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Abstract This paper concerns the asymptotic behavior near infinity of positive global solu-
tions of the p-Laplacian equation

div (|Vu[P2 Vo) + g(v) =0 in RV\{0},

where N >p>2, § > N(p—1)/(N —p) and g(v) = v° + h(|z|) such that & is a continuous
and strictly positive function defined on R\ {0} satisfying h(|z|) = o (|z|77%/@*1=P)) as |z| —
+o00. More precisely, we give an explicit behavior near infinity of radial solutions v that satisfy

lim v(z) = +o0.
|z|—0

1 Introduction

In this paper, we study the asymptotic behavior of positive global solutions of the following
radial problem

N-1
(I0'P70) () + ==/ P 70/ (r) +0°(r) + h(r) =0, 7 >0 (1.1)
lim v(r) = +o0,  lim PN/ () = 0, (1.2)

where N > p > 2, 6 > N(p—1)/(N — p), his a continuous and strictly positive function on
(0, +00) satisfying liI_El PP/ OHI=R)p (1) = 0.
r—+00

This work constitutes a continuity of the work elaborated in [6] and [7] where the authors
proved the existence of a positive global solution of problem (1.1)-(1.2). They noticed that the
inhomogeneous term h has a crucial impact on the existence and asymptotic behavior of the
solutions v to the problem (1.1)-(1.2). More precisely, if N > p > 2, 6 > N(p —1)/(N — p)
and h(r) = K r=P3/0+1-p)  with

§/(6+1—
o Stlop (p=1(  ps p VY
- op—1 ) 0+1—p)\d+1-p '

Then equation (1.1) has an explicit solution

. 5 p—1\ 1/ (3+1=p)

~ p— p P - -

_ N — p/(6+1-p) 1.
o) ( 5 ( 5+1—p> (5+1—p) ) " (13)

Moreover, they proved that if h(r) o Lr—?8/0+1=-p) for some constant L > 0, then under some

conditions, the problem (1.1)-(1.2) has a solution v that behaves like r—#/ (6+1-p) pear infinity. In
the case where h is negligible in front of »—79/(5+1=P) it is difficult to find an equivalent of the
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solution v near infinity because v can be negligible in front of »~2/(9*1=P)_ This open question
strongly depends on the behavior of & near infinity.

When p = 2, equation (1.1) becomes an inhomogeneous second-order elliptic equation that
appears naturally in probability theory in the study of stochastic processes. In particular, equa-
tion (1.1) arises recently in a paper by Tzong-Yow Lee [16] establishing limit theorems for
super-brownian motion. Moreover, Bernard [3] gave interesting results on the existence and
nonexistence of this type of equations. Also, in [2], Bae studied the existence of global pos-
itive solutions, and in paper [1], he established the asymptotic behavior near the origin and
infinity of positive radial solutions. We also invite the readers to see [15, 9, 18] for more
details and the references therein. If the inhomogeneous term A is identically null, equation
(1.1) becomes the classic Emden-Fowler equation. Existence results were obtained on RY
and RM\{0} in articles [10, 11, 12]. In the case N > 2, two critical values N/(N — 2) and
(N +2)/(N —2) appear. Gidas-Spruck [13] presented local and entire results in the non-radial
case when 6 < (N + 2)/(N — 2). Caffarelli, Gidas, and Spruck [8] have just extended them to
the critical case § = (N +2)/(N —2).

When p > 2 and the inhomogeneous term £ is identically null, Ni and Serrin [17] studied the
following equation

N -1
T|u’|p_2u’(r) +ud(r)y =0, r>0. (1.4)

(\u/|p_2u/)/(7“)+
They have proved the existence of two critical cases N(p — 1)/(N — p) and (N(p — 1) +
p)/(N — p). Guedda and Véron [14] studied the existence of entire solutions and asymptotic
behavior near the origin of radial solutions when § < N(p — 1)/(N — p). The non-radial case
was proved by Bidaut-veron and Pohozaev [5].

This paper deals with the case where p > 2 and the inhomogeneous term 4 is not identically
null. We present the asymptotic behavior near infinity of positive solutions v which tend to
infinity at zero, while recalling that the asymptotic behavior near the origin has been studied in
the paper Bouzelmate and Gmira [6] where they proved that v’ must be negligible in front of
r(1=N)/(>=1) pear the origin when N > p.

The paper is organized as follows. The section 2 contains some preliminary results which
are essential for the continuity of the work. In section 3, we study the asymptotic behavior of
solutions of problem (1.1)-(1.2) and their derivatives. We present four main theorems that deal
with the behavior of the solution v in the case where TETOO PO/ OHI=P)p (1) = 0. We prove

under some assumptions that lirll pP/OF1=Py(r) > 0. If lirJP rP/OF1=P)y (1) = 0, we give
T—-+00 T—>+00

equivalents of v and v’ near infinity in the case where lirll r™ h(r) =1 > 0 for some constant
T—+00

m > pd/(8 + 1 — p). The study strongly depends on the position of m with respect to N. The
section 4 gives a conclusion of the work presented.

2 Preliminaries

In this section, we present some useful computational tools to prove the main theorems. We also
recall some preliminary results that appear in the papers [7] and [13].
Define the following function

Fx(r) = X(r)+rv'(r), r>0. 2.1

This function plays an important role to study the asymptotic behavior of the function v, more
exactly the monotonicity of r*v because

(r’\v(r))/ =R (r). (2.2)
To study the sign of F)y, we give this following equation for any > 0 such that v’(r) # 0,

N-p
p—1

(b~ 1) P2 () () = (p— 1) (A - ) WP () () —rh(r). (23)
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Suppose that there exits ry > 0 such that F\(r¢) = 0, then equation (1.1) gives

(p—1) rg*I |v/|p72 (ro)F5(ro) = (p—1) (]]\)f—lp — /\) INP=2N 0P~ ()
— rgv‘s (ro) — 18 h(ro)- (2.4)

Now, we introduce the following change of variable which will be very useful. Let us define,
for any real A the function

Ya(t) = 7 v(r) where A # 0 and t = In- (2.5)

Therefore i verifies the following equation

yA(t) + Taya(t) + PRI (1) 4 i (1) = 0, (2.6)
where
ja(t) = e ip eh), 2.7)
yx(t) = [kA[P2kA(2), (2.8)
ka(t) = P\ (t) = Mpa(t) (2.9
and
Cy=N-p—Ap-1). (2.10)
It is easy to see that
ka(t) = M (r) (2.11)
and
YA () = rFa(r). (2.12)

Now, we present some essential lemmas that initiated the study of the problem (1.1)-(1.2)
and were already seen in [7] and [13].

Lemma 2.1 ([7]). Let v be a solution of problem (1.1)-(1.2). Then
v(r) >0 and V'(r) <0, foranyr >0, (2.13)
Moreover, there exists a constant M > 0 such that
0 <wv(r) < My=p/0F1=p), (2.14)
Lemma 2.2 ([7]). Let v be a solution of problem (1.1)-(1.2). Then
Fin_p)/(p—1)(1) >0 forlarge r.

