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Abstract This paper is devoted to the study of the following nonlinear and non-coercive
parabolic problem:

%Z —div (a(z, t,u, Vu)) + [u|P2u = f —div (¢(z,t,u)) inQx (0,T) = Qr,
u(0,x) = up(z) in Q
u=20 on 9Q x (0,7);

in the anisotropic Sobolev space, where f € L'(Q7), and ¢ = (é1, ¢» ... ¢ ) is a Carathéodory
function acted from Q7 x R into R”, that verifies some growth condition. We prove the existence
of renormalized solutions for our parabolic equation, and we conclude some regularity results.

1 Introduction

Let Q be a bounded open domain in RY (N > 2), we set Q7 = Q x (0,7 a cylinder of RV+1,
with 7' > 0. Boccardo, Gallouét and Vasquez have studied in [8] the existence and regularity of
renormalized solutions for the nonlinear parabolic equation

% — div(|VulP~2Vu) + aglu/*2u = f  in Qr,
u(0,z) = up(x) inQ
u=0 on 9Q x (0,7);

where the data f € L'(Qr) and the exponents p > 1+ 55+, po > W, with o > 0. Blan-

chard, Murat and Redwane have proved in [10] the existence and uniqueness of renormalized
solution for the nonlinear parabolic

% —div (a(z,t,u, Vu)) + div(¢(u)) = f —divg  in Qr,
(0, ) = up(x) o
u=0 on 9Q x (0,7,

in the isotropic Sobolev space, with — div (a(z, t, u, Vu)) is a Leray-Lions operator, where ¢(-),
- g and ug belong respectively to CO(R, RN), L' (Qr), (L*' (Qr))™ and L' (). Other problems
have been considered in [5], [8] and [9].

It should be noted that the concept of the renormalized solution was originally introduced by
DiPerna and Lions [13] in their study of the Boltzmann equation, and was later adapted by
Boccardo, Giachetti, Diaz, and Murat [6] to address elliptic problems with L' data. Recently,
anisotropic Sobolev spaces have garnered significant attention due to their diverse applications
in fields such as electro-rheological fluids and image processing (for a more detailed discussion,
we refer the reader to [17], [18] and [19]).

The existence of entropic and renormalized solutions for certain nonlinear parabolic problems in
Sobolev spaces has been demonstrated by the authors, in [2],[7], and [15].
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In [12] Chrif, Hjiaj and El Manouni, have studied the existence of entropy and renormalized
solutions for the following nonlinear Dirichlet parabolic equation

% —diva(z,t,u,Vu) + g(z,t,u) = f  in Qr,
u(0,z) = up(x) in Q,
u=0 on 9Q x (0,7);

in the anisotropic parabolic Sobolev spaces L7(0,T; W, (Q)), with f € L'(Qr), uo € L'(R)
and g(z,t, s) is a Carathéodory function, that verifies same growth condition. We refer the reader
alsoto [11].

Our objective in this paper is to prove the existence of renormalized solutions for the following
nonlinear parabolic Drechlet problem

% —div (a(z,t,u, Vu)) + [u[*u = f — div (¢(z,t,u))  inQr,
u(0, ) = uo(x) in Q
w=0 on 9Q x (0,7);

in the anisotropic Sobolev space L7(0,T; WO1 7 (Q)), where —div a(z, ¢, u, Vu) is an operator
of Leray-Lions type acting from LP(0, T; Wy"’(Q)) into its dual L?' (0, T; W~"#'(Q)), while
(ai(z,t,5,€))iz1,.. N are Carathéodory functions that verify the degenerate coercivity. where
f €LY (Qr)and ¢ = (41,0 ... ¢n) is Carathéodory function acted from Q7 x R into RY, that
verifies only some growth condition.

This paper is organized as follows: In section 2 we presents some definitions and results
related to the anisotropic parabolic spaces. In section 3 we presents the essential assumptions and
technical lemmas required to establish the main result. The section 4 focuses on demonstrating
the existence of renormalized solutions for the parabolic problem in anisotropic spaces, and we
conclude some regularity results.

2 Preliminaries

Let Q be an open bounded domain in IRY (N > 2) with boundary 0Q.
Let p1,p2,...,pn be N real exponents, such that 1 < p; < ocofori=1,...,N.
We set = (p1,...,pN), and

p =min{py,p2,...,pN} and  po = max{p;,p2,...,pN}
Moreover, we denote

ou

D%=u and Diu=
8.’L‘Z'

The anisotropic Sobolev space W!7(Q) is defined as
W"ﬁ(Q) = {u € L"(Q) suchthat Diu € LPi(Q) for i=1,2,.. .,N} ,

this space is equipped with a norm
N .
lullig =D ID"ully, 2.1)
=0

We set W, 7(Q) as the closure of C5°(€Q) in W'7(Q) for the norm (2.1).
The Sobolev spaces W!7(Q) and WO1 P (Q) are separable and reflexive Banach space.

