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Abstract The main objective of this study is to introduce and analyze the Narayana-Lucas hybrinomial sequence. We
thoroughly analyze different elements of this sequence, including the recurrence relation, matrix representation, generating
function, Binet’s formula, exponential generating function, and Poisson generating function. In addition, we investigate
numerous well-known identities, including the Catalan identity, the Cassini identity, the d’Ocagne identity, the Gelin-Cesaro
identity, and the Melham identity, related to this newly formed sequence. Finally, we provide the source Maple 13 code.

1 Introduction

In the 14th century, Indian mathematician Narayana studied the problem of a herd of cows and calves, which resulted in
the development of the Narayana numbers|[1, 2]. The problem posed was as follows: At the beginning of each year, a cow
produces one calf. Starting from the fourth year, each calf then produces one calf at the beginning of each subsequent year.
How many calves are there in total after 20 years?[1]. This problem bears resemblance to the Fibonacci rabbit problem,
and just as Fibonacci solved the rabbit problem[3], the Narayana cow problem can be similarly addressed. In Narayana se-
quence, denoted by N, , the recurrence relation is defined as Ny, 3 = Np,42 + N, for all m > 0, with initial conditions
Ny = 2,N; = 3, and N, = 4 [4]. Recently, there has been significant interest in the Narayana sequence and Narayana-like
sequences along with their generalization, as evidenced by various studies [4, 5, 6, 7, 8, 9, 10, 11]. Lucas numbers are the
numbers in the integer sequence defined by the recurrence relation Ly, = L,,_| + Ly, for all m > 1 with initial condi-
tions Ly = 2 and L; = 1. The Lucas numbers are also closely related to the Fibonacci sequence. In [12] the author defined a
new recurrence relation which is called k-Lucas numbers. In [7] author described the generalization of Narayana’s numbers
as well as two further special cases, the Narayana-Lucas Sequence and Narayana-Perrin sequence, and also defined some of
their identities. The recurrence relation for Narayana-Lucas sequence is defined as Uy, 43 = U2 + Up, forallm > 0
with initial conditions Uy = 3,U; = 1,U; = 1.

In the work by Ozedmir [13], the pioneering exploration into hybrid numbers was presented. Hybrid numbers constitute a
novel amalgamation of real, complex, hyperbolic, and dual numbers.

The collection of hybrid numbers, denoted as H, is formally characterized as follows:

H={z=a+b.+ce+dh;a,b,c,dcR}

Here, the operators ¢, €, and h are introduced with specific properties: 2 =—-1,¢=0,hr=1,andth = —ht = € + ¢.

The relationship of a hybrid number z with its conjugate is expressed as:
Z=a+bo+ce+dh=a—b.— ce —dh.

The character of hybrid numbers 2 is defined as the real numbers C(z) = 2Z = Zz = a? 4 b*> — 2bc — d? and the norm of
hybrid numbers z is defined as 1/|C/(z)| and denoted by ||z|| [13]. Hybrid numbers with various sequences such as Jacob-
sthal and Jacobsthal hybrid numbers, have earned a lot of interest recently [14]. In [15, 16, 17, 18, 19] the authors expanded
the Padvon, Perrin, Fibonacci, Lucas and k- Pell hybrid sequence and studied their several identities.

In the development of science and technology, integer sequences have played a significant role and are extensively used, par-
ticularly in mathematics and various other fields of science. Hybrid numbers represent a fresh extension encompassing real,
complex, hyperbolic and dual numbers. They find extensive utility across diverse mathematical domains and hold pragmatic
significance in scientific investigations, design endeavors, and speculative areas of physical science. These sequences find
applications in various fields such as algebra, number theory and geometry [20, 21].