Lemma 2.3 ([7]). Let v be a solution of problem (1.1)-(1.2). Then the function r?/O+1=P)+1y/ (1)
is bounded near infinity.

Lemma 2.4 ([7]). Let v be a solution of problem (1.1)-(1.2). Suppose that r?/O+1=P)y(r) con-
verges when r — +o00. Then rP/CH1=P)+1y/ (1) converges also when r — oo and

A TN ) = e i ) @15

Lemma 2.5. Let v be a solution of problem (1.1)-(1.2). If  lim P/ OF1=P)y () = b. Then b =0

orb = A, where
p1 1/(5+1—p)
P po
A= _— N— ——— . 2.1
((6+1—p) < (5—|—l—p)> (2.16)
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Proof. Taking A = p/(§ + 1 — p) in logarithmic change (2.5), we obtain the following equation

Yp/6+1-p) () + Tpsa11-p) Yoys41-p) (1) + ¢g/(5+1—p)(t) + Jp/s+1-p)(t) = 0. (2.17)

We know by Lemma 2.4 that tiiinoo kpjs+1-p)(t) = —p/(0 + 1 — p)b. Then by (2.8), we
. —1 — . . .

have 1im y,/501-p)(t) = —(p/(6 +1 —p))’” P~ Since im Gy e1-p)(t) = 0, then

y}’) J(6+1-p) (t) necessarily converges to 0. By tending ¢ — 400 in equation (2.17), we obtain

v — ATl =, (2.18)
where A is given by (2.16). Hence b = 0 or b = A. O

Lemma 2.6 ([13]). Let G a positive differentiable function satisfying

+oo
(7) G(t)dt < oo forlarge ty.
to

(i) G'(t) is bounded for large t.
Then, lim G(t) =0.
t—+oo

3 Main Results

In this section, we study the asymptotic behavior of the solution v of problem (1.1)-(1.2) when

ET pp8/(0+1-p) h(r) = 0. We give a complete study that allow us to obtain the equivalents of
” o0

v and v" according to the behavior of the inhomogeneous term h near infinity and the position of
§ with respect to the critical values N(p — 1)/(N —p) and (N(p — 1) + p)/(N — p).
We use ideas from [4], [6] and [7] and we introduce the following hypotheses:

- +
(Ch) 5>N( D —I—p d/ ppo/(0+1= p)h) dr < 0.

T

N(p-1) Np-1)+p T )\
(02) Ni—p<5<N7—p .':ind\/1 (7’ h)r dr < oo.

+o00
(C3) rPO/GH1=P)+1p! (1) is bounded for large r and / pPO/OH1=P) =1 (1Y < o0,
1

+
(Cy) 6> W +1 and / P5/<5+1—P>h) dr < oo.

Then we have the following main theorem.

Theorem 3.1. Let v be a solution of problem (1.1)-(1.2). If one of the following cases arises:
(1) (Cy) and (Cs),
(17) (Ch) and (C»),

(iii) (Ca),

then

(i) lim P/CF=Py(r) = 00r lim /O =Ply(r) = A,
r—+00 r—-+00

(i1) lim rP/CHP () = 0 or lim P/ OHI=P Ly (1) = H%pA, where A is given
r—-+o0 r—-+o0o —-p

by (2.16).

Proof. Due to Lemmas 2.4 and 2.5, we concentrate to show that v, /(541_p)) converges when
t — +o0.
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e Suppose that the case (¢) or the case (i7) occurs.
Let us define the following energy function associated with equation (2.17):

p—1
E(t) =— |kpe1-p) O+ TUps01-p) 0 Up551-p) ()

(64+1)/6 G.D
1/6 5+1
+5+1AF/ ‘yp/(éﬂ—p)( )} +6+1¢p76+1 p(t)’
where SN N .
d+1—p
and 5
D
Therefore
Ei(t) = —AY1(t) = Jp/511-p) )V (511-p) () (3.4
. 1/6
+ Ajp/(s+1-p) () (Fw |Yp/(541-p) (t)] - Vp/(5+1-p) (t)) ;
where

Yi(t) = <¢p/<6+lfp)(t) - ‘yp/(éﬂfp)(t)‘l/é) ( 2/<5+17p>(t) — T |yp/(511-p) (t)|> . (3.5)

We proceed in three steps.

Step 1. F,(t) converges when ¢t — +oo.

Since ¥y, /(511-p)(t)s Fpjo41-p)(t) and y,/511-p)(t) are bounded for large ¢, then Ei(t) is
bounded for large .

Integrating (3.4) on (7, t) for large T, we obtain

t
Ei(t) =CiT) = ASi(t) = Jp/a41-p) (O ¥ps11-p) () + /T Tps6+1—p) (8)Vp(511-p)(5) ds

t
. 1/6
+A/T Jp/(5+1-p)(5) <F1/5 |Yp/(541-9) (3)] _wp/(6+lfp)(8)) ds,

(3.6)
where
C(T) = E\(T) + Jpys1-p) (T)ps541-p)(T) (3.7
and .
(t) = / Yi(s) ds. (3.8)
T
Since A # 0, we have by (3.6),
Ef(t) 1. 1t
Sit) =- LE ) _ Z]p/(ti-klfp)(t)wp/(ti-k—lfp)(t) + Z/T Jpy6s1—p) (8)Upy(541-p)(5) ds
t
. 1/8 Ci\(T
+/T Jp/s+1-p)(8) (rl/é |Yp/(541-) ()] - wp/(ts-k—lfp)(s)) ds + L
3.9

Since the function s — s is monotone, then Y; (t) > 0. Therefore, the function S; is positive
and increasing. On the other hand, by logarithmic change, hypothesis (C}) gives A > 0 and

“+00 +
/T (j;/(5+17p)(3)) ds < +oo, hypothesis (C) implies A < 0 and
+oo _ +o00
/T (jzlj/(6+1—p>(8)> ds < 400, and hypothesis (C5) gives/T Jp)(5+1-p)(8) ds < —o0.

