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Abstract In this paper, we prove some properties of controlled g-frames. A necessary and
sufficient condition for a controlled g-Bessel sequence to be a controlled g-frame is obtained.
In addition, we give sufficient conditions for the sum of two (C, D)-controlled g-frames to be
a (C, D)-controlled g-frame. Then, we define the controlled g-dual of a controlled g-frame
and prove some conditions under which two g-Bessel sequences befit controlled g-dual frames.
Thereafter, we obtain necessary conditions under which a combination of two (C, D)-controlled
g-duals of controlled g-frame {A,};c; will again be a (C, D)-controlled g-duals of {A;},c ;.
We conclude this paper by providing the invertible operators that preserve the (C, D)-controlled
g-dual of a controlled g-frame.

1 Introduction

While studying various problems in the non-harmonic Fourier series, Duffin and Schaeffer [8]
discovered the concept of frames in 1952. In 1986, Daubechies, Grossman and Meyer [6] reac-
quainted with the notion of frames. Frames have numerous applications in pure and applied
mathematics. Over a period of time, various extensions and generalizations of frames in Hilbert
and Banach spaces like g-frames [15, 24, 25], Fusion frames [4], K-frames [9, 10, 21], K-fusion
frames [3], Atomic subspaces for operators [2], K-g-frames [16, 17] and Fusion Banach frames
[11, 12, 13, 14], F-Fusion Banach Frames [19] have been studied.

P. Balaz [1] in 2010 came up with the idea of controlled frames to improve the numerical
efficiency of the iterative algorithm for inverting the frame operator on abstract Hilbert space.
Since then controlled frames have been studied by various researchers. Rahimi et al. [20] coined
the concept of controlled g-frames which is an extension of g-frames and controlled frames.
The duals of a frame play an important role in the reconstruction of vectors in terms of frame
elements. Keeping this in mind Dehghan and Fard [7] defined the concept of g-duals of frames
in Hilbert spaces and it was observed that we can achieve more reconstruction formulas to ob-
tain signals. This concept was further extended by Ramezani and Nazari [22] to g-duals of
generalized frames. Ramezani [23] broadened the concept of g-dual of a frame to controlled
g-dual frames for a C-controlled frame. Controlled g-frames have the dynamism of theoretically
foundational and practical applications. With the ongoing research on controlled g-frames and
their g-duals, we studied some interesting properties of controlled g-frames with two controller
operators which are bounded and invertible. The inference that has been flagged in this paper
is the construction of g-duals of controlled g-frames and it was observed that g-duals of con-
trolled frames are generalizations of dual g-frames. Section 2 deals with the basic definitions
and related results. In Section 3, we discuss several properties of controlled g-frames with two
positive controller operators and give a characterization for a controlled g-Bessel sequence to be
controlled g-frame. The concept of the generalized dual of controlled g-frames or simply g-dual
of controlled g-frames is given in Section 4. Also, we obtain a reconstruction formula for the
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elements of the Hilbert space H in terms of the adjoint of controlled g-frame elements using
g-dual of controlled g-frames.

Throughout this paper, H will denote a separable Hilbert space and B(H;, H,) denotes the
collection of all bounded linear operators from H; to H, and B(H) is the collection of all
bounded linear operators on H. T* denotes the adjoint of the operator T. GL(H) denotes
the set of all bounded linear operators which have bounded inverse. GL* (H) denotes the set of
all positive operators in GL(H). A bounded operator S : H — H is positive if (Sz,z) > 0,
for all 0 # « € H. Every bounded positive operator on a complex Hilbert space is self-adjoint.
Also, we have assumed in this paper that two positive operators commute. Let {H; : j € J} be
a sequence of closed subspaces of H, where J is a countable indexing set. Then the sequence
space

P({Hj}jes) = {abjes ta € Hyj e 1,y |lay|* < oo
jeJ

with the inner product given by ({z;};es, {y;}jes) = > ;cs(j,y;)n; is a separable Hilbert
space.

2 Preliminaries

In this section, we present basic definitions and results related to frames, controlled frames,
g-frames and controlled g-frames and their g-duals.