In the context of classical studies, the behavior of the Narayana sequence is almost similar to the Fibonacci sequence
but distinct in terms of their order of occurrence, as well as their treatment of limiting ratios. The study of the Narayana
sequence and the Narayana-Lucas hybrinomial sequence can lead to various practical and theoretical applications in distinct
fields. Examples of direct and indirect applications of these sequences in different fields may include graph theory, number
theory, group theory, cryptography, architecture, stereographic techniques, and more. The novelty in our results is that, due
to the additional complexity introduced by the Narayana-Lucas hybrinomial sequence, its study becomes a matter of interest
in this direction.

In the present paper, our focus revolves around the Narayana-Lucas hybrinomial sequence. We delve an insight into its
properties, including the determination of generating functions, Binet’s formula, and the exploration of renowned identities
such as Catalan’s identity, Cassini’s identity, d’Ocagne identity, Gelin-Cesaro identity, and Melham’s identity. By investigat-
ing these aspects, our aim is to enhance the understanding and applicability of the Narayana-Lucas hybrinomial sequence in
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different fields of science.

2 Naryana-Lucas Hybrinomial Sequence

The present section aims to define the Narayana-Lucas hybrinomial sequence and then some simple findings related to
Narayana-Lucas hybrinomial sequence.

Definition 2.1. Narayana polynomial sequence in [4] is defined by

2, m =0,
3, m =1,
Nin(r) = 4, m=2,
TNmfl(T)J'_Nmf.?(r): m > 3.
The first few terms of Ny, (r) are :
2,3,4,4r + 2,472 +2r + 3,473 + 2r2 + 30 + 4, -
Definition 2.2. Narayana-Lucas polynomial sequence in [7] is defined by
3, m=0),
1 m=1
U — b b
m(r) 1, m=2,

TUmfl(r) + Um,_?,(’f‘), m > 3.

The first few terms of Uy, () are
3,5, L,r+3, 72 +3r+ 1,73 + 32 47 +1,---

Definition 2.3. Narayana-Lucas hybrinomial sequence denoted by { HUy, ()} is defined by

HUm (T) =Unm (T) + Unm1 (T)L + Um+2 (T)E + Unm+3 (T)h: (2.1)

where Up, (r) is the Narayana-Lucas polynomial sequence. Consequently, certain initial values for the Narayana-Lucas
hybrinomial sequence are:

HU(r) =14 (r +3)t+ (P +3r + De + (> + 372 +r 4+ 1)h,
=(r+3)+ (@ +3r+ Do+ (P + 37 + 74 e
+ (r* 4+ 31 + 72 + 2r + 3)h.

Considering the definition of the Narayana-Lucas hybrinomial sequence for the case r = 1, it becomes apparent that

HUy(1) =3+ 1+ e+4h,
HU; (1) =1 + ¢ + 4€ + 5h,
HU,(1) =1 + 41+ 5¢ + 6h,
HU;3(1) =4 + 50+ 6€ + 10h.

Therefore, we can say that the Narayana-Lucas hybrinomial sequence { HUy, (1)} is a generalization of the Narayana-Lucas
hybrid numbers.

The norm of the Narayana-Lucas hybrinomial sequence can be easily deduced from the definition of a hybrinomial sequence
(by following the similar steps mentioned in [4]), which is given by:

[H U (r)[| =/ C(HUm(r))

=\ IU2,() + U2, () = 201 (1) Umna(r) — U2, 5(7)|
IHUm ()2 =[U2,(r) + U2, () = i1 (1)U s (r) — U2, 5(0)|
=|Ums3(r) = U2 (1) + U2, 1 (1) = 20 41 (1)U 2(1)
—Up,3(r)]
=|UZ 13(r) + 72U2, 5 (r) = 20U i3 (1)U (r) + U, (1)
21 (1) Unng2(r) — Upy 3(7)]
=|U7, 1 (1) + U2 (r) (1 U 42(r) = 2rUpni3(r) = 22U i1 (7))
=|U2,11(r) = U2 (1) (r* U2 (r) + 27U 1 (1) + 2Upn (7))
1 ) -

IHUm (P> =|Up, 1 (1) = U2 (r) (r* U2 (r) + 2rUn41 () + 2Un (r))].
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Lemma 2.4. Let { HU, (1) } represents the Narayana-Lucas hybrinomial sequence, where m is a non-negative integer. Then
the recurrence relation is given by:

HUp,(r) = rHUp—1(r) + HUpy—3(7).

