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Abstract This paper embodies the algebraic structures of g—k—abelian rings are investigated
using the concept of non-zero k-potent elements in a ring. A k-potent element ¢ in a ring R is
called quater — k — central or (g — k — central) if aR(1 — a*~')Ra = 0 and the ring R is
called ¢ — k — abelian if all the elements of R are ¢ — k — central. We have presented various
characterizations of ¢ — k — abelian rings and some associated concepts. It is prove that an
element = in a ¢ — k — abelian ring R is Von Neumann regular, then x is strongly regular.
Moreover, we have established that the property a[a*~!, R][R,a*"!la = 0 for all k-potents
a € R can be used to describe ¢ — k — abelian rings, where [z, y] := zy — yz is the additive
commutator of a ring.

1 Introduction

In this article R is a ring consisting identity unless otherwise specified. We refer to the set of all
idempotents, nilpotents, and units in R, respectively, as I(R), N(R) and U(R). Also, we denote
T,(S), as the upper triangular matrix ring over any ring S. If for some natural number &, a* = a,
then an element a is said to be k-potent. We denote K (R) as set of all k-potent elements of R.
According to [2], an element e € I(R) is called left (right) semicentral if ere = re(ere = er)
for each r € R and e is called central if re = er for each r € R. Whenever every idempotent e
is central in a ring R, then the ring is said to be abelian. For all idempotent e in a ring R, either
er = ere or re = ere for all r in R, then the ring R was considered to be semiabelian according
to Chen [3] (2007). Following that, the concept of semicentral idempotents and semiabelian
rings was extensively researched by numerous researchers and extended in a variety of ways
(refer to [2], [4], [9], [6], [14], [16], [15] and [17]). A k-potent a € R is called left (right)
semicentral k-potent if (¢« — 1)Ra = 0 (aR(1 — a) = 0) or ara = ar (ara = ar) for all r € R.
Recently, the concept of semicentral idempotents in a ring was further extended by T. Y. Lam.
According to T. Y. Lam [12], if eR(1 —e) Re = O for all e € I(R) then e is referred to be quarter-
central, and if all of the idempotent elements in a ring R are g-central, then the ring is said to
be quarter-abelian (simply, a g-abelian ring). Though T, (S)(the set of all n x n upper triangular
matrices over S) is g-abelian if and only if S is abelian, they demonstrated that forn > 3, T,, (S )
is not g-abelian ring. They gave equivalent definitions of ¢ — abelian rings based on the concept
of additive commutators of the ring [z, y] := zy — yx. Moreover, they studied and discussed the
notion of ¢-central idempotents in relation to the idea of regular, unit-regular as well as strongly
regular elements in arbitrary rings and various associated concepts. It is observed that abelian
rings sits inside ¢ — abelian rings. In [[11], Ex. 12.8C] we get, when for all a in R, a* = a for
some k € N then R is a commutative ring. But in this article, we are only interested in those
k-potent elements a € R which are quarter central k-potent.
In this article, we further generalise as well as extend the concept of g-abelian rings by introduc-
ing the concept of ¢ — k — abelian rings using non-zero k-potent elements of the ring and we
have established various properties associated with this concepts.
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2 Preliminaries

In this section, we have presented some basic results which are needed in the following sections.

Following [7] for a ring R, define a binary operation o on R as a o b = a + b — ab for each
a,b € R. Then it can be easily proved that (R, o) is a monoid. An element z € R is said to be
quasi-regular if = has an inverse i.e., there exists ' € R such that 2’ ox = x o2’ = 0. ¢(R)
denotes the set of all quasi-regular elements in R. It is proved that N(R) C q(R).

The following lemma is derived from [7].

Lemma 2.1. The subsequent claims are identical for a ring R and a € K(R):

(1) a*='is central.

(2) ra*=! = a*~'ra*=! whenever r is in K(R).

(3) ra*=' = a*~ra*~"! whenever r is Von Neumann regular element.

(4) ra*=! = a*~'ra*=! whenever r is in N(R).