Definition 2.1. [5] A sequence { f;};cs in H is said to be a frame for H, if there exist constants
0 < A < B < oosuch that forall x € H,

Allel® <> [, £)1 < Bllz|. 2.1)

jeJ

The constants A and B are called the lower and upper frame bounds, of the frame {f;};c .,
respectively. A frame {f;},c is said to be a tight frame if A = B in (2.1) and a Parseval frame
if A= B = 1. If only the right hand inequality in (2.1) holds, then { f;}jc s is known as a Bessel
sequence.

Definition 2.2. [7] A frame {g;} , ; is called a g-dual frame of the frame { f; for H if there

exists an invertible operator £ € B(H) such that for all z € H,

jeJ

}jEJ

Definition 2.3. [1] Let C' € GL(H). A sequence {f;},; in H is a C-controlled frame, if there
exist constants 0 < A < B < oo such that for all z € H,

Allz|* <Y, f(C @) < Bl

jeJ

Definition 2.4. [23] Let C' € GL(H ). Suppose that {f;},_; is a C-controlled frame and {g;},
is a Bessel sequence in H. Then {g;},_; is said to be g-dual of {f;},_;, if there exist an
invertible operator E € B(H) such that for all z € H,

x=> (Ex,9;)Cf;.

jeJ

Definition 2.5. [24] A sequence {A; € B(H,H;) : j € J} is said to be a g-frame for H with
respect to { H; } je s, if there exist constants 0 < A < B < oo such that for all z € H,

Allz)> <> IAz|* < Blla|*. 2.2)

jeJ
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The constants A and B are called the lower and upper frame bounds of g-frame {A;};c,
respectively. The g-frame {A;};c; is said to be tight if A = B and a Parseval g-frame, if
A = B = 1in (2.2). If only the right hand inequality in (2.2) holds, then {A;};c is called a
g-Bessel sequence for H with respect to {H; };c;.

Definition 2.6. [22] Let {A;},_; be a g-frame for H with respect to {H;}, ;. A g-frame
{T';},c 1s called g-dual of g-frame {A;},_; for H with respect to {H} if there exist an
invertible operator £ € B(H) such that for all z € H,

z=> AT;(Ez).

JjeJ

jeJe

Definition 2.7. [7] Let C,D € GL"(H). A sequence {A; € B(H,H;) : j € J} is called a
(C, D)-controlled g-frame for H with respect to { H; } ;¢ s, if there exist constants 0 < A < B <
oo such that for all x € H,

Allz]* <> (A;Cx,A;Dx) < Bljz|. (2.3)
jeJ

The constants A and B are called as the lower and upper frame bounds for (C, D)-controlled
g-frame {A;};cs, respectively. If only the right hand inequality in (2.3) holds, then {A;};cs
is called a (C, D)-controlled g-Bessel sequence for H with respect to {H;};c;. If D = Iy,
then {A;};ec is called a C-controlled g-frame for H with respect to {H;};c . If C = D, then
{A,}jesisaC? (or (C,C))-controlled g-frame for H with respect to {H,}jec .

Fora (C, D)-controlled g-Bessel sequence {A;};c s of H with respect to { H; } j; with bound
B, the operator T, py : 12 ({H;}jes) — H defined as T(c p)({z;}jes) = ZjeJ(C’D)%A;ij,
forall {z;};c; € {H};es is well-defined, bounded and its adjoint T(*C R H— 2 {H;}jer)
given by Tt D)(x) = {Aj(DC)%x}je'], for all z € H is a bounded linear operator. T(¢ p) is
called the synthesis operator and T(*C D) is called the analysis operator of {A;},c ;. The frame
operator of (C, D)-controlled g-frame {A;} ;e is defined as S(¢ p)(z) = 3_,c ; DAjA;Cx, for
allz € H. Moreover, S(¢ p) = CSaD, where Sy is the frame operator of g-frame {A;};c ;. The
operator S(¢, p) is positive, self-adjoint and invertible.

Proposition 2.8. [5] Let H and K be Hilbert spaces and suppose that U : K — H is a bounded
operator with a closed range. Then there exists a bounded operator Ut : H — K satisfying
ker(U"Y) = range(U)*,range(U") = ker(U)* and UU z = x, for all x € range(U). The
operator U™ is called the pseudo-inverse of U.

Proposition 2.9. [5] Let U : H — H be a linear operator. Then the following are equivalent:

(i) There exists two constants 0 < m < M < oo, such that mig <U < MIg.