Proof. From (2.1), we have
HUm(T) —rHUp,— (T) - HUm—3(T) = (Um(T‘) —rUpm—1 (r) + Um—S(T))+
(Ums1(r) = rUm(r) + Upm—2(r))t + (Upmt2(r) = rUms1(r) — Um—1(r))e
+(Um+3(r) - rU’m+2(T) - Um(T))h:

as U, () forms a Narayana polynomial sequence, the result is that the right-hand side of the aforementioned equation equals
zero. This leads us to the conclusion that

HUm("”) —rHUp, (T) — HUm_';(T) =0.

Thus the proof is completed. O

2.1 Matrix representation of Narayana-Lucas Hybrinomial Sequence

Ozedmir [13] provide the following relation to describe the matrix representation of the hybrinomial sequence :

a+c b—c+d

M(a + bt + ce + dh) = c—bid . e

Now, we represent the Narayana-Lucas hybrinomial sequence of order m in the 2 X2 matrix as:

U (r) + Um2(r) Umt1(r) + (r = DUma(r) + U (r)

Mnuu,, (r) = (r = DUpms1 () 4 Upp—1 (1) + Upny3(r) U (r) — Upm2(r)

The hybrid matrix corresponding to the Narayana-Lucas hybrinomial sequence { HUpy, (1)} shall be referred to as { Mg, () }-

Proposition 2.5. Consider My, () as the matrix representation of the Narayana-Lucas hybrinomial sequence { HUy (1) }.
In this context, the following relationship is valid:

[ H U (r)|]* = det(Muu,,, (r)).

3 Generating Function, Binet’s formula and exponential generating function
for Narayana-Lucas Hybrinomial Sequence

The aim of this section is to represent the generating function and Binet’s formula for the Narayana-Lucas hybrinomial

sequence, which is further followed by an important corollary representing the exponential generating function corresponding
to the newly formed Narayana Lucas hybrinomial sequence.

Theorem 3.1. Let { HU,, (1)} be the Narayana-Lucas hybrinomial sequence. Then the generating function for { HUp, ()}
can be written as:

g(t) = > HUp(r)t™
m=0

_ HUy(r) + (HU,(r) — HUy(r))t + (HUy(r) — HU; (1))t
l—rt—18 '

Proof. Let us consider the following formal power series to be the generating function for the Narayana-Lucas hybrinomial
sequence as:

oo
g(t) = HUp(r)t™ = HUy(r) + HUy(r)t + HUp(r)£* + ...
m=0
Then we have,

rtg(t) = rHUo(r)t + rHU (r)t* + rHU> (1)t + ...
3g(t) = HUp(r)t> + HU, (r)t* + HU(r)t + ...

Therefore we get
g(t) — rtg(t) — g(t) =(HUy(r) + HU (r)t + HUy(r)t? + ...) — (rHUy(r)t + rHU (r)t> 4+ rUs (r)t® + ...)
— (HUy(r)8® + HU (r)t* + HUy(r)t + ...)
g(t)(1 — rt — £3) =HUy(r) + (HU, (r) — rHUo(r))t + (HU,(r) — r HU, (r))t?
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HUy(r) + (HU(r) — rHUy(r))t + (HUy(r) — rHU; (1))t?
(1—7rt—13)

g(t) =

g(t) = HUn(r)t™
m=0

_ HUy(r) + (HU;(r) — rHUp(r))t + (HUy(r) — THU, (r))t?
(1—7rt—13) '
Thus the proof is completed. O

Now, Binet’s formula is provided in the following theorem for this sequence:

Theorem 3.2. Let { HUp, (r)} be the Narayana-Lucas hybrinomial sequence. Then the Binet’s formula for { HUp, ()} can
be written as:

