—div(a(x,u, Vu)) + g(z,u, Vu) = f(x) inQ,
(1.4)
u=20 on 0Q,

where a(z, s, £) verifying some coercivity condition, and g(z, s, &) is assumed to satisfying only
some growth condition. They prove the existence of solutions using the rearrangement tech-
niques, see also [13] and [26].

In this article, we have focused on the investigation of the nonlinear and non-coercive elliptic
equations of the type

N
— ZDiai(x,u, Vu) 4+ I'(z, Vu) = f(z,u) inQ,
i=1

u=20 on 0Q,

(1.5)

where the Carathéodory functions a;(z, s, £) verifying the degenerate coercivity condition, and
the lower-order terms I'(z,¢) and f(x,s) are Carathéodory functions and satisfies only some
growth conditions.

The aims of this paper is to show the existence of entropy solutions for the unilateral problem
associated to the strongly nonlinear elliptic equation with degenerate coercivity (1.5) in the
setting of the anisotropic Sobolev spaces. For the prove of the existence of the main result,
we use an approximation procedure and some a priori estimates. The study of this work is
motivated by the approach utilized in [2] to obtain the existence and some regularity of solutions
to unilateral problems for a nonlinear elliptic equation with degenerate coercivity in the classical
Sobolev spaces.

In this article we use the following plan: In section 2, we announce some hypotheses on the
Carathéodory functions a;(x, s,€), I'(x, &) and f(z, s) for which our nonlinear elliptic equation
associated with the unilateral problem (1.5) has at least one entropy solution. In section 3,
we introduce the definition of the entropy solution for our elliptic equation associated to the
unilateral problem, and we show the main result. Section 4 is completely devoted to proving the
existence results, also some regularity results will be investigated. Finally, in Section 5, we will
prove Lemma 5.1.

2 Preliminaries and essential assumptions

Let Q be an open bounded domain in IR (N > 2) with boundary 6Q.

Let p1,...,pn be N real constants numbers, with 1 < p; < cofori=1,..., N.
We denote
> 0 i du ;
p=(1,p1,...,pn), D’u=wu and Du:a for i=1,...,N,
L

and we set
p=min{py,pz,...,pn} and po = max{pi,p2,...,PN}-
We define the anisotropic Sobolev space W'7(Q) as follows :
W' (Q) = {ue W"(Q) suchthat D'ue LP/(Q) for i=12,....,N},

endowed with the norm

[ulli5 = llu

N
1+ Y ID | o @)- @.1)
i=1

The space (W'7(Q), [lul|17) is a separable and reflexive Banach space (cf [24]).
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Afterward, we recall Poincaré’s type inequality (see [19]). Let u € VVO1 4 (Q), there exists a
constant C,, > 0, such that

lull i (@) < Cp, [|D*ullppi@)  forany i=1,...,N.

Moreover, for any u € WO1 P (Q), there exists an other constant Cs > 0, (see [27]) such that

o) < Cs HH o

LPL
where
Np .
1 1N g=7"=—L_  if <N
- NZ* and N—p
P i1 Pi e [1, 400 it p>N

Definition 2.1. Let £ > 0, we consider the truncation function T(-) : IR — IR, given by

s if |s| <k,

k2 i |s| > k&,
|s|

Tk(8> =

and we define
%l’ﬁ(Q) := {u: Q — IR measurable, such that T} (u) € Wol’ﬁ(Q) for any £ > 0}.
We cite [9, 15] for more information on anisotropic Sobolev spaces.
We consider a Leray-Lions operator A : Wy 7(Q) —s W~'#'(Q) given by

N
Au=— Z D'a;(x,u, Vu)

i=1

Here a; : Q x IR x RN —— IRY is a function such that
o x> a;(z,s,£) is a measurable function for every (s,¢) in IR x RY,
s (5,&) —> a;(z, s,€) is a continuous function for almost every x in Q,

furthermore,
|ai(z, 5,8 < B(K;(x) + |s[P 177 + &), (22)

(ai(z,5,8) — ai(w,5,8))(& — &) >0 forany & # &, (2.3)

forae. z € Qandall (s,€) € R x RY, where K;(x) is a nonnegative function lying in L (Q),
B>O,O§O'7;<p7;—1.

a;(z,s,&)-£>0b(s|) (2.4)

and
bo

(L+[sh* —
where b(+) : IRT — IR" is a decreasing function that belongs to L' (R) N L°°(R), such that there

< b(]s|) forany se€ R, (2.5)

. ... . 1
exists a positive constant by and 0 < A < min { 1,po — 1, 71}
Po —

The lower order term I'(x, €) is a Carathéodory function that satisfies only the growth condition

[(z,8)] < ch )&%, (2.6)

where 0 < g < w and Cz(l') c LTL(Q) with 7; > pi(pO -1 —)\) for

Do pi(po — 1 = A) — pogi
i=1,...,N
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The Carathéodory function f(z,s) : Q x R — R verifies only the growth condition:
|f(1‘,8)‘ < f0($)+d(x)|5|77 2.7)

where fo belong to L'(Q), with 0 < v < pp — A — 1 and d(z) € L™(Q) such that m >
Po — 1-A

L
Finally, let ¢ : Q — R be a measurable function such that
Pt e WP (Q) N L=(Q), (2.8)
and we define the closed convex set
Ky={ueW,?(Q),u>1 ae. inQ}. (2.9)

Note that the set K, has a non empty intersection with L>°(Q), (since ¢ € K,, N L>(Q)).
We consider the unilateral problem associated to the anisotropic quasilinear elliptic equation

N
— ZDiai(x,u,Vu) +I(z,Vu) = f(z,u) in Q,
i=1

u=~0 on 0Q.