These assumptions, with the fact that 1, /(s;1-p)(t), Yp/(s+1-p)(t) and E;(t) are bounded for

- +
large 8, lim j,/(541-)(t) = 0and — (j;/(éﬂ—p)(s)) < Jpjori—p)(8) < (J;/<6+1—p>(8)> ’
give that S (t) is bounded for large ¢. Therefore, S)(¢) converges when ¢ — +oo. Hence by
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letting t — +o0 in (3.9), we obtain . lir+n E,(t) exists and is finite.
—+00
Recall that for any 1 < p < 2, there is a ¢, such that
(Iaf*"2a — [bl#72b) (o b) = cola — b)* (Jal + (b)), (3.10)

for any a, b € R such that |a| + [b] > 0.
Therefore, we have

<?/Jp/(5+1—p)(t) —Te ‘yp/(5+l—p)(t)|l/6) ( o/61-p) (8) = T [Up/(511-p) (t)|) Z

2 —(1=1/6)
Cs (Z/Jf)/((mfp)(t) -r |yp/(5+1*p)(t)‘) (wg/(éﬂ—p) (t) +T ’yp/(t”l*p) (t)’) :
(3.1D
As yp/wﬂ,p)(t) < 0 for large ¢, then according to (2.17) and (3.5), we have for large ¢

/ . 20 5 (1-1/4)
Yi(t) > cs (yp/(5+1_p)(t) +jp/(5+1—p)(t)) (%/(5+1_p) )+T |yp/ s+1-p) (1) |) .
(3.12)
Using the fact that 9,/(5,1_p)(t) and y,/(541_p)(t) are bounded for large ¢ and 1 — 1/6 > 0.
Then there exists a constant C' > 0 such that for large ¢,

2
(95512 (O + dpsis1-(B) < CVi(8).
Which yields that
¢ 2
/T (y;;/(é-‘rlfp) (s) +jp/(5+lfp)(3)) ds < C S\(t).

Consequently
t

t
2
/T WP serp(s) ds < CSi(8) — 2 /T

t
<05 () - 2/T Y (5+1—p) (8)Ip/541-p)(8) ds.

t
Yo/ o+1-p)(8)p/(511-p) () ds—/ij;/(&H—p)(S) ds

t
Since S (t) and y;/(5+17p)(t) are bounded for large ¢ and / Jp)(5+1-p)(8) ds < oo from
T

t t

(C3), then /T yl’)z/((sﬂfp)(s) ds is bounded. Moreover, since /T yﬁ/(“lfp)(s)ds is increasing,
+o00

then/T y1/72/(5+1—p)(5) ds < +oo0.

On the other hand, deriving equation (2.17), we get
Ypso1-) () F T8 012 (1) + 0075 (U511 () + G541 (1) = 0. (3.13)

Since jzlo/(6+1—p)( ) is bounded from (C3) and y, 5, —p) ( )s Upy+1-p) (1), 1/);/(”]_[9)(15) are
bounded for large ¢, then yp I is bounded for large ¢. Hence, using Lemma 2.6 we have

lim y;)/(6+1 p)(t) =0.

t—+o00
Step 3. 1,,/(541_p)(t) converges when t — 4-oc.

Slnce hm 1 /(61— ) (t) = 0, then by tending ¢ — +oc0 in equation (2.17), we obtain

5+17p)( )

im Ty, (51-p)(8) + 00511 (1) = 0. (3.14)

t——+oo

We argue by contradiction, and we suppose that 1, /(5.1 _p)(t) oscillates for large ¢. Then there
exist two sequences {7, } and {¢;} that go to +00 as j — +oo such that {n;} and {¢;} are local
minimum and local maximum of v, (5, 1_,), respectively, satisfying n; < &; < ;41 and

0 < liminfuys41-p)(1) = 4y 51— p(nj) =a< G15)
imsup by (s1-p) (1) = 1M 4y 500-5) (&) = B < 4o0.
t—-+o0 J—rtoo
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Now, since ¢ s, (1) = ¥, 5.1-,,(&) = 0, the relation (3.14) implies that x(a) =
x(8) = 0, where
x(s) = AFlPgp=l 0 — 0, 5>0, (3.16)
and A is given by (2.16). As a < S, then necessarily & = 0 and 8 = A. On the other hand,
by (3.1), we have _lir+n Ei(nj) = 0and ,lirgl Ei(&)=-1/(6+1) (p/(0+1 —p))PTIAP <
Jj—+oo j—+oo

0, which cannot take place because F(t) converges when ¢t — +oc. Hence, ,/(5:1—p)(t)
converges when ¢t — +o0.

e Suppose that the case (i4i) occurs.
Similarly to the cases (i) and (i), it suffices to show that 1/, /(5,1 _) () converges when ¢ — +-oc.
Define the following energy function,

p—1 P
B(t) = =— |kpjor1—p ()] + S 1= p Ye/Hi-p) (t)Vp/6+1-p) (1)
P +1
" ) ool (3.17)
P 5+1
- (6+1—p> V1O + 57V b1 (0
where A is given by (3.2).
A simple calculation gives
Ey(t) = —AY2(t) = Jp/6+1-p) OV (511—p) () (3.18)
where
1 p !
10) =y @O = (555 ) )]
p
|:|kp/(5+1—;ﬂ)(t)| - Hl_p%/(éﬂ—p)(ﬂ} (3.19)
Integrating relation (3.18) on (7', t) for large 7', we obtain
t
Ez(t) = Cz(T) - ASz(t) - j(t)¢p/(5+1_p) (t) +/ j/(5>¢p/(5+]_p)(5) dS7 (320)
T
where
Co(T) = Ex(T) + jps+1-p) (T)ps541-p) (1) (321
and .
£ = / Ya(s) ds. (3.22)
T

Since the function s — sP~! is monotone, then Y>(¢) > 0. Therefore, 9, is positive and increas-
ing. In the same way as the cases ( ) and (i7), we prove that S,(t) is bounded for large ¢ by using

+
(C4) which gives A > 0 and/T j;/(5+1_p)(s)) ds < +oo. Therefore S,(t) converges

when ¢ — +oo and thereby F,(t) converges to a real number noted d when ¢ — +oo.

Assume by contradiction that 1, (5.1_,)(t) oscillates for large t. Then there exist two se-
quences {7;} and {&;} that go to +-00 as j — oo such that {n;} and {{;} are local minimum
and local maximum of v, /(5,1_p), respectively, satisfying n; < &§; < n;41 and (3.15). Since
U ss41-p)(5) = ¥y y551-) (&5) = 0. then by expression (3.17) of £, we obtain

lim E»(n;) =¢(a) and lim E2(§J) ¢(p), (3.23)

j—+oo Jj—+

where
85+1 A5+17P

((s) =

P, 5>0. (3.24)

Since tligloo E,(t) = d, then
(o) =¢(B) = d, (3.25)
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Therefore, there exists v € (a, 8) and t; € (n;,&;) such that ¢, /(51— (t;) =, ¢'(7) = 0 and

C(v) # d. Tt is easy to see that ¢'(0) = ( (A) = 0, hence ¥, (541-p)(t;) =7 = A.
Now, we distinguish two cases.

o If ltierinfz/;p/((;H_p)(t) = « = 0, then using (3.25), we have . li+m E»(t) = 0. On the other
—+o0 —+00
hand, using expression (3.17) of E and the fact that k,(5.1_,)(t) < 0, we obtain

_1 P
Bx(t;) < |kpyss1-py(t)[° (\kp/(mp) ()] — m%/wﬂp)(ﬁi))

A p ot p 1 5+1
a E(m> P/(5+1—p)(tj) + 5+ 1wp/(5+lfp)(tj)'
That is, thanks to (2.9),

1 A p p—1
Ba(t;) < =¥ 51— (E) [y 5.1-) ()] —*(m) or+1-p) ()

5+1
6+1¢p7§+1 P< )
But ¢, (541-p)(t;) = Aand ¢ 5 1 (t;) = 0, hence Ex(t;) < p(A), where

g0+l

p(s) = S+1

A P Pflp
Ly (R > 0. .
p<5+1—p> . 5>0 (3.26)

Since § > (N(p — 1) +p)/(N —p) + 1, then p(A) < 0. Therefore, lim E,(¢;) < p(A) < 0.
i—+00
This is impossible because lim FE,(t) = 0.
o t—+o0 .
o If ltlinjgofz/)p/((;ﬂ,p)(t) > 0, then there exists ¢ > 0 such that v, /5,1, (t) > ¢ for large ¢.
Combining this with equation (2.17) and the fact that j,, /(5.1 (t) is positive, we get for large ¢,

po
Up/(s1-p) (F) + (N - 5+1_p> Yp/(51-p) (1) < —€7.