HU»n = (1 + o + pPe + p@PR)p™ + (1 + ve + v + PR™ + (1 + A + A2e + ABh)A™,
1 1
_L [, /3 } (2 31 \°
F=37 5" Vios 54 Vios)
1 1
1 N 29 N 31\° ol 29 31 )°
v=-+w| — — w | — =1\ —= s
3 54 108 54 108

1 1
A\ 1 4w 29 n 3r)° n 29 3’
=-+w | — — w| ——1/— ,
3 54 108 54 108

where,

where
—1+ut/3 (2711)
w=———=¢exp|— |,
2 3

and ., v, X are the characteristics roots of equation 1 — rt — t3.

Proof. By the definition of the Narayana-Lucas hybrinomial sequence from (2.1) and Narayana-Lucas sequences. From[?],
we have

Up, = p™ + 0™+ 2™

where
1 1
L ([, /3 3+ 29 31\’
F=37 527 Vios s¢ Vis)
1 1
1 n 29 . 31 \° o 29 31 \°
v=-+4w|— — we | — — 4/ — ,
3 54 108 54 108
1 1
N 1+229+ 31 3+ 29 31\’
=—-4w | = — w| — —4/— .
3 54 108 54 108
Thus, we get
HUm(T) :(Mm + m +)\m) + (MWH»] +Vm+1 +)\m+l)L+ (Mm+2 + Vm+2 + )\m+2)€
+ (Mm+3 + V'm.+3 + )\m+3)h
:,um + Lum+1 + €}Lm+2 + hum+3 4 m + Ll/erl 4 €V’m+2 + hum+3
F AT AT A2 g™
HUp (r) =(1 4+ tpu + epi®> + hpP)u™ + (1 + w + e? + b )™
+ (14X +eX? + hA3)A™,
Thus the proof is completed. O

Corollary 3.3. Consider the Narayana-Lucas hybrinomial sequence denoted as { HUp, () }. Then the exponential generat-
ing function corresponding to {HUp, ()} can be expressed as follows:

oo
tm
E HUm(r)—' = (14 pe + e+ pPh)elt + (1 4+ ve + vPe + vPh)e”t
m!
m=0

+(1+ A+ A2+ Nh)e .
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Proof. Through the utilization of Binet’s formula for the Narayana-Lucas hybrinomial sequence, we obtain:
oo m oo
Z HUm(r)—' = Z [(1+ pe 4 e+ )™ + (1 4+ ve + v2e + P h)p™
m!
m=0

m=0

tm
(14 X+ A2e + Mh)Am] —,
m!

= [(1 +/J,L+,u,26+,u3h)} Z (H;):n + [(1 +1/L+Vze+u3h)] Z (l;nt):n
m=0 ’ m=0 :
+ [0 20+ Ne+ 30 i (A;)‘m,

= (14 + e+ pPh)e" + (1 + ve+ e+ Ph)e’t + (1 + Ao+ Xe+ Ah)et.
Thus we get the result. ]

Corollary 3.4. Consider the Narayana-Lucas hybrinomial sequence denoted as { HUy, (r)}. Then the Poisson generating
function corresponding to { HU,, (1)} can be expressed as follows:

o0
tm 1
E HUm(r)—ye_t =— ((1 + e+ ple+ ph)ett + (1 + v+ vPe + 3h)e’t + (14 Mo+ N2e + )\3h)e’\t) .
m! e
m=0

Proof. Through the utilization of Binet’s formula for the Narayana-Lucas hybrinomial sequence, we obtain:

- tm -t S 2 3 m 2 3 m

E HUm(r)—ye = E [(1+pe+pe+wh)p™ + (14+ve+ve+ v h)y
m!

m=0 m=0

tm
F+ A+ Ne+ M)A —e ",
m.