(5) ra*=! = a*~'ra*="! whenever r € R and r*> = 0.

(6) rak=! = ak~rak=! whenever r is in q(R).

Proposition 2.2. The subsequent claims are identical for a ring R and a € K(R):

(1) ar = ara*=! forallr € Ror, aR(1 —a*~!) = 0.

k—

(2) ar = ara®~! whenever r is in K(R).

k—

(3) ar = ara®" whenever r is Von neumann regular element.

k=1 ywhenever r is in N(R).

(4) ar = ara
(5) ar = ara®=" whenever r is in R and r*> = 0.

(6) ar = ara*~! whenever r is in q(R).

Proof. We can clearly see, (1) = ((2),(3), (4),(5), (6)) are obvious. For (2) = (1). Let
us consider r = a*~! — a*~'z + a*~'xa*~! which is a k-potent element for any z € R. So,
ara*~!' = ar = a(a*"! —d* "z + aFlxdF ek = a(aF ! - aF Tl 4+ dF T lzdb ) =
a =a—ax+ara®”! = ar = ava®~!. (3) = (2) is also clear, as every k-potent
is regular. For (5) == (1). Let us consider y = a*'za*~! — a*~ !z then y*> = 0. Now
aya*~ ! = ay = a(a*1zat7! — dlz)ab ! = a(aF T lwak ! — aFl2) = 0= azabT! -
ar = ax = awa®~! forall x € R. Again we notice that (6) = (4) as N(R) C ¢(R). Also,
(4) = (5) isclear.

O

We have the next proposition, which is similar to Proposition 2.2.

Proposition 2.3. The subsequent claims are identical for a ring R and a € K(R):
(1) ra = a*raforallrisin Ror, aR(1 —a*~!) = 0.
(2) ra = a*~'ra wheneverr is in K(R).
(3) ra = a*'ra where r is an element which is Von neumann regular.
(4) ra = a*~'ra whenever r is in N(R).
(5) ra = a*'ra whenever r is in R and r* = 0.

(6) ra = a*~'ra whenever r is in q(R).
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3 g — k—Abelian Rings

We begin with the definition of ¢ — k — central elements and various characteristics of ¢ — k —
abelian rings using k-potent elements in a ring R. Moreover we discuss the relationship between
regular elements and ¢ — k — central elements of R.

Definition 3.1. A k-potent element a in R is called quater — k — central or (¢ — k — central) if
aR(1 —a*~")Ra = 0 or aRa’ Ra = 0 with the complimentary k-potent a’ = 1 — a*~!. The set
of all ¢ — k — central elements of R which is represented by ¢ — K (R).

Definition 3.2. A ring R is said to be ¢ — k—abelian if all the k- potents of the ring are ¢ — k —
central or K(R) = ¢ — K(R).

Lemma 3.3. A ring R is ¢ — k — abelian <= axya = azxa* 'ya forany a € K(R); v,y € R.

Proof. Let x Y € Randa € K(R). Let R be a ¢ — k — abelian ring then by Definition 3.1 we
get, aR(1 — a¥ )Ra = 0. Thus, az(1 — a*')ya =0 = arya = aza*'yaforall z,y € R.
The converse part is clear. O

Theorem 3.4. If a is ¢ — k — central, the subsequent claims are identical for a ring R and
a€ K(R):

(1) ar(1 —a*Y)sa=0forallr,s € Rora € q— k(R);

(2) ar(l —a*~")sa = 0 whenever r,s € U(R);

(3) ar(1 —a*~")sa = 0 whenever r,s € I(R);

(4) ar(1 —a*~')sa = 0 whenever r> = s> =0, k > 2;

(5) ar(l —a*~')sa = 0 whenever r € a*~'Ra’ and s € a’ Ra*~!. Where a’ =1 — a*~ 1.

Proof. Ttisclearthat (1) = (2),(3), (4) and (5).