(2.10)

Now, we recall some important Lemma useful to prove our main result.

Lemma 2.2. ( see [7]) Let u € L9(Q) and u,, € LY(Q) with |[uy | ey < C for 1 < q < oo. If
un(x) = u(z) almost everywhere in Q, then u,, — u weakly in L4(Q).

Lemma 2.3. (see. [8]) Assuming that (2.2) — (2.4) hold, and let (un)nemw be a sequence in
W,y P(Q) such that u,, — u weakly in W, 7 (Q) and

N
Z/ (ai(:z:, Un, Viug) — ai (T, Un, Vu)) (D'u,, — Diu) dx
=179

~ @2.11)
+/ (\un|372un - |u\972u) (up, —u)dz — 0 as mn— oo,
Q

then u,, — u strongly in I/VOl 7 (Q) for a subsequence.

3 Main results : existence of entropy solutions

Definition 3.1. A measurable function w is an entropy solution for the unilateral problem asso-
ciated to the strongly nonlinear elliptic equation (2.10) if

Tp(u) € Ky forany k> |||, T(z,Vu)eL'(Q), f(z,u) e L'(Q)

and satisfy

N
;/Qai(l‘,u,vu)~DiTk(U—’U)d$+/Qr(x,VU)Tk(U—U)dl‘S/Qf(.%‘,’u,)Tk(u—v)dx’ 3.1

for any v € Ky N L™ (Q).
Our aim in this paper is to prove the following existence theorem.

Theorem 3.2. Assuming that the conditions (2.2) — (2.7) hold true, then the unilateral problem
associated to the strongly nonlinear elliptic equation (2.10) has at least one entropy solution u.
Moreover, this solution u verifies

lul" € L'(Q)  forany 0<r<py—A\—1,

and

lim !

- / ai(x,u, Vu) - D'u dx = 0.
hovoo b Jgjul<ny



774 Mohammed BELAYACHI, Youssef HAJJI and Hassane HITAJ

4 Proof of Theorem 3.2

Step 1 : Approximate problems

Let n € N*, we consider the sequence of approximate Dirichlet problems

N
- ZDiai(x,Tn(un), Vuy,) + (2, Vuy,) = fu(z,u,) inQ,

- (4.1)
n=0 on 09,
where Ty (z,§) = T, (['(x, €)) and fo (2, s) = T, (f (2, ). .
The operators A,, and G, acted from W’ 7(Q) into its dual W%’ (Q) are defined by
N
(A0) =Y [ ai(o Tu(w), Tu) - Div

i=1 /€

and
(Gru,v) = / I (z, Vu)v dz — / fo(z,u)v da,

Q Q

for any u, v € Wol’ﬁ(Q). It’s clear that
{Gru,v)] /|F xVuv|da:+/|fna:uv\dx
< Zn/ |v| dz (4.2)

< 2nvll,p-

We conclude from lemma 5.1 (see Appendix) that: for all fixed n > 0, there exists at least one
weak solution u,, € K, for the unilateral problem (4.1) (cf. [23], Theorem 2.7, p. 180). i.e.

Z/Qai(x,Tn(un),Vun)~Di(un7v)daz+/QFn(x,Vun)(unfv)dxS/an(x,un)(unf’u)d:c,

4.3)
forany v € Ky.
Step 2 : Weak convergence of truncations
Taking 1 < 6 < py — A is small enough such that
popE ;f ; i v =" and pi (zii (1)00—9/\)—/\ )QipO =
We set B(s) = /OS (1+1|7_)9d7, note that 0 < B(s) < B(o0) := /OOO (]+1|7_)9 dr < oo is

finite real number.

Let £ > max(l vt ]loo), M = k + || " ]|, and > O small enough such that v = wu,, —
0Tk (u, — p)eBlunl) ¢ K. Thus, by taking v as a test function in the approximate problem
(4.3), we have

Z/ n(un)avun) . ( Un — D%/JJ'_) (lunl) dx
(= wi<hy

117 x, T Vu,,) Diun s B(|un|) (44)
—|—Z/ ‘Hu g | T (up — 07 )]e dx

+/ F,L(CC, vun)Tk(un - ¢+)eB(\un\) dzr < / fn(Jcaun)Tk(un - er)eB(lunl) dx.
Q Q
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In view of (2.4), (2.6) and (2.7) we obtain

N
| Diu,, |P? / |Diu, |P:
bO / d +bg Tk ¢+) dr
; {lun—2*|<k} ( ‘un‘ Z |'LL | 9+)\‘ ’

S/ | fr (2, wn)| [T (un — 97F)]e” (el dw+/ (2, Vg)| [T (un — ¢7F) " () e
Q Q
+ Z/ ai(z, Ty (un), V) - DipteBlunl) dy
{lun—9+|<k}