(ii) U is positive and there exists constants 0 < m < M < oo such that m|z|* < ||U2z|? <
Mz,

(iii) U € GL*(H).

3 Properties of controlled frames

In this section, we discuss various properties of controlled g-frames with two controller opera-
tors. A necessary and sufficient condition for a controlled g-Bessel sequence to be a controlled
g-frame is obtained. Further, we construct new controlled g-frames from a given controlled
g-frame.

Theorem 3.1. Let C, D € GL" (H). A (C, D)-controlled g-Bessel sequence {A;} jc y with Bessel
bound By is a (C, D)-controlled g-frame for H with respect to { H, } jc s if and only if the opera-
tor Tic,py - P({H;}jes) — H given by Tic,py({z;}jes) = ZjGJ(CD)%A;xj is a well-defined
bounded and surjective linear operator.
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Proof. As the frame operator S(c p)y = Tic,p)T(, ) of a (C, D)-controlled g-frame {A;};c;
is invertible, therefore it follows that T p) is surjective. Conversely, suppose that {A;};e
is a (C, D)-controlled g-Bessel sequence with bessel bound By and T|¢ p) is a well defined
bounded and surjective linear operator. So, by Proposition 2.8, its pseudoinverse T(Jra D) exists
and T(C,D)T(rc p)% =, forallz € H.
Thus,

lell* < Ty, Tioop@) P < T o PNzl 3 (A Cr, A D).

jeJ

Hence, forall x € H,

ITE oy I 72l < D (A;C, A; D) < Byl
jed
O

Remark 3.2. However, if the operator T{¢ p) is not surjective, then the (C, D)-controlled g-
Bessel sequence {A; } ;¢ s for H withrespectto { H, } ,c s need not be a (C, D)-controlled g-frame
for H with respect to {H } ;< as is evident from the following example.

Example 3.3. Suppose that # = R* and {¢;};cs be an orthonormal basis of H. Let H; =
span{e;} and 0 # o € R. For 1 < j < 4, define A; : H — H; as Ajz = ((z,e2) +
(z,e3))er; Aox = (w,ex)er; Asx = {(x,e3)e3; Aqx = (v,e4)eq and C,D : H — H as
Cz = azand Dz = o~ 'a. Then, forany z € H, Y1 (A;Cz, A;Dx) < 3||z||%. Thus, {A;}jes
is a (C, D)-controlled g-Bessel sequence for H with respect to {H;};c, but is not a (C, D)-
controlled g-frame for H with respect to {H;};cs as |le1|| = 1 and Zj’:l (AjCer,AjDey) = 0.
Also, the operator Tc,p) : I*({H,},e;) — H given by Tic p)({z;}jes) = (0,22, 23,14), for
all {z;};es € I>({H,};e;) is not surjective as for e; € H, there does not exist any {z;};ec; €
({H;};e;) such that Tic p)({z;}jes) = e1.

In the next two theorems, we construct new (C, D)-controlled g-frames from an existing
(C, D)-controlled g-frame.

Theorem 3.4. Let C, D € GL*(H) and {A;}c; be a (C, D)-controlled g-frame. Then {Ajs(_ClD>}jeJ

—1
is a (C, D)-controlled g-frame and {AngD)}jeJ is a (C, D)-controlled Parseval g-frame for
H with respect to {H; }jc .

Proof. As {A;},cy is a (C, D)- controlled g-frame, therefore there exists constants 0 < A <
B < oo such that forall x € H,

Allz|* <) (A;Cz,A;Dx) < Blz|”.
jeJ

One may note that for any = € H, we have

—1 —1 —1 —1
Z(AjS(QD)Cx,AjS(C,D)D@ = Z(S@,D)S(C’D)x,sw,mx)
jedJ jed

< B|Spall?
< BA7Yz|.

Additionally, for all x € H,

Y (NS ) Cx Ay S py D) = AllS !yl > AB 7],
jeJ
Thus, for all x € H, we have

AB~ 2Hx||2<ZAS 1) 0, A S
jeJ

( ) z) < BA7?||z||*.
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So, {A;S(c,p)}jes is a (C, D)-controlled g-frame for H with respect to {H}} ;e . Further, for
any x € H,

1 1

-t -t
D (AiSE ) Cr NS G ) D) = (S by, S & pyz) = ||z
jeJ
—1
Hence, {A; Sg D>} jes is a (C, D)-controlled Parseval g-frame for H with respect to {H; };c..
o

Theorem 3.5. Let C, D € GLT(H), {A;};ecs be a (C, D)-controlled g-frame for H with respect
to{H;}jcs. If U € B(H) is invertible that commutes with C and D, then {A;U} e is also a
(C, D)-controlled g-frame.