(3) = (1) Leta,y € R. Let us consider r = a*~! — a*~ 'z + a*~1za*~! and s = a*~! —
k=1 + a*=1ya*~! Then we see 7> = (a*~! — a* 'z + a*'2a*~!) = r and s> = (a*! -

ya*~! + aF~lyak~1) = 5. So, r, s € I(R). Now let, a’ = 1 — a*~!. By assumption ara’sa = 0

= ar(l —a*sa =0 = arsa = ara" 'sa = a(a*~! fakflx—o—a ak- 1)( k=l

ya* =+ aF b Na = a(@b — bz + b leab Db (0P — yako! _|_ a*yaba

= azya = ara* lya = ar(l —ad* ya=0 = azd'ya = OVz,y € R.

(2) = (4) Letr,s € Rsuchthatr? = s> =0. Then 1 +r, 1 + s € U(R). So by assumption

a(l+7r)d'(1+s)a=0 = (a+ar)(l —a*)(a+sa) =0 = arsa—ara*'sa =0

= ara’sa=0.

(4) = (1) Let, 7,5 € R we see (a*"'ra’)? = a*"'ra’aa*2ra’ = 0 and (a'sa*~1)? =

a’sa*2aa’'sa*~! = 0. So, by assumptlon a(a*~'ra')a'(a’sa*1)a =0 = ara’sa = 0.

(5) = (1) Let r,s € R then a*~!ra’ is in a*~'Ra’ and a’sa*~! is in @’ Ra*~!. So, by
assumption a(a*~'ra')a/(a’sa*~!') = 0 = ard’a’a’sa = 0 == ara’sa = 0. Hence the
proof. O

Remark 3.5. For any ring R if a is left semicentral/right semicentral k-potent then a is ¢ — k —
central. As,0 = (1 —a)Ra = (1 +a+a*>+ .. +a*?)(1 —a)Ra = (1 —ad" "Ra =
aR(1 — a*~!)Ra. Similarly for right semicentral k-potent.

The following result is a modified Anh-Birkenmeier-Van Wyk Theorem [[10], Lemma 3.4].

Theorem 3.6. The subsequent claims are identical for the ring R and a € K(R) with comple-
mentary k-potent ' =1 — a*~!:

(1) a € q— K(R).

(2) The map v : R — a*~'Ra*~" defined by (1) = a*~'ra*~! for k > 2 is a ring homomor-
phism that sends unity to unity. Where o*~" is the unity element in a*~'Ra*~!.

(3) aRd' is a right ideal in R.
(4) a'Ra is a left ideal in R.
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Proof. (1) <= (2)Leta € ¢ — K(R) then ¢(1) = a*~1.1.a*~! = a*~!
Let, r1,7, € R then

Y(ry + 1) = a* (ry +rp)a !
— a" a4 g k!

= (r1) +P(r2).
Agian,
P(riry) = a*lryrpat !

ak72( k=2

arira)a

ak—Z( k—1 k-2

ar1a”"ra)a < acq— K(R)

=a"raf 1 a" ! = acq— K(R)

=1p(r)e(r2) < a€q—K(R).

Therefore, 1 is a ring homomorphism that sends unity to unity if and only if a € ¢ — K(R).

(1) <= (3) Let,a € ¢ — K(R) then for any r,s € R
ara’'sa =0 = ara’sa*' =0 = ard’s(1 —a’) =0 = (ard’)s = a(ra’s)a’ € aRa'.
So, aRa' is a right ideal.
conversely, let aRa’ is a right ideal.
So, we have (ara’)s € aRa’ for any r,s € R. So, ara’s = ar’a’ for some ' € R and hence
ara’sa = (ara’s)a = ar'a’a = 0. So,a € ¢ — K(R).
Similarly, we can prove (1) < (4). i

Remark 3.7. It is observed that if both a,b € K(R) so that a,b € ¢ — K(R) then aRb is not an
ideal in R by following example.

Example 3.8. Let, R = T»(S) anda = b = <_01 8) then, a,b € ¢ — K(R) for k = 3, as
2
1-—d?= 1o Loy _ (00 . Therefore,
0 1 0 0 1
/ ’ 1
906 JEIE ) ooneres
But aRb = {( O) t € S} is not an ideal.