< D) / ol Te(tn — 9)da + € / A(@)un | Ti (, — ") |dz
Z [ a@ipia,

Z/ |ai(x, T (un), Vuy,)| | D™ | da.
{lun—o*|<k}

qi

Ty (w, — ")|dx

4.5)
We have f, € L'(Q), then

B(eo) /Q | fol| Tk (un — ) |da < kePC fol| 1(ay- (4.6)

According to Young’s inequality we have

pog—A—06
CB(OO>/QCZ(£U)‘U7L|’Y|TI<:(U71_¢+)|d(E SCok/g|d(m)\1’02*7—9—”dx+€k/g|un|p"_’\_9 dz,

4.7
since pp = max{py,--- ,pn}, then there exists some ip = {1,2,--- , N} such that py = p;, and
thanks to Poincaré’s inequality, it’s clear that

/ |un|p"_/\_9 dzx :/ \un|p”_)‘_9 dx +/ |un|p“_/\_‘9 dx
Q {lunlgM} {|un|>M}

Po
< CyfP A0 4 A lnl® gy
po |Ta (un) [P0
dz + / ML gy
o (14 Jug[)*+0
Po

(uni>ary (1 Jun)AH0
< CykPo— A0 4 ppotA+o-1 /‘MTM(W

+ [t |>?ff

< OO 4 gpotAto— 1/ ‘/u
Tustun)l (14 Js]) 70

‘“n‘
SC3kp07>\70+2p0+>\+07105i13/ ‘Dlo/ %
ITar(un)l (1 4 |s]) o

|Di°un Di

{Jun|>213 (1 + |up, |)’\+9
a0 AAFO—1 P Z
S C3kpo + 2P0 Clh(? /

dxr

Piy

< CkPo A0 4 a0l o
< C: b

dz.
(un|>ary (14 un |)A+9

(4.8)
We deduce by taking € > 0 small enough that

eB(oo)/d(x)|un|7|Tk( 1/1+)|dx < CykPo— A— 9+1+b‘ki/ Mdz
e 4 i=1 {lwn|>M} (1 + |un|)A+9
a Diu,|Pi

b i
< Po—A—0+1 *OZ/ T _ ot ]
_04145 + 4 0 (1+|un|)>\+9| k(un ?ﬁ )|d1‘

i=1
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4 | Pi—Gi (0 + Mg pi(po —0 — ) — a@ipo
We can observe that — + =1 and + =1,
Di Pi (Pi —qi)(po—0—=X)  (pi—ai)(po—0—A\)
then thanks to Young’s inequality and (4.8) we obtain
N .
5 [ e D T — e et
=17
N N
Pj (A+6)g; D'uy,
=G5 / 4 757 (1 ) 555 [Tt — )+ 2 2 / Wm« —")|dx

ppoekqp po—6—A b() |Dun| +
<O6kz | lei(@)] 7 Tode +ek [ funl dr + Z 1+\u|9+A’T’“ —¢")|dw

pi(py |Du |Pe
A—0+1 n
< Cypmr—o+ +czgz/\cz P g 4 2 z/ T T Tl =)
(4.10)

By (2.2) and Young’s inequality, the last behavior on the right-hand side of (4.5) is estimated as
follows

= 012, T (1), V)| [ D5 da
{lun—y*|<k}

b - 7 T n n i : @
< Y0 ‘a’ (.’L‘ (U ) Vu )l dx +CS/ |D7,(/}+|p7,(1 + |un|) P dx
2B J{jun—w+ 1<k} (I + Jun ) {Jun—v*|<k
bo lao|P: bo 2
< bo ool b dx
2 {Jun—tpt|<k} (1 + |_un\) 2 {|uwz—¢+i§k} (1 + un|))\
b Diw,, |Pi Pi ) )
+£ LA}\CZJ)—FOQ(I‘FIC) Py / |l)lwJr Pidy
2 {Jun—o+|<k} (1‘+ |Un|) {lun— 1/1+|<k}
bo | D, |Pi

<

< dr + Cgkpi_aipl + Clok »;
2 J{jun—wri<y (14 un])?

4.11)
Thus by combining (4.5), (4.6) and (4.9) — (4.11) we conclude that

|D un\P bo / | Dity P .
E T+ — E T ( dx
/|un Cyri<ny (T un])® (14 |un|) \M' (un = 47| (4.12)
gcukpo A0 | CokPo—apo= +cmk*po A

with ¢ = min{oy,0,...,0n}.
Thanks to (4.8) and (4.12), there exists a constant C; not depending on k and n, such that

N
1 . /
1+ k> 2 / | D un [ da-+k / [un| ™0 A da < Crp (kP27 o= el A A=),
i {Iun P ‘<k‘} Q

(4.13)
It follows that
N .
/ | Dy, [P da < Cpa(kP0=0F! 4 fpo=ePo 4 pAro), (4.14)
i—1 7 {un—97|<k}
We have
{z€Q, |us| <k} C{r € Q Jun =¥ <k + 97 o}
and since || " ||o < k, therefore
N
| DTy, (un)|PF da / D', |P dx
;/Q Z |un\<k}
< |D'uy|P* dx (4.15)

i=1 /{un—WISkHw*I«xs}

< C’14(k”0*9+1 + LP0—aPg + k)\po)'
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We deduce from Poincaré’s inequality that
[T (un) h 5 < Cis(X k),

where Ci5(, k) is a positive constant not depending on n. Thus, the sequence (Ty(un))nemn+ is
uniformly bounded in WO1 P(Q), and there exists a subsequence, still denoted by (T (un))nemn
and a measurable function vy, € WOl P(Q) such that

(4.16)

Ti(un) — v, weakly in W()l’ﬁ(Q),
Ti(un) = v stronglyin  L2(Q) and aein Q.