Integrating this last inequality on (7, t) for large T and taking into account y,,(5;1—p)(t) < O
and N > pd/(d + 1 — p), we obtain

< — — —
s ()] = —— s 2@y e ) por g,
N —
41—
where
5
£ — —
M(T) = ‘yp/<5+17p)(T)‘ — o 6(N pS/(5+1 p))T.
N - —

S+1-—p

Therefore, by (2.8), we have that ‘kp /(6 H,p)(t)’z_p is bounded for large ¢. Now, we prove
that hm 1/),, J(6+1—p)(t) = 0, which amounts to show that , 1i£n Y>(t) = 0. For this we apply
—+00

+oo

Lemma 2.6. Since S,(t) converges when ¢ — o0, then / Y>(s)ds < +oo. We show that

T
Y (t) is bounded for large ¢. Using expression (3.19) of Y5, we have

Yo(t) = p/(p=1)(¢) — _pr t t

2(t) = Yp/(5+1-p)] () 11 Yp/(5+1-p) | () Vp(541-p) (1)

P p—1 ) 3.27)
+ <5+1p) Vs O (51 (1)-
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Deriving relation (3.27), we obtain
V() = —L— ko1 (D) (8) + 2 Yoo s1-p (D] (t)
2 p—1 p/(6+1-p)\")Yp/(5+1—p) S+1—p p/(0+1-p) p/(5+1-p)

p !
- m Vp/(s+1-p) (t)yp/((SJr]_p) (t)

’

p—1
+((-1) <5+Zl)—> d}P/ 5+1-p) ( )¢P2/(5+1_p) ®)

" ((HZI)—p) Yoo ¥ o1 (8- (3.28)

Since ¥,/ (541-p) (1), kp/(54+1-p)(t) and jy,(541-p)(t) are bounded for large ¢, according to (2.9)
and (2.17), ¥ 5.1 p>( ) and Yp/(6+1—p) (t) are bounded for large ¢. Moreover, U 541-p) (t) is
bounded also for large ¢ by using the fact that

1 _ p
71|kp/(5+1—p)(t)‘2 Yy (641—p) () + m¢;/(5+1_p) t) (329

Upyor1p () = =

and |k, /(54+1-p) (t)|*77 is bounded for large ¢. Therefore, by equation (3.28), Y; (t) is bounded for
large t. Hence, by Lemma 2.6, we obtain tllgl Y>2(t) = 0 and thereby l1m %/ sr1-p)(t) =

0. This gives 4li1$1 E,(tj) = C(A) = ((v). But this contradicts the fact that C(A) #d =
j—+oo

. liin E;(t). Consequently, 1, (s41—p)(t) converges when ¢ — +oco. The proof is complete. O
— 00

Now, a main question arises: Could we find equivalents of v and v’ near infinity in the case

where EI_P P/ (0+1=p) v(r) = 0? The answer to this question strongly depends on the behavior

of the inhomogeneous term h. For this, we assume that there exists m > pd/(d+1—p) satisfying
the following hypotheses.

(Hp) ™ h(r) is bounded for large r.

(H.) lim r™h(r)=1>0.

r—+00

The study depends on the position of m with respect to V. We start with the case where pd/(5+
1—p)<m<N.

Theorem 3.2. Assume that pd/(6 + 1 —p) < m < N and (H.) holds. Let v be a solution of
problem (1.1)-(1.2) satisfying lirll P/ OF1=P)y (1) = 0. Then
T—+00

1/(p—1)
) o) p 2 (1) e,

oo m—p \N —m
[
;. / o _ —(m—1)/(p—
(i) v'(r) +o0 (N—m) " '

The proof requires the following results.

Lemma 3.3. Let v be a solution of problem (1.1)-(1.2) satisfying Er}l rP/OF1=Ply(r) = 0.

Suppose that ¥?P=V*P h(r) is bounded for large r and liT r’u(r) = +oo for some p/(6 +
T—+00

1—p) <0< (N—=p)/(p—1). Then F,;541_p)(r) < 0and Fp(r) > 0, for large r.

Proof. The proof will be done in two steps.
Step 1. F,/(541—p)(r) < O for large r.

Using relation (2.2) and the fact that Er+n rP/ 1Py (r) = 0, it suffices to show that F), (s 1) (r) #
0. Suppose by contradiction that there exists a large = such that F}, 5,1, (r) = 0. Using the
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relation (2.4) with A = p/(6 4+ 1 — p) and multiplying by 7?1, we get

(p— 1) r @@= |/ ()P~ F

peip () =) {/\5“‘1’ — PPyt I=P ()

—erre(p*l)h(r) (rav(r)) i

(3.30)
Since EIJP pP/OF1=P)y () = 0, #9@=D+P}(r) is bounded for large r and EIJP ru(r) = 400,
then £ s (7) > 0. Hence F,(5,1—p)(r) # O for large 7.

Step 2. Fy(r) > O for large r.
We start with the first case p/(6+1—p) < 8 < (N —p)/(p—1). In the same way as the first step,
using (2.2), it suffices to show that Fy(r) # 0 for large r since ET rv(r) = 400. Suppose

that there exists a large r such that Fy(r) = 0. We have by (2.4)

(o= 17O WP B = e )L — 1)
1 (3.31)
—rpw(p*l)h(r) (rev(r)) _p},

where Ty is given by (2.10). Using our hypothesis and the fact that 'y > 0 (because p/(d + 1 —
p) <60 < (N —p)/(p—1)), we obtain Fj(r) > 0. Therefore, Fy(r) # 0 for large r.
The case § = (N — p)/(p — 1) is given by Lemma 2.2. The proof is over. i

Proposition 3.4. Assume that (Hy) holds. Let v be a solution of problem (1.1)-(1.2) satisfying

lim P/ OHI=P)gy (1) = 0. Then r(m=p)/0=Vy(r) is bounded for large r. Moreover, we have

p—1
P m m-—p : m— —1
< _ PP )
lrlgli&fr h(r) < (N —m) (p — ) lirilig)r P (r) (3.32)
and
m—p\*" 1
: m > _ B m—p, p— ) )
lirgigopr h(r) > (N —m) (p — ) 1712n+120fr P (r) (3.33)

Proof. Taking 8 = (m — p)/(p — 1) and using the change (2.5) (for A\ = 6), we show that ¢ ()
is bounded for large ¢t. We argue by contradiction and we distinguish two cases.

o Iftlgnoo Pg(t) = +o0.