Corollary 3.9. Suppose R is a ring and a € q — K (R) then the map 1 defined in Theorem 3.6(2)
takes

(1) unit elements of R to unit elements of a*~'Ra*~!

(2) nilpotent elements of R to nilpotent elements of a*~'Ra*~!

(3) idempotent elements of R to idempotent elements of a*~' Ra*~!

(4) right (left) semicental idempotents of R to right (left) semicentral idempotents of a* ! Ra*~!;

(5) q — k — central elements of R to ¢ — k — central elements of a*~' Ra*~!.

Proof. As 1) is a unital ring homomorphsim so (1) to (4) are clear.
For (5) let, g € ¢ — K(R) for any r, s € R we have
(a"~' ga" 1) (aF~raF—1)(1 - (akflgakfl)kfl)(akflsakfl)(akflgakfl)
(g)e(r)(¥(1) — ( )’“ Db(s)¥(9) = ¥(g)v(r) (¥ (1) — (g "))b(s)v(9)
¢(9T(1 — 9" )sg) = ¥(0) = 0. o
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Remark 3.10. It is observed that from Corollary 3.9(5), when R is ¢ — k — abelian ring, conse-
quently each ring of the type a*~'Ra*~! C Ris also ¢ — k — abelian.

Corollary 3.11. Forany a € q—K(R) ifr € N(R) then {ra*~!, a*~'r,a*~1ra*~! ara,rar,ra*~'r} €
N(R).

Proof. Let r™ = 0 then we see

(ra* =Nt = pab =t pah Tt ekt
= Takfz((zrakflra)akfz....rakfl
= ra**(ar’a)d*2...ra" !

In this way we will reach a certain stage where we have r™ and thus (ra*~!)"*! = 0. Similarly
we can check the others. O

Remark 3.12. It is observed from Theorem 3.6 that R is ¢ — k — abelian if and only if for all
aR(1 — a*~1) is a right ideal or (1 — a*~!)Ra is a left ideal for every a € K(R). If k = 2
then ¢ — k — abelian and q — abelian rings coincide. In general g — abelian rings sit inside
q — k — abelian rings. Further, it is apparent that a ring is ¢ — k — abelian if it is abelian. As, for
any a € K(R) we have, a*~! € I(R) also, 1 — a*~! € I(R). But ¢ — k — abelain ring need not
be abelian by the following example.

Example 3.13. Let us consider the abelian ring S = Zg and thus R = T»(S) is a ¢ — k — abelian
ring for k = 2 by [[12], Theorem 3.5].
Now we show that R = T,(S) is not semi abelian ring and hence not abelian.

30 3 0\ /0 1 4 0 0 3 00
take A = K(T,(S)) but, = )
we take (o 4)6 (2())u<o 4)(0 0><0 3) <o 0)7&(0 o)
Also, 40 01 30 = 0 4 * 00 . So, A is not semicentral.
0 3 0 0/\0 4 00 00

Proposition 3.14. For a ring Rand r € N(R), ifa € ¢ — K(rR) then a = 0. It also holds if rR
is replaced by Rr.

Proof. We consider a nilpotent element r of index m. Let a € ¢ — K(rR) then a = rs

for some s € R then we have a = a* = a(a*~ 2)a = a((rs)*2)a = ar(s(rs)*3)a =
ara*~1(s(rs)*=2)a = ara(ak_z(s(rs)k_z))a = ar’s(a*2(s(rs)*=2))a = .... In this way
after a finite number of steps we obtain, ™ which is 0 and thus a = 0. O

Following results are extension of Wei and Li’s [[17], Theorems (2.4), (2.8) and (2.9)].

Proposition 3.15. (1) For any ring R and a € ¢ — K (R) such that RaR = R then a*~! = 1.

(2) q — k — abelian ring is Dedekind finite. But the converse is not true.