Moreover, using Poincaré’s inequality we have

Pio dx

k meas{[un| > k} = / (T () [P0 der < / T ()
{lun|>k} Q
< gl / DT, ()
Q
< C«[’)’l(? CB(kpo—GJrl + kpo—@é + k)\po).

Pio 4.17)

1
We conclude from 0 < A < min(1,py — 1, 71), and 1 < 6 < pg — A that
Po —

CPoCy3(kPo=0+! 4 fPo=aPy 4 j;Apo)

meas{|u,| >k} < e

—0 as k — oo. (4.18)

Therefore, similarly as in [1] and [2], we show that (u,), is a Cauchy sequence in measure,
therefore, the sequence converges almost everywhere, for a subsequence, to some measurable
function u. Thanks to (4.16), we deduce that

{Tk(un)éTk(U) in Wy 7(Q) (4.19)

Ty(un) = Tk(u) in LE(Q) andae.in Q.

In addition, we deduce from (4.13) that for any 0 < » < py — 1 — A, then there exists a positive
constant not depending on n such that

/ lun|"dz < Che. (4.20)
Q

Step 3 : The equi-integrability of the sequences ( fy, (T, u,))n in L'(Q2)

In this step, we will use Vitali’s theorem to show that f,, (x, u,,) converges to f(z,u) strongly in
LY(Q).

Evidently, f,(z,u,) — f(z,u) a.e. in Q. Then, it is sufficient to show that the sequence
(fn(z,un))n is uniformly equi-integrable.

Let h > 0, for any measurable subset £ C Q, we have

/ [ 00| i < / o T ()| o+ / fulwouw) de. (421)
E E {

|wn|>h}

Let d,s > O such thaty < s < s+ < pp — 1 — A, thanks to (4.20) we have

/ un | dx < Che. (4.22)
Q



778 Mohammed BELAYACHI, Youssef HAJJI and Hassane HITAJ

We have fo € L'(Q) and d(z) € L7 (Q). In view of (2.6), we conclude from meas{|u,| >
h} — 0 as h tends to infinity that

[ ineulde <[ pldet [ da)u do
{lun|>h} |wn|>h} |un|>h}

S/ [ fol d:z:—l—/ |d(z)|== da:—l—/ |un|® dz
{lun|>h} {lun|>h} {|un|>h}

< | fo| dx + |d(x) 3
{lun|>h} {|wn|>h} {lun|>h}

< | fol dz + |d(z)|== dx + +5Cis — 0 as h — oo.
{lun|>h} {Jun|>h} h
(4.23)

Thus, for all £ > 0, there exists ho(¢) > 0 such that
/ fu(z,up)|de < S forany h > ho(e). (4.24)
{lun|>h} 2

On the other hand, there exists [(¢,h) > 0 small enough such that : for any £ C Q with
meas(E) < (e, h) we have

[ 1ate Tau) do < 5. 425)
E 2
We deduce by combining (4.21), (4.24) and (4.25) that
/ [fr(zyun)| do < e, with £ CQ suchthat meas(F) < 3(e). (4.26)
E

Thus, the sequence (f,,(x, uy,))n is uniformly equi-integrable. Therefore, we conclude that
a(zyun) — f(z,u) strongly in  L'(Q). (4.27)

Moreover, we have |u,,|* — |u|* almost everywhere in &, and since

/|un|sd:z: §/ |Th(un)|sdx—0—/ |un|® dz
E E : {|un|>h}

(4.28)
< h-meas(E) + 75 |un |+ da.
{|un|>h}
It follows that : for any £ > 0, there exists a positive constant 5(g) > 0 such that
/ lup|® dz <e, with EC Q suchthat meas(E) < j5(e). 4.29)
E
Then, the sequence (|u,,|*),, is uniformly equi-integrable. We deduce that
lun|® — |ul® stronglyin L'(Q) forany y<s<py—1-—A (4.30)
Step 4 : Some regularity results
In the remaining part, we have lim ¢;(n) =0 forj =1, 2,..., where ¢;(n) are some different
n— oo
functions of real numbers. Similarly, lim ¢;(h) = lim lim &;(n,h) =0.
h—o0 h—o00 n—00
In this step, we will show that
N
. 1 .
lim limsup — Z/ a;(z, Ty (un), V) - D'u, dz = 0. 4.31)
770 n—oo T Mjua <R}

Indeed, let & > max(||¢T ||o0, 1) we set

Th(un = ¥F) Blun) 1.5 _/s dr
T@ GWO (Q) where B(S)— A m,

UV=1Up — 7]

