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Abstract In PG(n, q), properties of non-singular quadrics have been frequently studied. In
this paper, the number of points on a singular quadric is found, and some properties that are
related to these quadrics are investigated. The weights of codewords in some error-correcting
codes are found.

1 Introduction

LetV =V (n+1,q) be an (n + 1)-dimensional vector space over the field K with zero element
0. Consider the equivalence relation on the elements of V\{0} whose equivalence classes are
the one-dimensional subspaces of V with the zero deleted. Thus, if X,Y € V\{0}, then X =
(zoy ... ,xn) is equivalent to Y = (yo,...,yn) if Y = tX for some t in Ky = K\{0}, that is,
y; = tx; for all i. Then the set of equivalence classes is the n-dimensional projective space over
K and is denoted by PG(n, K); when K = F, it is PG(n, q) or P".

A point with coordinate vector X = (xo, ..., xy) is denoted by P(X) = P(x0,%1,...,2Zn),
where xg, 1, . ..,x, € Fy and not all zero.

A subspace of dimension m, or m-space, of PG(n, q) is a set of points, all of whose repre-
senting vectors form, together with the origin, a subspace of dimension m + 1 of V(n + 1,q); it
is denoted by 11,,,. Subspaces of dimension zero, one, two and three are called a point, a line, a
plane, and a solid. A subspace of dimension n — 1 is called a prime or a hyperplane.

The set of projectivities fixing PG(n, q) is the group PGL(n + 1, q).

The theory of quadrics and their number of points in PG(n, q) is motivated by many important
applications, especially in the theory of error-correcting codes; see [3, 9, 2].

The theory of non-singular quadrics and their number of points was studied by Segre [10].
A comprehensive summary may be found in [7, Chapter 1]. In this paper, on the other hand, the
number of points of singular quadrics is determined, as well as some related properties. [11].

Some undefined terms can be found in references [1, 11].

2 Quadrics in PG(n, q)

A hypersurface of the second degree in PG(n, q) is a quadric.
A quadric Q is given by a quadratic form; that is,

Q=V(F)={P(X) | F(X) =0},
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where F € Fy[X,...,X,], and

F(X) = Z ai; XiX; = aooXg + aot XoX1 + -+
i,5=0

n n
2 : 2 2 :

= aiiXi + Clinin.
=0 i#5,4,7=0

When p # 2, t;; = tj; = (a;; + aj;)/2. Therefore, with T = (t;;), X = (Xo,...,X,,) and X*
its transpose,

Z ti; XX

i,7=0

= XTX".

F(X)

For a quadric Q, the rank of Q, denoted v(Q), is the smallest number of indeterminates appear-
ing in I under any change of coordinate system. The quadric Q is degenerate or singular if
r(Q) < n+ 1; otherwise, it is non-degenerate or non-singular.

2.1 Quadrics in PG(2, q) and PG(3, q)

The numbers of points of the quadrics Q in PG(n, q), for n = 2 and n = 3, are given in Tables
1 and 2.

The quadrics of PG(2, q) fall in four orbits under PGL(3, q), as in Table 1. The quadrics of
PG(3, q) fall into six orbits under PGL(4, q), as in Table 2.

Rank Description Q|
1 repeated line q+1
2 pair of distinct line | 2¢ + 1
2 point 1
3 conic g+1

Table 1. Quadrics in PG(2, q)

Rank Description |Q|
1 repeated plane P Hqg+1
2 pair of distinct planes | 2¢> + ¢ + 1
2 line qg—+1
3 quadric cone P+qg+1
4 hyperbolic quadric (g+1)?
4 elliptic quadric @+ 1

Table 2. Quadrics in PG(3, q)

3 Non-singular quadrics in PG(n, q)

Theorem 3.1. ([7], Section 1.1) The number of projectively distinct non-singular quadrics in
PG(n, q) is one or two as n is even or odd. They have the following canonical forms.