Proof. (1) aR(1 —a*"")Ra =0 = RaR(l —a* ")RaR =0 = R(l —a* " )R =0.
As, 1 € R. So,a’c =1,

(2) LetR be g — k — abelian ring and 2y = 1. We consider a = yz then o> = yayr = yr = a
s0, a € I(R) C K(R). So, a* = a for all k > 2. Now, ray € RaR also, ray = zyry =
1 € R. So, RaR = R. Therefore by part (1) a*! =1 = (yx)f! =1 =
(ymy""ryx)(kfl)copies =1 = Yyxr = L.

For the converse part we consider T3(R) upper triangular matrix ring which is Dedekind

Ju
1 00
finite. But A = diag(1,0,1) 0 0 0] ¢q—K(R)fork=2.
0 0 1
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From Proposition 3.15(1), for any a € K(R) we obtain a*~! € I(R) so any simple ring R
has only trivial ¢ — k — central elements. Thus as a consequences we obtain the subsequent
results.

Proposition 3.16. For a ring R and M is a maximal ideal of R. If a € q — K(R) then a or
ad=1-d"teM

Proof. We have % is a simple ring if M is a maximal ideal of R. Therefore % has only trivial
k-potent elements and consequently ¢ — k& — central elements. O

Proposition 3.17. For a ring R and a € q — K(R). If M C R is a maximal right ideal, or a
maximal left ideal then a € M ora’ =1 —a*~! € M.

Proof. Considering that, a,a’ ¢ M which is maximal right ideal. As 1 € R, so there exists
m,m’ € M and r,s € Rsuchthat | = ar+m = da's+m/. Now, a = l.a = (a’s + m')a =
a'sa+m'a = (ar +m)a’sa + m'a = ara’sa + ma’'sa + m'a = m(a'sa) + m’a € M which is
a contradiction. So, @ € M or a’ = 1 — a*~! € M. Similarly for maximal left ideal. O

Proposition 3.18. For a ring R and a € ¢ — K(R) and ar(1 — a*=') # 0 for some r € R.
(1) If aR is minimal left ideal then a*> = 0.
(2) If aR is minimal right ideal then a* = 0.

Proof. (1) Leta’ =1 — a*~!. We have ara’ # 0 for some r is in R and consider a R is minimal
left ideal. Then 0 C ara’'R C aR = aR = ard/ R = aR C aRd/R = aRa C
aRa'Ra = 0. Since, 1 € R we have o> = 0. Similarly we can prove (2). ]

. .t
We note that for any 2 x 2 upper triangular matrix <0 S) to be k-potent we must have ¢, p

p

k
t t

also k-potent. This is because, 7l = 5 = tF =+t and p* = p.
0 p 0 p

Proposition 3.19. Let S be any arbitrary ring and R = T,(S). Consider A = ((t) S) € K(R),
p

where necessarily t,p € K(S). IftS(1 —t*=1) =0 and (1 — p*~")Sp =0 then T € ¢ — K(R).

_ kel
Proof. Let A’ =1 — Ak=1 = <1 (j . *kl> then for any X = (al a2> ;
-Pp

0 as
Y = bi by we have
0 b3

t s a; ap 1 — k-1 *
0 p 0 a3 0 1 —pk!
ta(1 — th=1) x )

0 pasz(1 —pF=1)

(
(
(GG E )
<ta1(1 — k=) . )
(

0 paz(1 —pF=1)

k_l) (since, tS(1 —tF=1) = 0)
p
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WY A — 1 — ¢kt * by by t s
0 1 —pk-t 0 b3 0 p
(=Nt *
a 0 (1 —p~""bsp

_ ((1 — Dbyt x

Again

0 0) (Since, (1 —pF=1)Sp =0)

Now, AXAYA=AXA AYA= <8 8)

Therefore, A € ¢ — K(R).

Proposition 3.20. Letr R = T,(S). If R is ¢ — k — abelian then S is ¢ — k — abelian .