As p/(64+1—p) <0 < (N —p)/(p—1) and r*®=D+P}(r) is bounded for large 7 by hypothesis
(Hp), combining this with Lemma 3.3, we have F),(5,1_p)(r) < 0 and Fy(r) > 0, for large r.
Consequently, since v'(r) < 0 on (0, +00), then for large r,

p 7|v']

. .34
o+1—p v <0 (3.34)
Using the change (2.5), we have for large ¢,
P !
)by P(t) < 6P~ .

Now, taking A = € in equation (2.6) and multiplying by w},_p (t), we get

(w07 (0) + (0= D k(O 03" (6) + (N = p) yo D)5 (@) + Jo(t) =0, (336)

where

Jo(t) = eP=0CFI=PDEp+ =P (1) 4 o (£)1), 7P (). 3.37)
Since  lim eP=0OFI=p)ty 8172 (1) — () (because lim rP/OF1=P)y (1) = 0), jo(t) is bounded

for large ¢t and tl}eroo g(t) = +oo, then tl}gloo Jo(t) =0.
For simplicity, we set
o (t) = lyo ()] (1). (3.38)
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Then by (3.35), we have for large ¢

P Pl
— t) < P! 3.39
<5+1—p) <eolt) < -39
and by (3.36), we have
@h(t) = (0= 1) o ()" PV = (N =) 0a(t) + Jo(t). (3.40)
Since @y (t) > 0 for large ¢, we obtain for large ¢
@o(t) = (p — )7 (po(t)) + Jo(t) (3.41)
where N
7(s) = s?/(P71) ki s> 0. (3.42)

p—1"
A simple study of the function 7 implies that there exists ¢ > 0 such that 7(s) < —c for

(p/S+1=p) " <s<oP ! < ((N=p)/(p—1))""". Using (3.39), (3.41) and the fact that

, 1ir+n Jo(t) = 0, we see that there exists a constant ¢; > 0 such that for large ¢, ¢} (t) < —c;.
—+00

Integrating this last inequality on (7', t) for large T', we get . ligrn o (t) = —oo, which gives a
—+0o0

contradiction with the fact that () is bounded for large ¢ by (3.39).
o If limsup vy(t) = +oc.

t——+o0
Then there exists a sequence {r; } going to +o0 as ¢ — oo such that {r;} is a local maximum

of vy satisfying tl}T Po(r;) = +oo.
Taking ¢t = r; in equation (2.6) with A = 6, we get
vy (ri) = ~Toya(ri) — P~ 0TIPITgd () — o (). (3.43)
Since ¢ (r;) = 0, then by (2.9) and (2.8), we have
gil(ri) — _Hl—p.
Yo (Tz)

As a consequence, equation (3.43) can be written as

) — j T
yh(rs) = yo(rs) | Ty + Hl—pe(p—e(éﬂ—p))r,,wgﬂ P(r;) — ZZET'; ) (3.44)

/ .
Using our hypotheses, we have lim Yo(ri)
i—=+00 YTy

hand, we have kj(r;) = vy (r;) < 0, which yields that y;(r;) < 0. This is a contradiction.
We deduce that 1 (¢) is bounded for large ¢.

= —I'y, then y;(r;) > O for large i. On the other

Now, we show the estimate (3.32). Assume by contradiction that

m—p\*~!
liminfr™h(r) > (N —m) (p) lim sup 7~ PvP~! (r).

r—r+o0 p—- 1 r—-400
Taking A =60 = (m —p)/(p — 1) in (2.5), there exists g9 > 0 such that for large ¢,
jo(t) = e™ h(et) > (N —m) P~ b~ (t) 4 «o. (3.45)

First, we show that v (¢) is strictly monotone for large ¢, which amounts to prove that Fy(r) # 0
for large r by (2.2). Suppose by contradiction that there exists a large r such that Fy(r) = 0.
Then combining this with relation (2.4), we obtain

(p— 1) P2 Ey(r) = (N —m) 67 g~ (8) — 0=/ = Iy (1) — o (1), (3.46)
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Using inequality (3.45), we obtain for large r,
(p = D' P2 F(r) < (N = m) 077057 (8) = Jo(t) < —e0 < 0. (347)

Therefore, Fy(r) # 0 for large r, that is 1¢(¢) is strictly monotone for large ¢. Moreover, since
¥y(t) is bounded for large ¢, then tLler ¥e(t) = by > 0 and tLlEl ty(t) = 0. Therefore, by
. _ . __gp—11p—1
(2.9), that t_l}gloo ko(t) = —0b; and thereby tllgloo yo(t) = —6P7 00 .
On the other hand, according to (2.17), we have
vp(t) = —(N = m)yy(t) — el OFI=PN/=0tya (1) — o 1). (3.48)

Hence, combining with (3.45), we get for large ¢,
yo(t) < o(t) — <o, (3.49)
where
3(t) = —(N —m)yp(t) — e®-mOH=PN =y 0 () — (N —m) 07~ 5~ (1), (3.50)

. . . _ 1 .
Since m > pd/(6+1—p), tlg»noo g (t) = by and t£+moo yo(t) = —0P~ "6}, then t£+moo é(t) =0.
This implies that there exists a constant ¢, > 0 such that y;(¢) < —c¢; for large ¢. Integrating the
last inequality on (7', ¢) for large T, we obtain tlgp yg(t) = —oo. This is impossible and the
estimate (3.32) holds.

Finally, to prove estimate (3.33), we assume by contradiction that

m—p\*!
limsupr™h(r) < (N —m) (f) liminfr™ PP~ (7).

r—+o00 p—= r—=+00

Then with # = (m — p)/(p — 1), there exists £, > 0 such that for large ¢
Jo(t) < (N —m) 0P~ 1yl (1) — e (3.51)

In a similar manner, we prove that the last inequality gives 1y (¢) is strictly monotone for large ¢.
Indeed, suppose by contradiction that there exists a large 7 such that Fy(r) = 0. Then, according
to (3.46) and (3.51) , we get for large r,

(p— D)r™ W |P2E)(r) > ey — ePOmEHI=p)/ (=1t 0 (1), (3.52)

Since lim ePo—mE+HI=P)/(p=1)ty0(4) — ( (because m > pd /(6 + 1 — p) and 1y (t) is bounded

t——+o00
for large t), then for large r

(0 — D™=/ P2 (r) > % > 0.

Therefore Fy(r) # 0 for small r and thereby () is strictly monotone for large ¢. Hence
. o . I

Jim 4hy(t) = by > Oand lim ¢(t) = 0.

We use the same reasoning as in the previous case, equation (3.48) and estimate (3.51) to get the

contradiction. Hence, the estimate (3.33) is verified. This completes the proof. O

Now we can prove Theorem 3.2.