Proof. By definition of (C, D)-controlled g-frame, there exists constants 0 < A < B < oo such
that for all z € H,
Allz|* <Y (A;Cx,A;Dz) < Bl
jeJ

Thus, for any x € H,

Allz|? < U2 (A;CUx, A;DUz) < B|U U |||
jeJ

Hence, for all z € H.

AU 2l < > (A UCz, A;UDz) < BI|U|P |l
jeJ
O

In the next example, we see that the Theorem 3.5 may not hold if U does not commute with
Cand D.

Example 3.6. Let H = R? and {e, } ;< be an orthonormal basis of H. Let H; = span{es, e3},
H, = span{ei,e3} and H3 = span{e;,er}. For 1 < j < 3, define A; : H — Hj as Ajz =
(z,e2)e3; Mow = (w,e3)er; Asw = 2(z,e1)ex; and C,D : H — H as Cz = 3(z,e1)e; +
Ha,ex)er + 1(z,e3)es, Dz = 2(z, e1)er + 3(z,e2)er + 3(z,e3)esand U : H — H as Uz =
(z,e1)er + (2(z,e1) + (x,e2))ea + (x,e3)es. Then, the operators C, D € GLT(H) and U €
GL(H) does not commute with C' and D. For any z € H, }||z|]* < Z;:1<Ajcvaij> <
4(|z||*. Therefore, it follows that {A;};c is a (C, D)-controlled g-frame for H with respect to
{H} ey, but {A;U} ey isnota (C, D)-controlled g-frame for H with respect to { H } jc ;. Since
for z = e3, ||| = 1 and 3=3_, (A;UCz, A;UDz) = 3.

Definition 3.7.Let C,D € GL*(H),A = {A;}je; and ' = {I';},c; be two g-Bessel se-
quences for H with respect to {H,};c;. We define the operator Sparc on H as Sparcz =
> jes DAJT;Ca, forallz € H.

It can easily be verified that Sparc is a well defined, bounded, linear operator and ||Sparc|| =
v/ BaBr, where By and Br are the g-Bessel bounds of {A;},c; and {T';};c, respectively. For
C =D = Iy,wehave Sarz =) jed Ajl"jx. Moving forward, we look for the conditions under
which the sum of two (C, D)-controlled g-frames is again a (C, D)-controlled g-frame.

Theorem 3.8. Let C,D € GLT(H), A = {Aj}jes and " = {T';}c; be (C, D)-controlled g-
frames for H with respect to {H }jcy. If Sar and Sra commute with C,D and Sar + Sra €
GL"(H). Then {Aj +T';}jcy is a (C, D)-controlled g-frame.

Proof. As A and T are (C, D)-controlled g-frames, there exists 0 < A; < B; < co and 0 <
Ay < By < oo such that for all x € H, we have

Aillz]? <Y (A;Cz, A;Dx) < Biz|®
jeJ
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and
Aollz|> < 3" (T;Cx,T; D) < Bola
jed
Note that {A;} ;5 and {I'; } ,c s are g-Bessel sequences and it can easily be verified that Sparc+
Scrap 1s a positive operator. Therefore, by Proposition 2.9, there exists m > 0 such that for all
r e H,
(Sparc + Scrapa, x) > mx||.

Thus,
> (A +T;)Cx, (A; +T;)Dz) = Y (AjCx,A;Dx)+ > (;Cx,T;Dx)
JjeJ jEJ jeJ
+ (Sacrp + Srpacz, x)
> (A + Ay +m)|z).
Moreover,

Z<(Aj +T,)Cx, (A; +T;)Dz) < (By + By + 2/BaBr)|z|?,
jedJ

where By and Br are the g-Bessel bounds of {A;};c; and {I';},c; respectively. Hence, the
result follows. ]

4 Controlled g-dual frames of generalized controlled frames

S.M.Ramezani and A. Nazari [22] introduced the concept of g-dual of g-frames in Hilbert spaces.
In this section, we define the g-dual of controlled g-frames and establish relationships between
controlled g-frames and their g-duals.