1 0

Proof. Let a € K(S) and A = (0
a

) € K(R) then the complimentary k-potent A’ =

0 1-a
(E11 + aBy)sEpnArEn(E +aF») =0 = as(1 —a*~)ra =0, as s,r € S are arbitrary.
So, a € ¢ — K(S). Therefore, S is ¢ — k — abelian.

0 0
( k_1> € K(R). We consider X = sF,,Y = rE». Then, AXAYA =0 =

O

Proposition 3.21. Let S be a ring. If S is abelian and aSb = 0 for all a,b € K(S), where both
a, b non trivial then R = T,(S) is ¢ — k — abelian.

S

Proof. Let S be an abelian ring. We consider A = (g b) € K(T,(S)) , where necessarily

a/ /

a,b € K(S) and the complimentary k-potent of A is A’ = <0 lj) where, o' = 1 — aF~!,
b =1—b*"! and for some s’ € S.

Now, we show T»(S) is ¢ — k — abelian, for this we have to prove AXA'YA = 0 for any
X, Y € Tz(S).

a; a
Let X = ! 2

Now, AXA = ¢ %)@ * a s\ [aard aays’ + (aax +saz)b’\ (0 x
| B 0 b 0 as 0 v o 0 ba3b’ - 0 0 s

as S is abelian so aaia’ = aa’a; = 0, bazb’ = bb'a; = 0.

Again,YA: b] b2 a S _ bla b18+b1b
0 b)\O0O b 0 b3b

Therefore, AX A’y A — (O %) (b1@ Dis+bab) (0 xbsb

0 0 0 bsb 0O O
Here, b3b = (aa1s’ + (aaz + sa3)b')bsb = aa;s'bsb + aaxp’bsb + sazb’bsb = 0, as aSb = 0, S
is abelian and b'b = 0. Therefore, AXA'Y A = 0. O

Remark 3.22. Abelian condition of S in the above proposition can not be ignored. For example
we take the non abelian ring S = H/(Z,3), Quaternion ring with co-efficients from Z3. Con-
sider, t = 744 which is an idempotent and its complimentary idempotent for ¢’ = 1 —t = —6—

) .- t 0 t 0\ (7 O t 0\ (0 1 t 0
4i =7 —4i = thus (0 E)EK(TQ(S))But, <0 t_) <O O) (O t> <0 0) (O £>:
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0 i 0 0
As, tjit = T + 4k. Therefore, T,(S) is not k — abelian for k = 2.

Theorem 3.23. For any non zero ring S. Then R = T, (S) is not ¢ — k — abelian ring for n > 3.

Proof. Since, we have a corner ring of R which is isomorphic to T3(S). For any A € K(R) we
have the corner ring of the type A*~!RA*~! is isomorphic to T3(S). So, by Remark 3.10 it is
enough to prove T3(S) is not ¢ — k — abelian.

a 0 0 a 0 0
Let A= |0 0 O], a # 0 with the complimentary idempotent A’ = [ 0 1 0 |, where
0 0 a 0 0 o

a’ = 1—aF~'. Letus consider X = Ej,,Y = E»; € R,sowehave, AXA'YA = AE, A EpA =
a?Ey3 # 0. Therefore, A is not ¢ — k — central consequently T3(S) is not ¢ — k — abelian. So,
Risnot g — k — abelian. O

4 Some applications

In accordance with [13], an element x in a ring R is said to as w-regular if there exists y in R such
that 2" = a"yxz™; n > 1 and for n = 1, z is referred to as Von Neumann regular. If 2™ = ym”“
then x is called strongly m-regular and x is said to be strongly regular if n = 1. A ring R is said
to be Von Neumann regular, strongly regular, 7w-regular and strongly m-regular if every elements
of R is Von Neumann regular, strongly regular, 7-regular and strongly 7-regular respectively. A
ring R is referred to as a unit-regular, if for any @ € R such that a = aua, where u is in U(R).
We have unit regular implies Von Neumann regular. It is well known that a ring R is said to be
strongly regular if and only if it is reduced and Von Neumann regular [[11], Ex. 12.6A].
As an immediate consequence of Theorem 4.6, we obtain the subsequent remark.