Proof. (i) Taking 6 = (m —p)/(p — 1). By Proposition 3.4 we have that ¢y () is bounded for
large ¢. Suppose by contradiction that ¢y (¢) oscillates for large ¢. Then there exist two sequences
{n;} and {¢&;} that tend to +oc as i — +oo such that {7;} and {¢;} are local minimum and local
maximum of vy, respectively, satisfying n; < & < ;41 and

0 < liminfey(t) = zl}inoo o(n;) = a < limsup ¢y (t) = 1l}r+noo ¥e(&) = B < +oo.  (3.53)

t—+o0 t—+o00
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Since ¥y (n;) = ¥y(&) =0, ¥y (n;) > 0 and ¢y (&;) < 0, then using (2.8) and (2.9), we have

lim yg(n;) = —0PaP 7,
1—r+00

lim yy(&;) = —07~" g1,

i—>+00

Yg(ni) >0 and yp(&;) <O0.

Hence according to (3.48), we have
—(N —m)yg(n;) — e(p5—m(5+1—p))/(p—l))mwg(m) — Go(m:) >0 (3.54)

and
—(N —m)yg(&) — e(P5*m(5+1*P))/(p*1))§i¢g(§i) —jo(&) <0. (3.55)

Letting 7 — +oo in (3.54) and (3.55) and since tlum Jo(t) =1, we get

l

p—1
(N —mygr T =©

prt <

Which contradicts (3.53). Consequently, 1y (t) converges when ¢ — +oo.
Using again Proposition 3.4 we have

l
. . p—1 I . p—1
Hminten 0 < T <m0

| 1 l 1) b1 / 1/(p—1)
Hence, tgglooiﬁe(t) =3 (N _m> m—p (N_m) ‘

l 1/(p—1)

N-—m

Since 1 (t) is bounded for large ¢ and F(n_,)/(,—1)(r) > O for large r from Lemma 2.2, then
kg (t) is bounded for large ¢. Assume by contradiction that kg () oscillates for large ¢. Then there
exist two sequences {s;} and {p;} that go to 400 as i — +oo such that {s;} and {p;} are local
minimum and local maximum of kg, respectively, satisfying s; < p; < s;41 and

(74) We show that tlgnoo ko(t) = —

liminfky(t) = lim kg(s;) =11 <limsupky(t) = _1ir+n kg(pi) = Ly. (3.56)
1—>+00

t—+o0 1—+00 t—+o0

Hence, y;(si) = yy(pi) = 0 (because ky(s;) = ky(p:) = 0), vlir+n yo(si) = |li|P"*1; and
1—>+00
‘lizl yo(ps) = |L1 [P~ Ly. Since m > pd/(6 + 1 — p), vy converges and Jim e f(e') =1,
1—>+00 o0
we claim, by taking respectively t = s; and ¢ = p; in equation (2.6) and letting i — +o0, that
(N =m) 4Pl = ~1 = (N —m) |L["* Ly.

Asm < N and [ > 0, then
WP =L P Ly <.

That is equivalent to {; = L;. This gives a contradiction to (3.56). Consequently, ky(t) converges
when ¢ — +o0, therefore by, (2.9), we necessarily have tl}T 1y (t) = 0 (because 1y converges).
o0

Asa consequence, tl}frnoo ko(t) = - (N i m) wpil), which is equivalent by (2.11) to
Tim =D/ 6=y () = — ( I )1/(p1).
r—0 N
The proof is over. D

Now we consider the case . = N and look for equivalents to v and v’ near infinity.
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Theorem 3.5. Assume that m = N and (H.) holds. Let v be a solution of problem (1.1)-(1.2)
such that lim 7P/O*1=Ply(r) = 0. Then

7—+00
N-— —1
. r(N=p)/(p=1)y (1) N p—1 1),
(lnr)]/( ) 4o N—p
N-—1 1)
(”) 7 )/ (p— (T) ),
(lnr)]/( ) 40

The following proposition will be useful for the proof of this theorem.

Proposition 3.6. Assume that m = N and (Hy) holds. Let v be a solution of problem (1.1)-(1.2)
r(N=p)/(p=D)y (1)

such that Elll rP/OF1=P)y (1) = 0. Then is bounded for large r. Moreover,

nr)l/(p_l)
we have 1
. N—-p\"" . rN=pyr=1(y)
N < .
imintr*hir) < (5=F) imewp = @37
and 1
. N —p\' . rNTrerTl(y)
N > .
imsipratr) > (527) i (339

Proof. Taking the change (2.5) for A = (N — p)/(p — 1), we see that ¢ _,)/(,—1) satisfies the
following equation

YNy p1) () + e(N—5<N—p>/<p—‘>)t¢gN_p> o1y (t) +eMh(e) = 0. (3.59)

Therefore, y( )/(p71)(t) < 0. Moreover, since y(n_p)/(p—1)(t) < 0 (because v'(r) < 0), then
lim yn_p)/(p—1)(t) € [-00,0[. We distinguish two cases.

t—+o0

Casel. —0 < tilgloo y<N_p)/(p_1)(t) < 0.
Then, ET rN=D/=14/ (1) is finite, so using Hospital’s rule (because lirgl v(r) = 0 and
r 0 r—+o00
r(N=p)/(p—1)
N > p),wehave lim r(N=P/(P=Dy(r) s finite. This implies that lim I—U(T) =0
r—+o00 r—+o00 (ln 7‘) /(p—1)

Case 2. tlg—noo y(N,p)/(p,l)(t) = —o0.

Then lim +N=D/®=Dy/(3) = —oo and by Hospital’s rule, lim rN=2)/=1y(r) = 400

r—+00 r—+00
Therefore, according to Lemma 3.3, we have F), /(5+1_p)(r) < 0 for large . Consequently, for
large t,

p
1y /() < kv —p)/-1)(®)] -

Hence for large ¢,

p—1 _

v/ o-1)(®) P\ lvw—pse-n®)

< . (3.60)
t o+1—p t

Therefore, it is clear that to show that z/zp ! p)/ (= ( )/t is bounded for large ¢, it suffices to

prove that |y N—=p)/(p ] /t is bounded for large t

According to Propos1t10n 3.4, if there exists p/(0 +1 —p) < o < (N —p)/(p — 1) such
that 77*+e(P=1p (1) is bounded for large r, then 72v(r) is bounded for large . In particular for
0 = N/&, we have r?+*N(®P=1/p(1) is bounded for large r (because p + N(p — 1)/6 < N and
rVh(r) is bounded for large r) and therefore /v (r) is bounded for large . This is equivalent
to e(N S(N=p)/(p=1))t w )(t) is bounded for large ¢. Hence, by equation (3.59), there
exists a constant C' > 0 such that for large ¢, we have

-C0< y(/N—p)/(p—l)(t) <0.
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Integrating this last inequality on (7', ¢) for large T and using the fact that y(x _,) /,—1)(t) <0,
we get |y(v—p)/(p—1)(t)| /t is bounded for large ¢. This implies by (3.60) that zpf’];ip)/(pfl)(t)/t
is bounded for large ¢. That is r™=2)/@=Dy(r)/ (In7)"/*~" is bounded for large r.