Definition 4.1. [18] Let C, D € GL"(H). A (D, D)-controlled g-Bessel sequence {I';};c; is
called a (C, D)-controlled dual g-frame of a (C, C)-controlled g-frame {A,};c; for H with
respectto {H,},csifforall z € H,

r=Y CAT;Dz.
JjeJ
Note that every (C, C)-controlled g-frame {A;};c; has atleast one (C, D)-controlled dual
g-frame. Indeed, {T';};c; = {A;CS . D~'};es, is a (D, D)-controlled g-Bessel sequence

(C.0)
and v = ). ; CAST; Dz, for all x € H. Thus, {T';} e is a (C, D)-controlled dual g-frame of
{Aj}jes

Now, we define (C, D)-controlled g-dual of a (C, C')-controlled g-frame {A;};c .

jeJ

Definition 4.2. Let C,D € GL'(H) and {A,};c; a (C,C)-controlled g-frame. A (D, D)-
controlled g-Bessel sequence {I';},c is is said to be a (C, D)-controlled g-dual of {A;},c,
if there exists an operator & € GL(H ) such that for all z € H,

z =Y CAT;D(Ex).
jeJ

When & = Iy, then {I';};c; is a (C, D)-controlled dual g-frame of {A;};c;. Further, if
E =C = D = Iy, then {I';},c is an g-dual of g-frame of {A;};c;. Hence, the controlled
g-dual of a controlled g-frame is the generalization of a dual g-frame.

Now, we prove some equivalent conditions under which the g-Bessel sequences {A; };c; and
{T"j }jes becomes the controlled g-dual frames.

Proposition 4.3. Let C, D € GL"(H). Suppose {A;}jc; and {I';};c; are g-Bessel sequences
in H with respect to { H;} jc ;. Then the following are equivalent:
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(i) there exist E € GL(H) such that for all z € H,

z =Y CAT;D(Ex);

jeJ
(ii) there exist E € GL(H) such that for all x € H,

x =Y DIjA;C(E*x);

jeJ
(iii) there exist 2 € GL(H) such that for all x € H,

(z,y) =Y ([;D(Ez), A;Cy);

jed
(iv) there exist & € GL(H) such that for all x € H,

(x,y) = > (A;C(E"x),T; Dy).

jEJ

Proof. Let (i) hold. Then for any » € H, we have = 3, ; CAT';D(Ex), where E is

an invertible operator. Also, there exists some y € H such that x = Ey. Therefore, y =

> ies CAT;D(Ey) =37, ; CASTjDa. Thus, o = Ey = 3. ; ECAT; Da. Since {I'; D} je s
and {A;CE"} e s are g-Bessel sequences, it follows that, v = >° . ;(A;CE*)*T; Dz = 37, ,(I';D)*
A;C(E*z). Thus, z = Z]EJ DF;TA]C(E*x), therefore, (ii) holds. Using a similar argument, we

can prove that (ii) implies (i).

Next, we prove the equivalence of conditions (i) and (iii). As z = . ; CA;I';D(Ex). There-
fore, for any y € H,

(x,y) = > (CA;T;D(Ex),y) = Y _(T;D(Ex),A;Cy).

jeJ jeJ
Fix x € H, then for every y € H,

(=Y CAT;D(Ex),y) = (w.y)— Y ([;D(Ex),A;Cy)

JjeJ jeJ
= <$,y>—<$,y>20

This is true for every y € H and hence, = >, ; CAJI'; D(Ex).
Following arguments similar to the ones used above, we can prove (ii) and (iv) are equivalent,
which concludes the proof. O

Corollary 4.4. Let C,D € GL"(H). Suppose that {A;};c; and {T';};c; are two g-Bessel se-
quences of H with respect to {H;} ;e such that for all v € H,x = 3, ; CA;T;D(Ex), for
some € GL(H). Then, {A;}jc; and {I';};c; are (C,C)-controlled and (D, D)-controlled
g-frames for H with respect to {Hj}jes andx =3, ; DUsA;C(E*x), forall x € H.