= dr + |, |50 d
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with 1 < 6§ < min {po -\ oip) + l}, fori =1,..., N. By taking n small enough, we can insert

v as a test function in (4.1), and we obtain

N
; /Q ai(@, Ty (un), Vuy) - D' <<h¢+> mn) "
+/ Fn(xavun)welg(‘un‘)dx (432)

Q
T ot
g/fn(x,un)wemwdw.
Q

From the condition (2.6), we have

h Z\/ n(un)7vun) . ( w+) |un| d(E
\un w+|<h}
+— Z/ a;(x, Ty (un), Vuy) - D n|Th(un7¢+)|€B(‘u"Dd1‘
1 + al)” (4.33)
— 7/ |.f7l x7un>| |Th,(’u,n —7/1+)|6B<‘“"|)da:
h Q

1< ,

using (2.4) and (2.5), we conclude that

T (upn), Vuy,) - undac+— / dx
h’z/|u Cgrigh) (tn), Ve Z {Jun—9+|<h} 1+|“n|)

b Diu,
" “Z/ Dnlt Ty — o

_|_|u | 9+)\

qi

Ty (upn — @./JJF)|eB(‘“"‘)alac7

(& ) [T — Z [ @D T 1 = 0l
a;(z, Ty (un), Vuy Diz/JJr dr.
- Z/un oyl ), D) 10767
(4.34)
_ ot
We have hlim meas {|u,| > h} = 0 and ¥* € L>(Q), it easy to see M -0
—00
weak—x in L>°(Q), moreover according to (4.27) we conclude that
T _ ot
ei(n,h) = / |fn(x,un)\M dz — 0 as h — oo. (4.35)
Q
We can show similarly to (4.10) that
eB() A
A /ci(x)|Dlu Ty, (wy, — 1) |da
Ci7 i __pilpg=0=2) i 1 _o—x "
< == [ ei(@)[Peromem3man0 [Ty (up, — ) |dz 4+ | Jun P77 T (un — ¢7)|dae
h Jo h Jo
1 bo| Dy |7
— [ A7 (u, — ) da
G Jo T+ uy oo Fnn =) lde
(4.36)
pi(Pp—0—2)

pi(Pog—0—XN)—a;po

Thanks to (4.30) we have |u,, [~ — |u|[Po=9=* strongly in L' (), and since |¢;
belong to L!(Q), it follows that

Cl7 Loz I + 1 Po—6—X +
n h) | ¢ Ppilpg—0—X)— q’p°|Th(Un P )|dx+h |y, [P0 |Th(un71/) )|dz — 0,
4.37)
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as h tends to infinity. It follows that

z)| | D',

1 bo| D'y,
Th(un—q/;+)|dx§62(h)+4h/9W\Wh( — ") |d.
(4.38)

Now, we treat the last behavior on the right-hand side of (4.34). Applying Young’s inequality
and the growth hypothesis (2.2), we can write

B(o0) )
/ la;(z, Ty (un), Vuy)| \D%/Jﬂ dxz
b S - 1<)

e

b N i T " n . pl/%
< b / s (2, T (), V)| dr + &8 D P (1 + |unl) * dx
20iBPih (|, — gt |<h} (14 Jun])* h {lun—0*|<h}
bo€/ boa/ |y, [P @iPi
< Ot Bl g
20 Jgju—p<ny (14 Jun|)A 2h =6 <0} (14 Jun|)*

boe / |Diun pi Cioh v / ;
+— dr + | D"
20— i<ny (14 [ua])? h S un—uri<ny

Let M = h+ ||¢"||oo, and since 1 < 6 < o;p, + 1 fori = 1,..., N. In view of Poincaré’s
inequality, we have

Pidax.

1 / |ty | P10 p 7pi—1 / ] (h)
z S o7 AT €3
h {|un— w+\<h} 1 + Un ) h {Jun|<M} (l + |un|)/\+m,’07‘,
21"*1 [T (un) ds D
/ ’/ ﬁ dx 4 e3(h)
A
2pz—lCPz |D TM(U )|
= = = dr + e3(h
- h /Q( |u |)>\+0',p -z 3( )
21”*16’1’? %
< 7171/ L}\ dz
h {‘unwarlSh} (1 + |un‘) D{L ,
+2rrien D dz + e3(h)

gy {un—*1>h3fun <01y (1 [un )PP _
SRS 055/ Dt g +2P1+10Pz/ D unl™ 1 1 ea(h).
-~ h (un—wt<ny (1 [un|)? (un—v+>hy (1 [un )20

Thus, by taking € > 0 small enough, we obtain

eB(oo)

|lai(x, Ty (un), V)| | D™ | do
b Jun—ti<ny

bo | D, [P by & / | D, [P
<0 Az Ol g4 20 e T — 0 |da + eq(n, h).
20 J{un—wri<ny (1 Junl)? Zh; (1 + [un |)9“| ( ) (n. )
(4.39)
By combining (4.34) and (4.35) — (4.39) we deduce that
| N
o Z/u Cem a;(z, Ty (un), Vuy,) Uy, dz
D [P (4.40)
Un, +
T < .
Z/ T T = 0)ld < e5(n. )
By letting h goes to infinity in (4.40), we get
N
lim lim sup 1 > / ai(z, T (un), Vun) - D'u, dz = 0. (4.41)
h—00 5s00 h {Jun|<h}
Moreover, we have
N .
o |Diu, |Pi
lim lim sup / —————dz =0. 4.42)
h—=00 noo ; {|un|>h} (1 + |Un‘)0+)‘
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Step 5 : Almost everywhere convergence of the gradients

We set

|Ton(s) = Th(s)]

Sh(s): 1-— h

and ¢(s) = s.exp(s?) forany scR,

1
where h > k > max {1, ||¢" || }. Evidently, ©'(s) — 2|¢(s)| > 3 for any s € R.