Now, we show the estimate (3.57). Assume by contradiction that

N — p—1 N—p,p—1
liminfrNh(r) > P lim sup rrer ()
r—+0o p— 1 r—+00 Inr

(3.61)
We make the following change

(N—p)/(p—1)
vy = ) (3.62)
(lnr)l/(p_l)

Then V satisfies the following equation

Nt t
W () + WT(t) + t(5+17p)/(p71)6(ths(N*P)/(P*l))tVé(t) + e};& =0, (3.63)
where
W (t) = [H(t)|" > H(t) (3.64)
and 0
s N-p 1 Vit
H(t)=V'(t) Py V(t) + P (3.65)
Note that
H(t) = (In ’I‘)_]/(p_]) 7’<N71)/(p71)v’(r). (3.66)

Using the change (3.62), inequality (3.61) implies that there exists 3 > 0 such that for large ¢,

N-—p
p—1

p—1
eNh(et) > ( ) VPTL(t) + &3 (3.67)

Therefore, according to equation (3.63), we have

—1 {rpe
W) (Np)p Vvr=l(t) & (3.68)
p—1 t t

On the other hand, we know by Lemma 2.2, that F( N—p) /(p,l)(r) > 0 for large r. Therefore,
using (3.62), (3.66), (3.64) and the fact that v'(r) < 0, we have

W(t)| = -W(t) < <];_lp>p_ vrl). (3.69)

Since V (¢) is bounded for large ¢ by (i), then W () is bounded for large ¢. But according to
(3.68) and (3.69), we have for large ¢,
W (t) < —%3.
Integrating this last inequality on (7', t) for large 7', we obtain , li+m W (t) = —oo. This con-
—+00

tradicts the fact that W (t) is bounded for large ¢ by (3.69). Consequently, the estimate (3.57) is
satisfied.

Finally, we show the estimate (3.58). Suppose by contradiction that

_p\ P! N—p,p—1
limsup rV h(r) < <N1p) liming "~ (7) (3.70)

400 p— r—-+oo Inr
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Then there exists ¢4 > 0 such that for large ¢,

N-p
p—1

p—1
eNth(et) < ( ) VPTH(t) — 4. (3.71)

This inequality implies since h is positive, that

p—1 1/@p-1
V(D) = _p54/(” >0 (3.72)
and by equation (3.63),
tW'(t) > x1(t) + &4 (3.73)

where

5/(p—1), (N=8(N=p)/(p—1)) t15 N —p\"!
xi(t) = =W (t) — /= Ve P =l)tyo () — (p—l) vPL(e). (3.74)
We propose to show that . ligrn x1(t) = 0. For this, since
—+0o0
lim t5/(l7*1)6(N*ZS(N*P)/(P*I))tV&(t) =0 (3.75)

t—+o0

because V' (¢) is bounded for large ¢t and § > (N(p — 1)/(p — 1), it suffices to prove that

N-p P 1
. e _
tl}ll’loo W (t) + <p_ ] ) VP=i(t) =0. (3.76)
This will be shown in four steps.
Step 1. F,/(541-p)(r) < O for large r.
By equation (1.1) we have
(PN 72) = =N () — N (). (3.77)

Then the function 7V ~!|o/|P=24/(r) is decreasing and negative. Therefore, lim N P2 (r) €
T—>+00

—00, 0[, which is equivalent to lim rN=D/=14/ (1) € [~o0, 0[. This gives by Hospital’s rule
+
T—>+00

that lim rN=P/(P=Uy(r) €]0,400]. If lim +N=P)/ =Dy (1) is finite, then using the change
r—+00 r—+00

(3.62), we have tl}+m V (t) = 0. But this contradicts (3.72). Therefore, necessarily
oo

TETOO rN=P)/(P=Dy (1) = 400 and by Lemma 3.3, Fy(5+1-p)(1) < 0 for large 7.

. r
Step 2. t£+mooH (t)=0.

Since V (¢) is bounded for large ¢, then by (3.69), W (¢) is bounded for large ¢. Using in addition
the fact that eV*h(e?) is bounded for large ¢ and (3.75), we get by (3.63), tlgn W'(t) = 0. On

the other hand, using the change (3.62), the first step and the fact that v" < 0, we obtain

p
HO> 54— V). (3.78)

This implies, using (3.72),

B p(p—1) 1/(p—1)
|H(t)\>C’—(N_p>(6+1_p)s4 > 0. (3.79)

1 -
Therefore, since by (3.64) H'(t) = — |H(t)|2 PW!(t) (H' exists because v’ < 0), we have
=

c*»p
p—1

[H'(1)] < W ()]
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Hence, lim H'(t) = 0.
t—+o0
Step 3. tLIer V'(t) =0.
Since W (t) is bounded for large ¢ (by (3.69)), then H (¢) is bounded for large ¢ and therefore
by (3.65), V'(t) is bounded for large ¢. Suppose that V'(t) oscillates for large ¢. Then there

exist two sequences {s;} and {k;} that go to +oco as i — +oo such that {s;} and {k;} are local
minimum and local maximum of V”, respectively, satisfying s; < k; < s;11 and

e s "o . Y 1 .
ltlglgofv (t) = il>1+mocV (si) < litiljgopv (t) ig?oov (ki) (3.80)

By deriving the equation (3.65), we obtain

_N-p_, 1 V'(¢) 1 V()

H'(t) =V"(t) - V'(t) + — . (3.81)

Since V" (s;) = V"' (k;) = 0, then

N—p 1 V/(Si) 1 V(Sz)

! L) = — ! - —

H'(s;) pilv(sz)jtpi1 ” PR

and N Vi) 1 V(R
1LY — — P+ ) t) 7
(k) = VI o = e

It follows, since V' (¢) and V' (¢) are bounded for large ¢ and . ligl H'(t) = 0, that
—+o00
1 / - ) = 1 ! - ) =

This contradicts (3.80). We deduce that V'(t) converges when ¢ — +oo. Since V (¢) is bounded
for large ¢, then necessarily . lir+n V'(t) = 0.
—+00

N-p\"! 1
. o _
Step 4. tl}eroc W(t)+ (p 1 ) VP=i(t) =0.
Recall that for any ¢ > 1, there exists a constant C,, > 0 such that
|lale=2a — [p|2=2b| < C, (|a] + [b])? |a — b] (3.82)
for any a, b € R such that |a| + |b| > 0. Hence, taking o = p > 2,a = (N —p)/(p— 1) V(¢)
and b= —H(t) = |H(t)|, we obtain

‘ (;“f)p_] VPl + W (D)

N-—p P2IN—p
<o (Stvey i) |3

1

V(t)+H(t)‘.