Proof. Let By and Br be the Bessel bound of the g-Bessel sequences {A;};cs and {I';};c,
respectively. Then for any z € H,

le|* = |3 CAIT;D(Ea),z)P
jeJ
< I DEDP Y A Cal?
jeJ jeJ
< BrlEPIDIPel? Y (A Ca, A, Ca).

jeJ
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Thus, forall x € H,

1

B o ol < 2 (As0. AsCr) < BAICIP =

jeJ

Therefore, {A;};cs is a (C, C')-controlled g-frame. Similarly, we can prove that {I'; } ;s is also
a (D, D)-controlled g-frame.
Asx =37, ; CA;T';D(Ex), therefore by Proposition 4.3, it follows thatx = 3, ; DT';A;C(E*z).

O

jes
Remark 4.5. In view of Corollary 4.4, it is clear that {I'; } ;¢ is a (C, D)-controlled g-dual of
{A;}jesand {A,;};c s is a (D, C)-controlled g-dual of {I'; };¢.

Next, we generate new (C, D)-controlled g-dual of (C, C')-controlled g-frame {A;}c s from
a given (C, D)-controlled g-dual frame.

Theorem 4.6. Ler C,D € GL'(H) and {I';};c; be a (C,D)-controlled g-dual of (C,C)-
controlled g-frame {A;};cy for H with respect to {H,};c; with & € GL(H) and X be any
complex number. Then the sequence {1;};c; given by 1; = A\I'; + (1 — )\)AJ-DLS'(_CI’D)E*ID’1
is a (C, D)-controlled g-dual of {A;} jc ; with the invertible operator =.

Proof. Forany x € H,

> CAj¢;D(Ex) = XY CAT;D(Ex)

jed jed
+ (1-X)) CAADS L, E7' D7 D(Ex)
jeJ
= Ar+(1 —)\)S(C’D)S(*C}’D)a?
= M+ (1-Nz
= z.
Thus, {t;} ;e is a (C, D) controlled g-dual of {A;},c; with E € GL(H). m

In the next result, we obtain conditions under which a combination of two (C, D)-controlled
g-duals of a (C,C)-controlled g-frame {A;},c; will again be a (C, D)-controlled g-dual of

{Aj}ier
Theorem 4.7. Let C, D € GL*(H). Suppose that {T';} jc y and {®; } jc ; be (C, D)-controlled g-
dual of (C, C)-controlled g-frame {A;} jes for H with respectto {H;}je s withE,,E, € GL(H),
respectively. Then for any complex number )\, the sequence {1 };c s given by
v; = A;E + (1 — /\)GJEQ

is a (C, D) controlled g-dual frame of {A;}jc; if 21D = DE; and DE, = E;D.
Proof. Forany x € H,

Y CAs¢;Dz = XY CAT;E Dz+(1-X)) CA0,E,Dx

JjeJ jedJ jeJ

= +(1-XNz=u=

Therefore {¢;};c is a (C, D) controlled g-dual frame of {A;};c;. i

Now, we present a necessary condition under which the sum of two (C, D)-controlled g-dual
frames of a (C, C')-controlled frame {A;};c s turns out to be a (C, D)-controlled g-dual frame.

Theorem 4.8. Ler C,D € GL*(H). Suppose that {I';};c; and {®;}c; are two (C,D)-
controlled g-dual of (C, C')-controlled g-frame {A;} jc y with respect to operator 21,2, € GL(H),
respectively. If & = Efl + E;l is invertible. Then, {T'; + ©;},c s is a (C, D)-controlled g-dual
frame of {A;}je..
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Proof. Forany x € H,

Y CA}([;+0,)DE"'z = Y CAT;DEE;'E 'z
JjeJ jeJ
+ ZCA;Q?)jDEzE;lE—'x
jeJ
= (E'+EE
= X.

O

Theorem 4.9. Let C,D, T € GL*(H). Then {I';};c; is a (C, D)-controlled g-dual of (C,C)-
controlled g-frame {A;} e ifand only if {T;}jc s is a (TC, DT~")-controlled g-dual of {A;}jc.;.

Proof. As {A;};csisa(C,C)- controlled g-frame and T" € GL™ (H), therefore, {A;},c s is also

a (T'C,TC)-controlled g-frame. If {I';};c; is a (C, D)-controlled g-dual of (C, C')-controlled

g-frame {A;};c s, then {I';},c; is a (D, D)-controlled g-Bessel sequence and there exists = &

GL(H) suchthatforallz € H,x =3, ; CA;T;DEx. Thus,

x=TT'a=T>» CAT;DE(T"'z) =) TCA;T;DT(Ex).
jeJ jes

Also, it can be readily seen that {I'; }c; is a (DT~', DT~")-controlled g-Bessel sequence and
hence {[';};eis a (T'C, DT~")-controlled g-dual of {A;};c..