(1) n=2m, m >0,

Q=P,=V(X;+ X1 X2+ + Xom_1Xom);



Quadrics in a finite projective space 799

the number of points is
q2m -1

q—1

2)n=2m-1, m>1,

(a)
Q=H, =V(Xo X1+ X2X3+ -+ Xop2Xom_1);

the number of points is
(@™ '+ D™ - 1)
q—1

)

(b)
Q=&,=V(f( X0, X1) + X0 X3+ + Xom—2Xom—1),

where f is any irreducible binary quadratic form; the number of points is

(" +1)(g™ "' =1)
q—1 '

The quadric symbols are P for parabolic, H for hyperbolic and & for elliptic.

4 Singular quadrics in PG(n, q)

Theorem 4.1. As for non-singular quadrics, singular quadrics are of three types.

(1) Let2m < n, m > 0.

A singular parabolic quadric has the standard form,
P=V(X§+ X1 Xz + -+ Xomo1Xom).
Its number of points is
T g L= P
) Let2m —1<n, m> 1.
(a) A singular hyperbolic quadric has the standard form,
H=V(XoX1 + X2 X5+ + Xom2Xom1).
Its number of points is
T 2T T T e L= [P
(b) A singular elliptic quadric has the standard form,
V(f(Xo, X1) + X0 X3+ -+ + Xom 2%2m—1),
with f irreducible over F . Its number of points is
T T T e L= P
Proof. For 2m < n, m > 0, the number of points on a singular parabolic quadric is

-1
q % qn72m + |Pn72m71|
q—1
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The variety V(X0 X + X5 X3 + -+ - 4+ X252 X2y —1) is the disjoint union of the subvariety
for which at least one of x, . .., 2,1 1S non-zero. Then
(qm—l + 1)(qm _ 1)
q—1
with the subvariety for which Xy, ..., X5, are all zero. As for the first subvariety if 2m — 1 <
n, then there are n — 2m + 1 free variables; therefore, the number of points in these cases is,

IV (XoX1 + XoX3 + - + X2 Xom1)| x [F772H | =

(qm—l + 1)(qm - 1) % qn—2m+l.
q—1

[V(XoX1 + X0 X5+ + Xom—2Xom—1)| =

)

For the second subvariety,
P{Xo=X, = =Xopm_1=0}=P{eam,...,en} ~ P72
Therefore, the number of points on a singular quadric is

m—1 m
+1 -1
(q )(q ) % g™ 2m+1 |Pn Zm‘

q—1
— qn—l+qn—2+_._+2qn—m+qn—m—l+.__+1
|Pn—1|_‘_qn—m.

Similarly, the number of points on a singular elliptic quadric is

m—1 _ m
(q 1)(q + 1) % qn—2m+1 4 |Pn—2m‘

q—1
= " T
Pt =g
Example 4.2. (1) In PG(6, ), the singular hyperbolic quadric o

V(X1 X5 — X7 Xe),
forn = 6, m = 2, contains ¢° + 2¢* + ¢* + ¢> + ¢ + 1 points.
(2) In PG(7, q), the singular parabolic quadric
V(X] - X2 X3)
contains ¢® + ¢° + ¢* + ¢* + ¢* + ¢ + 1 points.
Now, sections of a singular quadric by a subspace are considered.

Proposition 4.3. The number of points on a section of a quadric with base in Ily,,_ or Iy, in
PG(n, q) by a subspace of dimension n — (m + m’) is shown in Table 3.