Let 7 small enough such that v = u,, — 9(T) (un ) — Ti(4)) Sh (un )eB4n1) belong to K, taking
v as test function in (4.3), we obtain

Z/Q“*”n@n% Vi) - D' (T (un) = Th(w)) S (a)eP1")
+/ Tz, Vug)p(Tr(uy) — Tk(u))Sh(un)eB(lu'"') dx (4.43)
Q
< / P 1) 0 ( T (1) — T (1)) S (1) B0 i
Q

Then

Z/ ai(vak(un)v VTk(Un)) . (DiTk(un) — DiTk(u))go’(Tk(un) — Tk(u))Sh(un)eB““"') dr

ai(@ ), Viin) - D'tin Uy ) — Ti(u))sign(u wy ) el gy
Py T S P ) s 5

Z/h< |<2h} T (), V) - Dy |o(Ti (uy) — Tio () [Pl da
+/ Lo (2, V) o(Tx(un) _Tk(u))sh(un)eB(lunD da

< fn(xvun)go(Tk(un) - Tk(u))sh(un)eB(lunl) de.
? (4.44)

It’s easy to remark that ¢ (7T (u,) — Tk (u)) has the same sign as u,, on the set {|u,| > k}. Thus,
using (2.6) we obtain

/{| < ai(ﬂ?,Tk(Un), VTk(un)) . (DZTk(un) _ DiTk(U))@/(Tk(un) _ Tk(u)) du

_Z/k<u <2k} ‘az T TZh(Un) VTZh(un))| |DlTk(U)|QOI(Tk(un) B Tk(u)) e

3 / a;(z, Ti(un), VT (un)) - DT (uy,)
{Jun|<k} (14 [ual)?

o (T (un) = Th(w))|Sn (un) da

. Z/ T (un), Vune) . Diu, o (T () — Ti (1)) [ Sp (un) dz:

(k<|un|<2h} (1 + |un|)

<P /Q 0 10T () — To(u0))]

B(oo) N

- h Z/ ai(x, Tn(un)a vun) : Dlunlw(Tk(un) - Tk(“))' dz
{h<|un|<2h}

B(OO); /Q ()| D% |o(Tho () — To(w))| S () daz

(4.45)
Look to the first behavior on the right-hand side of (4.45). We have o(Tx(un) — Tx(u)) — 0
weak—x in L>°(Q) as n goes to infinity and according to (4.27), we get

es(n) = eB(0) / [ fr(z,un)| |o(Tk(un) — Tk (u))| dz — 0 as n — 00. (4.46)
Q
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In view of (4.41) we obtain

colh) = Z / (2, T (tn), Vitn) - Dot (T () — Ti(w))] da
h<\un|<2h}

@(2/6)63(00) N

< / ai(x, Ty (un), Vur) - D'u, de — 0 as b — oo.
h {h<|un|<2h}

(4.47)
On the one hand, applying Young’s inequality and presumptions (2.4) we have

qi

(The(un) — Ti(w))|Sh(un) do

N
B<OO)Z/C¢($)|Diun
pilpg—0—2)

<CZ/ lei(x

mlw(Tk(un) — Ty (w))| dz + /Q ([P0 (T (un) — Tio(w))| da
+Z/ +|u | 9+)\‘ (Tk(un) *Tk(u)>|5h(un) dx

Pyl Pn 9 A)

= CZ/ i (@) [Pitro=e=N=aimo [oo (T (un ) _Tk(u))‘dx+/9|un|po_9_)\‘<P(Tk(un) — Ty (u))| dz

+ / ai(z, Ty (un), VT (uy)) - DTy (un) lo(Tx(wn) — Ti(w))| dz
{lun|<k}

(1+ [ual)?
n(un)a vun) : Diun
+ / Tr(upn) — Tr(w))|Sh(uy) dx,
Z O (8 M A A
(4.48)
Pi(Pg—0—)
since |¢;(x)|PiPo—?=% == belongs to L'(Q), and thanks to (4.30) we deduce that
N p;i(Pg—0—X)
) =Y / ) [T B0 (T (1) — Ti ()] o
=178 (4.49)
|t [P~ o (Th (u) — Tie(u))| dz — 0 as n — 00.
Q
Therefore
N
S [ @Dl o Tiin) = Tl )
=17
N .
ai(x,Tk(un), VTk(un)) . Dsz(un)
<e7(n) + / Ti(uy) —Ti(u))| de
2 e (T fun])? (oA (un) = Tl
a;(z, Tp(un), Vu,) - Diu,
+ / Te(up) — Tr(w))|Sh(uy) dx.
Z {k<|un|<2h} (1 + [unl)? o (Tis(utn) = D) IS (1)
(4.50)
By combining (4.45) — (4.47) and (4.50), we conclude that
N . .
Z / 052, T (1), VT (1)) (D T (1) — D T(w)) o (T () — T () e
i, Tre (un ), VT (un - DTy, (un
*ZZ/G £Tilte) V) D) 7y ) — )
(1 + |un|)®
< cg(n, h) + (0(2k) + ' (2) Z/ s (2, Ton (1t ), VTon ()| | DT ()] d.
{k<|un|<2h}