Conversely, let {T';};cs be a (T'C, DT~!)-controlled g-dual of {A;};cs, where E € GL(H).
Then, {T';};e isa (DT~!, DT~")-controlled g-Bessel sequence and for any x € H,

r = T 'Tx
= T7'Y TCA;T; DT 'ETx
JjeJ
= Y CAT; DT 'ETz
JjeJ
= ) CAT;DKux,
JeJ

where K = T~'ET is invertible. It can be easily verified that {I';},c; is a (D, D)-controlled
g-Bessel sequence and therefore {I';};c is a (C, D)-controlled g-dual of {A;};c. ]

Next example illustrates the existence of {I';},c; and {A;} ;¢ that satisfy the above condi-
tions.

Example 4.10. Let H = R and {¢; } ;7 be an orthonormal basis of H. Let H; = span{ez, e},
H, = span{ei,e3} and H3 = span{ei,es}. For 1 < j < 3, define A; : H — H; as
Az = (z,ex)es; MAx = (z,e3)e;; Asx = (z,ej)ep; and C,D, T : H — H as Cx =
Ha,en)er + (z,e2)es + Ha,ea)es, Dx = 2(z,er)e; + 3(z, e2)ex + 2(z,e3)e3 and Tz =
5(x,e1)e1+6(x, e2)ea+4(x, e3)e3. Then C, D, T € GL™(H). Also, 4[|z[* < >, [A;Cx|* <
] and [Jz]|* < 3¢, [IA;TCx|* < 5||z|1*. So, {A;}jes is a (C, C)-controlled g-frame and
(TC,TC)-controlled g-frame. Take {I';}jes = {A;}jes, then 3°,; ||IT; Dx|* < 9]|z||* and
> ies I DT 2|* < lz|*. So, {[;};es is both a (D, D)-controlled and (DT !, DT")-
controlled g-Bessel sequence. Define E : H — H as E(z) = (z,e1)e1 + (z,e2)er + 5(z, e3)e3.
ThenE € GL(H)andz =3, ; OAST; D(Ex). Thus, {I';},e is a (C, D)-controlled g-dual of
(C, C)-controlled g-frame {A;}je;. Also,z =3, TC’A;T]-DT*I(Em). Therefore, {I'; },c
isa (TC, DT~")-controlled g-dual of {A;};ec..

We conclude this paper by proving that (C, D)-controlled g-duality property of g-frames is
preserved under invertible operators.
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Theorem 4.11. Let C, D, U,V € GL*(H). Suppose that {A;}jc; and {T;};c s are (C,C) and
(D, D)-controlled g-frames for H with respect to {H; } jc.;. Then {I';};c; is a (C, D)-controlled
g-dual of {A;} e if and only if {T;U} ey is a (C, D)-controlled g-dual of {A;V }je.

Proof. Let{I';},c; bea(C, D)-controlled g-dual of {A;};c s, therefore there exists & € GL(H)
such thatforallz € H,z =) CA;T;DEz. Thus,

JjeJ
x = Y VCAI;DEV 'z
jeJ
= ) C(AV)T;UU'DEV ™ 'x
jeJ
= ) _CAV)(TU)UT'DEV
jeT
= ) C(AV)*(T;U)DEx,
jeT
where £; = (UT'EZV ') € GL(H).
Conversely, let {I';U};c; be a (C, D)-controlled g-dual of {A;V'};c;. Then there exists & €
GL(H) such that for all z € H,

z =Y C(A;V)"(T;U)DZx.
jeJ

Thus,

x = V'Y C(AV)(T;U)DEV
jed
= ) CAT;DUEVx
jeJ
= Y CAT;DE;z,
jeJ

where &, = UEV € GL(H), which completes the proof. ]

5 Conclusion remarks

The study of g-duals has great significance in the area of frame theory. The aim of this paper is
to obtain (C, D)-dual of a (C, C)-controlled g-frames which are the generalization of the dual
of a g-frame. Also, some new properties of controlled g-frames and their g-duals have been
discussed. Therefore, the results of this work can be a subject of future research work.
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