M3

= it [(1 +,uL+uze+u3h)]

R (Mt)m + eflt [(1 + v+ Ve + 1/3h)] i 7(1/75)’"

m!

m=0 m=0 m!
1 2 3] = ()™
+ [(1+)\L+)\ e+ A h)] ZO e

1
=— ((1 + e+ e+ pPh)ePt + (1 + ve 4+ vPe + P h)e?t + (14 Ao+ Ne + )\3h)e)‘t> .
e

Thus we get the result. ]

4 Some identities involving Narayana-Lucas Hybrinomial Sequence

Theorem 4.1. (Catalan’s Identity) Let { HU, (1)} is the Narayana-Lucas hybrinomial sequence. For any integers m and s
where m > s, the subsequent identity is valid:

HUp— s (P HUppys (1) — (HUm (7))? =018 0™ (v =% — 2)p™ om=1 4 58 0m ™=t 4 §,5,u™A™
(LA = 2) + GO A ™ L 5,530 A (VEATE — 2) 4 G35, A
m—1

v )

where
81 =(1 + e + pe + p*h),
8 =(1 + ve + e+ 7h),
8 =(14 Xt + Ne+ Nh).

Proof. Using theorem (3.2), we have

HUp— (Y HU 16 (1) — (HUpn (7)) =(81 075 + 620™ 75 4+ GA™75) (8 ™5 + 8,0 4 530™F9)
— (S 1™ + 6™ + 53N,

where
81 =(1 4 pe + p2e + p>h),
8 =(1+ve+v2e +°n),

83 =(1+ Xt + Me+ A\°h).
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Now we get
HUp—s(r)HUpys(r) — (HUp (r))? =870 + 818p™ 50™ ™5 4 §1530™ SN + 5,6,0™ 5 M2
+ 6§V2m + 5263ym+5)\m—s + 536|)\m+sum—s T 5362)\m+sym—s
+ BN — (P 4 5P+ AT 26818,V + 26163
w4 28,650 A™)
:(6]62‘um+symfs + 626I Vm+s‘ulmfs _ 251 é-zumym) + (51 53um+s
ATTS 5361 )\m+sumfs _ Zélalﬂm)\m) 4 (6253ym+5)\m75
+ 6352)\m+sym75 — 25,830 A™)
:5162/14me(!/451/75 _ Z)Merlymfl + 6251 Vm‘Fle*l + 5|63umAm
(AT = 2) + HEA™ U™ L 8,50 A (SATS — 2) + 530, A
pmL
Thus the proof is completed. ]

Theorem 4.2 (Cassini’s Identity). Ler { HUyy, (r)} is the mt" Narayana-Lucas hybrinomial sequence. For m to be any
positive integer, the following identity holds:

HUpy— 1 (1) HUpp 41 (1) = (HUp (7)) =(81 8™ 0™ (™1 = 2)p™H ™=l 4 6,6 0™ ™= 4 (5,83™A™
(AT =2) + &8 A T £ (8,80™mAT (AT — 2) 4 535, A
v 26,850™A™),
where
81 =(1 4 e + p2e + p’h),
8 =(1 +ve+ e +v°h),
8 =(14 X+ Xe+ Ah).
Proof. It can be demonstrated by substituting s = 1 for the Narayana-Lucas hybrinomial sequence in the theorem (4.1). O

Theorem 4.3 (d’Ocagne Identity). Let { HUp, (1) } is the mt? Narayana-Lucas hybrinomial sequence. For all integers p and
mwithp > m + 1, the following identity holds:

HUp(r)HUpy 31 (1) — HUpy1 (1) HUpp (1) =6100pPv™ (v — ) + 028102 ™ (0 — v) 4+ 52030PA™ (N — v)
+ 530 0PV (1 — X)) + 6103uP AN — ) + 530 NP (1w — v),
where
81 = (1 + pe + pe + 1h),
8 = (1 + v+ vPe + 7h),
83 = (1 4+ A+ A2e + 23h).
Proof. Using theorem (3.2), we have
HUp(r)HUpy 1 (r) = HUp g1 (r) HUn (1) =(81 4P + 620P + 830P) + (5™ + 5™ 4 534 H)