Equation of quadric and conditions Number of points
f2m—14m'<n,m>1,m >1,
{1‘0331 + o3+ -+ Tom—2T2m—1 =0 g 1 4 g —m
Tom = Tamt1 =+ = Toam—1+m = 0. qg—1

If2m—14+m'<n,m>1,m >1,

f(@o,21) + 2223 + - + Tom—2T2m—1 =0 e g
Tom = Tomil = -+ = T2m—14m = 0. qg—1
If2m+m' <n,m>0,m >1,
a3+ 2122 + -+ Doy 1 T2 = 0 ¢ -1
Toam+1 = Tam+2 = = T2mtm = 0. qg—1

Table 3. The number of points on a singular quadric
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Proof. The same idea as in the previous proof is applied. If 2m — 1 +m' <n,m > 1, m’ > 1,
then the number of points in the hyperbolic case is

m—1 m
+1 —1 _ " _ Y
(q )(q ) an 2m+1—m +|Pn 2m m|
q—1
:qn—m’—l +qn—m’—2+_._+2qn—m'—m+qn—m’—m—l+._.+1
— ‘Pn—m'—l| + qn—m’—m.

In the elliptic case, with 2m — 1 +m’ < n, m > 1, m’ > 1, then the number of points is

m=l 1) (g™ + 1 : :
(q )(q ) % qn—2m+l—m + ‘Pn—Zm—m ‘
q—1
— qnfm'fl 4 qnfm'72 La qnfm'7m+l 4 qnfmlfmfl Y |

|Pn7m'7l ‘ B qnfm'fm.

In the parabolic case, with 2m + m' < n, m > 0, m’ > 1, the number of points is
q2m -1

q—1
_ qn—m/—l +oidgt 1= |Pn—m/—1|'

% qn72mfm' + |Pn72mflfm'|

Remark 4.4. In particular, when m’ = 0, Theorem 4.1 is obtained.
Example 4.5. Let V' be an §-dimensional vector space, where
xé—x4xg:07 Ty =20 =25 =27 = 0.

This corresponds, in PG(7,q), with m’ = 4, to a singular parabolic quadric with ¢*> + ¢ + 1
points.
Theorem 4.6. In PG(n, q), let I1, be a subspace of dimension r. If Q = V(F*®) is a quadric
given by F in PG(s, q), then

VE")| = [V(F")|-¢"" +[PG(n —r —1,q)|.
Proof. If there exists i < r with z; # 0, for » < n, then write |V (F'*)| for the the number of
points of V(F') in PG(s, ¢). With n — r new variables and so ¢"~" possibilities, in the number of
points is

[V(ET)-q" "
If z; = 0 for all ¢+ < r, the number of points is [PG(n — r — 1, ¢)|. So, the number of points of
V(F) in PG(n,q) is
VE™)=V(E)-¢"" + [PG(n —r —1)]. =

Remark 4.7. This formula is equivalent to that of Corollary 1.42 in [7].

Corollary 4.8. Since the quadrics Q in PG(3,q) fall into six classes under projective equiva-
lence, the numbers of points on a singular quadric in PG(7, q) with base 113 is given in Table
4.

Rank F |V (FT)|
1 z3 S+ +E+ P+ P g+
2 ZoT1 200+ + P+ P+ P g+
2 f(zo, 1) P+ + P +q+1
3 x3 + x172 CHe+dt+ P+ g+
4 zor + 103 2P+ PP g+
4 fwo,m1) + w223 R A e

Table 4. The number of points on a singular quadric of rank < 4 in PG(7, q)
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Proof. From Theorem 4.6, for n = 7, r = 3, the number of points on a singular quadric of rank
< 7is ¢* x |V(F?)|. Hence, the number of points on a singular quadric in PG(7, ¢) is

V(ED =V(F) xq"+ (@ + @ +q+1). 0

5 An application in Coding Theory

An example clarifies the importance of the number of points on a quadric as applied to the weight
of codewords in certain error-correcting codes.

Let V' be an 8-dimensional vector space over an arbitrary field K. Consider the mapping
bw V. — N2V* sending v — 1,w, where w, is the operation of the interior multiplication
defined by

(tyw, B) = (w,v A B), forall B € N*V.

Here, {,) is the pairing between N'V* and NV for each j.