(4.51)
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It follows that

Z/Q(ai(%Tk(un%VTk(un)) = ai(, Ty (un), Vi (w))) (D" Ty (un) — D'Ti(u))
( ((Ti(tn) = T(w)) = 20T () = Te(w)]) da

< '(2k)) (2, Ton (up), VT (un))| | DV, d
< (o Z/} o). T )| DTl e o

+(#'(2k) +2¢(2k))2 /Q i, Ty (un), VTi ()] [ DT (un) — D' Ty (w)| dae
i=1
+ZZ/£2ai(w7Tk(Un), VT () DTy () |o(Th (un) — Th(w))| dz + eg(n, ).

For the first term on the right-hand side of (4.52). Thanks to (2.2), we have
(lai(z, Ton(un), VITon (un))|)nen is bounded in LPi (Q), then there exists &; 5, € LPi (Q) such that
la;(x, Ton(un), VIan (un))| = & n weakly in LP: (Q). Therefore,

Z / s (2, Ton (1), VTon (1)) | DT ()|
{k<|un|<2h} 4.53)

— &n| DTy (u)| dz =0 as n — oo.
{h<lul<2h}

Concerning the second term on the right-hand side of (4.52), by applying the Lebesgue domi-

nated convergence theorem, we have Ty (u,, ) — T (u) strongly in LPi (Q), then |a;(z, Tk (uy, ), VIk(u))| —
|ai(, Ty (u), VTx(u))| strongly in LPi(Q), and since DTy, (u,) — DTy (u) weakly in LPi (Q),

we obtain

N
Z/ lai(z, Te(un), VIR (u)| | DTy (un) — DTy (u)| de — 0 as n—oo.  (4.54)

For the third term on the right-hand side of (4.52), we have (a;(x, Tk (un), VIk(un)))yn is
bounded in LPi (), then there exists &; j, € LPi (Q) such that a;(z, Ty, (un), VI (uyn)) — &k
weakly in LPi(Q), and since DTy (u)|o(Tk (un) — Th(u))| — O strongly in LPi(Q), it follows
that

N
Z/ a;i (2, Ti(un ), VT (wn)) DTy () |o(Th (un) — Ti(u))|dz — 0 as n — oco. (4.55)
Q
Thus, by combining (4.52) and (4.53) — (4.55), we arrive that

% Z /Q(a’z (.%', Ty, (un)ﬂ VT (un))_ai (x, Ty, (un)a VT (U)))(DlTk (Un)—DiTk (u))dm < g9 (7”1,7 h).

(4.56)
Therefore, by letting n and h tend to infinity in the previous inequality, and since T} (u,) —
Ty (u) strongly in L2(Q) we conclude that

> /Q (a5, To(tn), V() — ai (2, Te (), VTx(w))) - (DT (un) — DTy (w)) da

+/ (1T (un) B2 T () — | T () |22 T () (Tho(wn) — Ti(u)) dz — 0 as n — oo.

Q
4.57)
By using Lemma 2.3, we deduce that

Ti(un) — Tk (u) strongly in Wol’ﬁ(Q) and Vu, — Vu ae.in Q. (4.58)
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Therefore, for i = 1,---, N we have a;(x, T}, (uy), Vu,) - D'u, tends to a;(z,u, Vu) - D'u
almost everywhere in Q. Thanks to Fatou’s Lemma and (4.41), we conclude that

1 .
lim f/ a;(x,u, Vu) - D'u dz
{|u|<h}

h—oo h
< lim liminf — a;i(z, Ty (uyn), V) - D'u, dx (4.59)
h=voo m=00 I J{ju,|<h}
< lim limsup — a;(z, Ty (uy), V) - D'u,, dz = 0.
0 n—oo {‘un‘gh}

Step 6 : Equi-integrability of the sequence (I',,(z, Vuy,))n.