(3.83)
Since V(t) and H (t) are bounded for large ¢ and p > 2, then there exists a constant C' > 0 such
that for large ¢,

(St o

N —
<C Ff V(t) + H(t)’ . (3.84)
Using again the fact that V' (¢) is bounded for large ¢ and \ liin V'(t) = 0, we deduce easily from
—+oo

(3.65) that

. N-—p _
Which implies (3.76) and therefore by (3.75), , li+m x1(t) =0.

—+o0

Consequently, according to (3.73), there exists a constant C' > 0 such that for large ¢,
twW'(t) > C.
Integrating this last inequality on (7 ¢) for large T, we obtain tlgn W(t) = 4oo. Which

contradicts the fact that W (¢) is bounded for large ¢. It follows that estimate (3.58) is satisfied.
This completes the proof. O
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Now, we return to the proof of Theorem 3.5.

Proof. (i) Using the change (3.62), we have that V (¢) is bounded for large ¢ by Proposition 3.6.
Assume that V (¢) oscillates for large ¢. Then there exist two sequences {y;} and {v;} that go
to +o00 as ¢ — oo such that {y;} and {v;} are local minimum and local maximum of V,
respectively, satisfying p; < v; < p;41 and

0 <liminfV(t) = lim V(w;) =a; <limsupV(t) = lim V(v;) =i < +oo. (3.85)

t—+oo 1—+00 t— 400 i—+00

Since V' (u;) = V'(v;) = 0, V" (u;) > 0 and V" (v;) < 0, then using (3.64), (3.65) and (3.81),

we have 1
. . N—p p= 1
Jm Wi == (557) e
. . N-—p p=l o1
iETmW(Vi)_(p—l> By,
_ o V(i
W () = (p = 1) [H () "™ H () = = | H (i)'~ ;(j;)
and o
) 2 v;
W' (vi) = (p = DH @)~ H' (i) < = [H@i) " =5~
Therefore according to equation (3.63), we have
)P YD) i ) = W ()= D e (VB2 =0 8y i e

(3.86)
and
_ |H(Vi)‘p_2 V(Ni) > VZ-W/(Vi) _ _W(Vi)_yf/(pfl)e— (N—§(N—p)/(p—1))Vivé(yi>_eNuih(eVi).

(3.87)
Letting ¢ — 400 in the two previous inequalities and using the fact that . lim eM'h(e') =1, we

—+oo
-1
-1 p—1 b -1
i< (Fmy) et

obtain

But this contradicts (3.85). Therefore, V (¢) converges when ¢ — +o0.
On the other hand, we have, by Proposition 3.6,

_1\?!
liminf VP~1(#) < (p > I < limsup VP~L(¢).
t—+oo (1)< N-—p _t—>+oop ®)

Hence tETm V(t)=(p—1)/(N —p)1"/P=D,

(74) Using the change (3.62) and by (), we have tEToo V(t)=(p—1)/(N —p)I"/®"=1_ Now,
we show that tLiErnoo H(t) = —1"/=1),

Since F(n_p)/(p—1)(r) > 0 for large r Lemma 2.2, then H () is bounded for large ¢. Suppose by
contradiction that H (¢) oscillates for large ¢. Then there exist two sequences {m;} and {n;} that

tend to 0o as i — +oo such that {m;} and {n;} are local minimum and local maximum of H,
respectively, satisfying m; < n; < m;;+; and

liminf H(t) = lim H(m;) = ap < limsup H(t) = lim H(n;) = fs. (3.88)

t—+oo i—+00 t— 400 i——+00

Therefore W' (m;) = W'(n;) = 0 (because H'(m;) = H'(n;) = 0), _liin W(m;) = |’ as
1—+00
and _lim W(n;) = |B|" 2 B,. Since § > N(p—1)/(N—p), V converges and lim eN'h(e!) =
1—>+00

t—+oo



INHOMOGENEOUS ELLIPTIC EQUATION 145

I, we deduce, by multiplying equation (3.63) by ¢, taking respectively ¢t = m,; and ¢ = n; in
equation (3.63) and letting ¢ — o0, that

P ay = —1 = |6 Ba

Therefore, a; = 3,. That contradicts (3.88). Therefore, H(¢) converges when ¢ — +oo.
Hence, by (3.65), we have , 1ir+n V'(t) = 0 (because V converges). Consequently , 1ir+n H(t) =
—+00 —+00

—1"/®=1)_ This completes the proof. O

The last main result in this work concerns the search for the equivalents of v and v’ near
infinity in the case m > V.

Theorem 3.7. Assume that m > N and (H.) holds. Let v be a solution of problem (1.1)-(1.2)
such that lim 7P/OH1=Ply(r) = 0. Then

r—+00
(7) lirJP rN=P)/(0=1)y(1) is finite and strictly positive.
T—+00
(44) lilll rN=D/®=14/ (1) is finite and strictly negative.
T —+00

Proof. Since h > 0 and v > 0 (by Lemma 2.1), then by (3.77), the function rV ~![v/|P=2¢/(7) is
decreasing and negative. Therefore, lirll N7 P72 (r) € [~00,0[. Assume by contradic-
r—+00

tion that

lim V= o/[P20/(r) = —co. Then lim ¢(r) = +oo where
r—+400 r—+00
o(r) = vV ()P (3.89)

Let0 < Ay < min (6(N —p)/(p— 1) — N, m — N) (this is possible because § > N(p—1)/(N—
p) and m > N). We show that lim r* ¢/ (r) = 0.

r—+00
We have by (3.77),
ML (1) = NGO (1) M N (), (3.90)

Since 7™ h(r) is bounded for large , then 7V h(r) is also bounded for large r (because m > N).
Therefore, according to Proposition 3.6 and the fact that (\; +N)/d < (N —p)/(p—1), we have
lim A +N)/%,(r) = 0. On the other hand, since A, + N < m, then lim +M*Vh(r) = 0.

r—+o0 r——+o0

Therefore, we have by (3.90), liIJP MY (1) = 0. Therefore, since ¢ is strictly positive,
T—1+00

there exists a constant C' > 0 such that for large r,

0 < (r)<Cr M1

Integrating this last inequality on (R, ) for large R and using the fact that A; > 0, we obtain

P(r) = $(R) < 3oV + TRV,
Al Al

By letting » — +00, we obtain a contradiction with the fact that liT (r) = +oo. Therefore,
T—+00

lim rV=!o/|P~20/(r) is finite and strictly negative, that is, lim ™ ~D/(=1y/(;) is finite
r——+o0 r—+00

and strictly negative. Consequently, using Hospital’s rule (because liIJP v(r) =0 and N > p),
T—>+00

we have EI_EI rN=p)/(p _])v(r) is finite and strictly positive. The proof is complete. O

4 Conclusion

In this paper, we presented a detailed study of the asymptotic behavior of global positive solu-
tions of the problem (1.1)-(1.2) in the case where the inhomogeneous term £ is strictly positive
and negligible in front of 7~?%/(9+1=p) The main results strongly depend on the sign and asymp-
totic behavior of the inhomogeneous term h. The case where the inhomogeneous term changes
sign remains an open question to be treated in another paper.
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