Definition 5.1. Given a 2-form A\ € A2V*, the k-th Pfaffian of )\, Pfr(\) € A**V* is defined
inductively as follows for each k > 1 :

PfH(\) = I
LuA A Pfk,1(>\) = Lvak(A), forallv e V.

This Pf)(\) generalizes the form Nk /k! = (A A --- AX) /K.
Proposition 5.2. [3] (k-th Pfaffian of a 2-form)
(1) Given A € N2V*, X\ # 0, for each k > 1 there is a unique element Pf;,(\) € AN2FV*,
() Pfi (M + X)) = S50 PE;j (M) APE; (Aa).
(3) The rank of X is the unique integer 2r such that Pf,.(\) # 0 and Pf,,1(\) = 0.

Definition 5.3. [3] Given a non-degenerate trivector w on Fg, the k-th weight variety of w is the
subvariety of P’ given by

Xi(w) = P{z € F\{0} | Pfys1(1ow) = 0}

Then
@ = Xo(w) C Xi(w) C Xa(w) C X5 ) 5(w) = P’.

Lemma 5.4. [9] Given a non-degenerate trivector w on Fg let
n; = |X;(w)| = [Xi—1(w)]-

The weight wt(w) is given by

| X (w)| + ¢ X1 (w)]
1+q+¢ >’ 1)

Wt(w)—q15+ql3+q12+q”+q10+q9+q8+q6—q6(

Some undefined terms can be found in references [3] and [9].
To calculate the weight wt(ws 7), where wg 7 = ejezes + ejeses + ejeger + exeseq + ereqes
in[8], letx = Z?.:l xje;. Then

8
Pf)(twg7) = Z x?sz(Lengj) + Z 25 (te,ws7) A (Lengg). 5.2)

j=1 i<j

Now, Pf,(1,w;) can be calculated using the above formula (5.2): set it equal to zero to
determine the varieties X(wg 7). The forms to,ws7 and Pfy(ie,ws ) for j = 1---8 are as
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follows:
Leyws, = €263 +eqes +eser,  Pfy(ie,wg ) = erezeqes + erezeser + eseseser;
Le,wg7 = e3e] + eses + erey,  Pfy(ie,ws7) = ezereses + esejeres + esegeres;
le;W8,7 = €1€2, Pf)(teyws7) = 0;
Le,W87 = €5€1, Pfy(e,ws,7) = 0; (5.3)
leswy,7 = €1€4 + €2, Pf)(Lesws,7) = eresegen; '
Leswy 7 = e7e1 + €eaes, Pf)(Lesws,7) = ererezes;
Le;Wg,7 = €166 + €gey, Pf)(te,ws,7) = eresegen;
legWg 7 = €2€7, sz(Legngj) =0.

If Pf, (LwUJgj) =0, then
Xi(ws7) ={x € Fz\{O} | 21 = 2y = x5 = 27 = 22 + x428 = 0},

by Proposition 4.3; then
|X1(ws7)|=¢* +q+ 1.

Now, the varieties X>(ws 7) and their cardinality are computed. Let x = Z?:] xjej. Then

8
Pf3(wa877) = Z-r;PfB(LerJSJ)'i_

j=1
Z[xijsz(Leing) A (te;ws7) + 235 (te,ws7) A P2 (te,ws 7)]. (5.4)
i<j

Now, Pf3(1,ws ;) is calculated using the above formula (5.4): set it equal to zero to determine

the variety X,(ws 7). Then

erezeqesegey  forj =1,
Pf3(1e,ws7) = { ezeresegeres  for j =2,
0 forj =3,4,5,6,7,8.

When Pf3(1,ws 7) = 0, this implies that xy = x = 0. Therefore

Xz(ng) = {:E ‘ Tl — Ty = 0}
= P{es, e 65,66 07,65} ~ P,
Xo(wsg)| = Pl=d+d" +@+F+q+1.

Also, using (5.1), the weight of wg 7 is

wt(ws7) = ¢'5 + ¢ + ¢ + ¢'' + ¢°.
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