In this part, we show that
L. (2, Vu,) — T(z, Vu) strongly in  L'(Q). (4.60)
In view of (4.58), we have
I'y(z, Vu,) — T(z, Vu) ae.in Q. (4.61)

Then, to show that (4.60), by using Vitali’s theorem, it is sufficient to prove that the sequence
(T'n(z, Vuy,))y, is uniformly equi-integrable.
In view of Young’s inequality, for any measurable subset £ C € and for all h > 0, we have

N
E

Pi(Po

<0202/ |Cz de+/ |U ‘po 0— X da
‘D Th |Dbun|p1
+Z/ (1 + [T (u W derZ T

m{\unbh} (1 + [ual)
4.62)

) and (4.30), we conclude that : for
< B(e) we have

__Pilpg=0=2)
We have |c; (z)|7io—o==wr0 € L!(Q), in addition to (4.12
any € > 0, there exists (e, h) > 0 such that: for meas(F)
)P

DT (

CZOZ/M d“”/'“ = Adg“rZ/ |+|Th e < 5
h

6

On the other hand, in view of (4.42) we have : for all £ > 0, there exists g such that

i Pi €
———dr < = Vh > hg. (4.64)
Z/Em{un>h} 1+ Jup )20 3 °

By combining (4.62) and (4.63) — (4.64), we conclude that : for any € > 0, there exists 5(g) > 0
such that: for all E C Q with meas(F) < (e), we have

/ Ty (2, Vuy,)| de < e. (4.65)
B

Then, (I',,(z, Vuy,)), is uniformly equi-integrable, consequently

T,(z, Vu,) — T(x, Vu) strongly in  L'(Q). (4.66)
Step 7 : Passage to the limit.

Now, we will passe to the limit in our approximate problem (4.3).
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Indeed, let ¢ € Ky, N L>(Q) and M = k + ||¢||oo. By taking v = u,, — nTx(u, — ¢) as a test
function in (4.3), we obtain

N
Z/ ai(x, Tn(un), Vty) - DTy (up, — ) da + / (2, Vun ) Tx (un, — @) dz
=172 Q (4.67)

< /an(z, Un) T (un — ) da.

Firstly, we have {|u,, — ¢| < k} C {|un| < M}, In view of Fatou’s Lemma, the first term on the
left-hand side of (4.67) can be written as

lim inf/ ai(x, Ty (un), Vty) - DTy (up, — ) da
Q

n—oo

= liminf/ a;i (2, Tar (wn), Vs (un)) - (D Tar (uy) — Dicp)xﬂun_wgk} dx

n— 00

= liminsz(ai(x,TM(u), VT () — ai(x, Tar(w), V) - (D*Tar(w) — D' @)X {ju—p|<k} dT

n—oo Q

+ lim / ai(x, Tar(un), Vo) - (D" Tas(uy,) — Di@)X{|un—<p|§k} dz

n—oo Q

> / a;(z, T (u), VT (u)) - (D*Tys (u) — D'0) X {ju—gp| <k} d

= iai(x, u, V) - DTy (u — @) da.
Q

(4.68)
Secondly, we have T (u,, — ¢) = Ti(u — ) weak—* in L>°(Q). We conclude from (4.66) and
(4.27) that

/ I (z, Vug ) Tx (uy, — @) do — / 'z, Vu)Ti(u — ) dz, (4.69)
Q Q

and

/ Fot ) T (1 — ) die — / f(, ) T(u — ) de. 4.70)
Q Q

By combining (4.67), and (4.68) — (4.70), we deduce that

;/ﬂai(x,u,VU) . DiTk(u — ) dx + Ar(x,Vu)Tk(u —p)dx < /Qf($7u)Tk(u — o) da,

(4.71)
for all ¢ € Ky N L>(Q), which complete the proof of theorem 3.2.

5 Appendix

Lemma 5.1. The bounded operator B,, = A,, + G,, acted from Wol’ﬁ(Q) into W17 (Q), is
pseudo-monotone. Moreover, By, is coercive in the following sense : there exists vo € Ky, such
that

B _
Wﬂm as ol o0 for ve Ky

L,p




786 Mohammed BELAYACHI, Youssef HAJJI and Hassane HITAJ

Proof of Lemma 5.1

Evidently, the operator A,, is bounded, and by using (4.2), we may infer that B, is also bounded.
For the coercivity, let vg € Ky, we have for any v € K,

2

[(Apv,v0)| = Z/al z, T, (v), Vo) - D'vg da

=1

< / ai(x, Ty (v), Vv)||D'vol| dz

2

'v
< Z/ 2) + [T (v) =177 + | D*o|P 1) [ Do | dar
N (5.1)
Z/u( Pzdx+2/npzd;c+ 1+ AZ/W Pi dg
+Co /|D1U0 Pi dg
. N
< — Div|Pi d Divy|P* da.
Cl+2(1+n))‘;/g| v x—l—C’o;/Q vo|P* dx
Using (2.4) and the Poincaré’s inequality, we have
[(Apv,v) Z/ ai(x, Ty (v), Vo) - D'v dx
0 i ips
> D*v|Pi d 5.2
_(HW;/J ol da (5.2)

pi dI*Cg,.

N
P bo i
2 Oololly 5+ mz A |D*v
i=1
It follows that

(Apv,v — vg) Cg” ||1,p G+ G Co / |Divg

Pide — 00 as |jvll; 3 — 0.

[vll1,5 lolhz  lolhg — lolhg P
(5.3)
On the one hand, we have
(Gnv, v —vo)| < 2n([[v][1,5+ [[voll1,5)- (5.4)
We conclude that
Bn y U Ana - Gn7 -
(Buv;v —v0) _ (Anviv =) | (GaVV=%) | oo e, (5.5)
lvll,z [vll1,5 v,z

and similarly as in [9], we can show that the operator B,, is pseudo-monotone, which completes
the proof of lemma 5.1.
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