Remark 4.1. Let us consider R be a ring and x € R is a regular element (Von Neumann) such
that [p(z) = Rz"~!, n > 3 then we have R is not a ¢ — k — abelian ring by [[5], Theorem 2.4].
Here, lp(z) = {a € R : ax = 0}

Lemma 4.2. Let us consider a ¢ — k — abelian ring R and x is in R. Then x is strongly regular
whenever x is Von Neumann regular.

Proof. For some y € R we get, v = xyx if x is Von Neumann regular. Let ¢ € K(R) and let
a = yx, then a* = (Y2YL.YZ) (k) copies = YTYT = Yy = a, ab-l = (YTYT.. YT ) (= 1)copics =

yr = a and z = xa. Since, a = a* = a*"laa*~! = ayra = aya*'xa, by Lemma 3.3. Thus,

a = aya*'za = ayara = ayyrra = ayyrr = ay’x>. Thus, we get x = xa = zay’z’ =
xy?x?. In a similar way, we can prove that z = z?y*x. Hence = is strongly regular.

O

Corollary 4.3. If x is an unit 7-regular then there is a k-potent, a € K(R) so that ax and za are
Von Neumann regular.

Proof. 1f z is an unit w-regular then there exists n > 1, such that 2™ = z"uz", where u € U(R),
this implies that 2™ is Von Neumann regular. So by Lemma 4.2, 2" is strongly regular. Let a =
a"u then a¥ = (2" uxu...2"u) (1) copies = T ur™u = 2"u = a. Thus, a” = a and so a is a k-
potent. Also, 2™ = az™ and a* ™! = (2" UT™U...2"U) (4 1)copics = U = 2" = a" T =
a*~w, for v = u~!. Since, (az)(z" 'u)(ar) = az"uar = aa*'vuar = a*
afz = ax, as a*~! = z™u = a. This shows that az is Von Neumann regular.

Similarly, it can be proved that za is also Von Neumann regular by letting a = ua™.

vuazr = a*lax =

O

In the following results we have tried to build a new criteria for a k-potent element to be
q — k — central in terms of additive commutators.
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Proposition 4.4. The subsequent claims are identical for a ring R and a € K(R):

(1)
(2)
(3)

aR.[a*"' R =0;
a.l[a*=1, R] = 0;

ar — ara*~' =0 forallr € R.

Proof. (1) = (2) trivial as 1 € R.

)

= (3) Assume, a[a*~!, R] = 0 then a(a*~'r — ra*~!) = 0 for all » € R. Therefore,
k

ar —ara®* ' =0forallr € R as, a* = a.

(3)

= (1) Forall r € R, we assume, ar — ara*~! =0.

Now, aR[a*~!, R] = ar(a*~'s — sa*~!) = (ara*~')s — arsa*~! = (ar)s —arsa*~!' =0 =

a(rs) —a(rs)a*~! = 0forall 7, s € R.

O

Similar to Proposition 4.4, we have the next proposition.

Proposition 4.5. The subsequent claims are identical for a ring R and a € K(R):

(1)
(2)
(3)

[R,a*'.aR = 0;
[R,a*1.a = 0;

ra —a*'ra =0forallr € R.

Based on the Propositions 4.4 and 4.5, we demonstrate the subsequent result.

Theorem 4.6. For a ring Rand a € K(R). Thena € ¢ — K(R) < a[a*" !, R|[R,a* ja=0

Proof. Leta € K(R) then a[a*~!, R][R,a*'ja =0

11eee

a(a*1r —raf=1)(sa*~! — ak~1s)a =0
(ar — ara®~")(sa — a¥~'sa) =0

arsa — ara®* 1sa — ara®'sa + ara*lsa =0
arsa —ara*~'sa =0forallr,s € R
a€q—K(R). o

Corollary 4.7. A ring R is ¢ — k — abelian <= a[a*~!, R][R,a*"'a = 0 forall a € K(R).
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