— (O1pPT 4 &Pt 4 53A™),

where
81 = (1+ pe + pe + 12h),
8 = (1 +ve+ e+ °n),
8 = (1+ A+ A2e+ Nh).
Now we get

HUp(r)HUpy 41 (1) — HUpy1 (1) HUpp (1) =(82pPTmHL L 55,y ™ 4 58P AT 4 58, 0P ™
+ S3UPTT 4 55 530P AT 4 535 AP ™ 4 835, APL™ T
+ 6%)\p+m+l) _ (6%Mp+m+l + 68 62,up+lym
+ 0103 uPTIN™ 4 8,8, 0P ™ 4 Pt s, g™
+ 6351)\p+lum + 5§>\p+m+l)
=016V (v — p) + 02610 " (1 — v) + 82030P A (A — v)

+ 8530APVT (v = A) + 5153uP AT (N — p) + 35 XPu (p — v).
Thus the proof is completed. O
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Theorem 4.4 (Gelin-Cesaro’s Identity). Let { HU,y, (1)} is the m*" Narayana-Lucas hybrinomial sequence. For m to be any
positive integer, the following identity holds:

HUp 2 (P HU o1 () HU ppy 1 (r) HUp_2 (1) — (HU)*(r) = (5106™2(r) + 620™ 2 (1) 4 530™F2(r))
G ™ () + 6™ () + AT () (6107 () + 5™ ()
F AT G T () + S TR (r) + BN T (1) — (S (1) + S (1) + A (r)),
where
6 =(1+ pu + e + p°h),
8 =(1 + ve + e+ 7h),
8 =(14 Xt + Ne+ Ah).

Proof. Considering Binet’s formula from theorem (3.2) and making some necessary calculations, the above expression is
obtained. O

Theorem 4.5 (Melham’s Identity). Let { HUpn ()} is the mt™ Narayana-Lucas hybrinomial sequence. For m to be any
positive integer, the following identity holds:

HUpy 1 (r)HU 42 (r) HUps6(r) = (HUp3)?(r) = (81 (1) + 6004 (1) + 0™ (7)) (81072 (r)
+ 5™ (r) + SATFR(r)) (S, O () + 62O (1) 4+ SN (1)) — (S ™R (r) + o™ (r) + 83073 (r))2,
where
81 =(1+ pe+ ple + p’h),
8 =(14 v+ e+ °h),
8 =(1+ Ao+ A2e + X°h).

Proof. Considering Binet’s formula from theorem (3.2) and making some necessary calculations, the above expression is
obtained. O

Algorithm 1 Maple 13 source code for the Narayana-Lucas hybrinomial sequence

ApplyFunction:=proc(m :: nonnegint)
optionremember;
if m > 3 then
return ApplyFunction(m — 1) + ApplyFunction(m — 3);
else
return[3, 1, 1,4]|[m + 1];# Use index m + 1 to match 0 — based indexing
end if
end proc;
epsilon_squared := 0;
h_squared: = 1;

iota_squared: = —1;
iota_ast h_equals: = —h x 1 = (epsilon + );
m: = 0; # Intial value of m

while true do
HU :=ApplyFunction(U) + ¢ - ApplyFunction(U + 1) + epsilon - ApplyFunction(U + 2)
+ h - ApplyFunction(U + 3);

# Update the values of m
m: =m+1;
end do

5 Conclusion remarks

In this paper, we have introduced the Narayana-Lucas hybrinomial sequence and its recurrence relation. We also discussed
the matrix representation, generating functions, Binet’s formula, exponential generating functions, and Poisson generating
functions for the Narayana-Lucas hybrinomial sequence. We also introduced several well-known identities, including Cata-
lan’s identity, Cassini’s identity, d’Ocagne’s identity, Gelin-Cesaro’s identity, and Melham’s identity, for this newly formed
Narayana-Lucas hybrinomial sequence. In the last, we have also provided the Maple 13 source code (in Algorithm 1) for the
Narayana-Lucas hybrinomial sequence.
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