Lemma 2.1. Let Q be a bounded open set in RYN. Then the following embedding are compact.
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hSAE

« if p< N then Wol’ﬁ(Q) < L"(Q) foranyr € [1,p*], where 1%

< if 5= N then WyP(Q) <> L"(Q) foranyr € [1,+o0],
« if D> N then the embedding Wy"P(Q) < L=(Q) N C°(Q)

The proof is based on the continuous embedding of 7(Q) into WO1 (Q), and the compact

embedding theorem for Sobolev spaces.
Definition 2.2. The dual of the anisotropic Sobolev space I/VOl 4 (Q) is denoted by WL (Q),

where p’ = (p},p}, ..., p)y) giving by :

N
W (Q) = {F =Fy~ Y D'F, | Fye LP(Q)and F; € LV (Q) fori = 1,2,...,N}
i=1

Moreover, for all u € WO1 7(Q) we have

N
(F,u) = Z/ F;D"u dx.
i=0 /<

The norm on the dual space is defined by
N .
with F' = Fp — Z D'F;, where Fy € (L (Q) and F; € L (Q)} :

N
1P, ;= inf{z IEil,,
=0 =1

Now, we introduce the anisotropic parabolic space LP(0, T; W!7(Q)) by
]Zipi(g) dt < oo}

N .7
LP(0, T; WhP(Q)) = {u measurable function / Z/ | D"
i=0 0

endowed with the norm

N

lull oo zwrr@y = DD U 1o gy -
i=0

The functional space L?(0, T’; WOI’Z7 (Q)) is defined by
LP(0,T; Wy P(Q)) = {u € LP(0, T; W'P(Q)) /u = 0 on 9Q x [0,T]} .

Note that L7(0, T; W'7(Q)) and L7(0, T; W, (€)) are separable and reflexive Banach spaces.
Definition 2.3. The dual space of L?(0, T’; WOl 7(Q)) is defined as follows

N
70,7, W=7 (Q)) = {F =fo— Y _D'fi, with f; € LPE(QT)} :
i=1

We define a norm on the dual space by

N N
|| HLI;,(()’T;W*IJT/(Q)) = mf{z; ||fi||Lp;(QT) / F = fO - ;szi with fz S pr(QT)} .
The duality of the spaces LP(0, T’ Wol’ﬁ(Q)) and L”' (0,7, W=1P'(Q)) is given by relation

T N
/ (Fooydt=>" [ fiD'vdz forall ve LF(0,T:W,;7(Q)),
0 —oV/Qr

and we introduce the norm for L’ (0, T, W=LP'(Q)) by
N N
HFHLZ;I(O’T;W—],P-/(Q)) = lnf{ ZO ”fiHLp;(QT)’ with F'= fO - 2le7 for fl € Lpl(QT)}
=l =
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Lemma 2.4. ([20]) Let By, B and By be a Banach spaces with By C B C B;. Let us set
Y ={u:uelL”0,T;By) and u €L"(0,T;B)},

where py > 1 and py > 1 are reals numbers.
Assuming that the embedding By —<— B is compact, then

Y << LP(0,T; B),

and this imbedding is compact.

Remark 2.5. Let p > we set

N+2°
Bo=Wl7(Q), B=I*Q) and B =W""(Q),
with pp = p,and p; = py- In view of the Lemma 2.4, we obtain
{u:uelP(0,T;WSP(Q) and ' € LY (0,T; W7 (Q))} CY —— L'(Qr). (2.2)
Moreover, in view of [3], we have
{u:uelPO0,T;WP(Q) and o € L”(0,T; W7 (Q)} C C(0,T);L'(Q)). 2.3)

Definition 2.6. Let k£ > 0, the truncation function Ty (-) : R — R is defined as
s if  |s| <k,

T = -
k(5) {ks it |s| > k.

Lemma 2.7 (see [14], Theorem 13.47). Let (u,,), be a sequence in L' (Q) and v € L' (Q) such
that

(i) u, > ua.e inQ,

(ii) u, > 0andu > 0a.e. in Q,

(iii) /un dx—>/udm7
Q Q

then u,, — uin L'(Q).

Lemma 2.8. Let u € LP(0, T; W, (Q)), then Tj,(u) € LP(0,T; W, 7(Q)) for any k > 0. More-
over, we have B B
Ti(u) — u in LP(O,T;WOI’p(Q)) as k— occ.

Proposition 2.9. We introduce a time mollification of a function u € L?(0,T; VVO1 4 (Q)) for all
w=>0Dby
t
walrt) = [ ue,s) explits — )i (s) ds

Then, the following assertions hold.

(i) Ifu € L (Qr), then u,, is measurable in Qr, with % = pu(u —u,), and

/ \uu|podzdt§/ |u|Podxdt
T T

(ii) Ifu € LP(0,T; Wol’ﬁ(ﬂ)), then u, — win LP(0,T; Wol’ﬁ(Q)) as p — +oo.
(iii) If uy — win LP(0,T; Wy P (Q)), then (uy,), — u,, in LF(0,T; Wy 7(Q)).
(iv) |(Ty ()| < k for all w € LP(0,T; W, 7(R)).

Proofs of Lemma 2.8 and Proposition 2.9 are is similar to those in the classical space L?(0, T'; W, " (Q2)).
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3 Essential Assumptions

Let Q be a bounded Lipschitz domain in RY (N > 2), and T > 0.
We consider a Leray-Lions operator A : L7(0,T; W, 7(Q)) —s L¥' (0, T; W=7 (Q)) given by

N
= Diai(x,t,u, Vu) + [ul"*u, (3.1
i=1

where a;(z,t,5,£) : Qr x R x RV +— R is a Carathéodory function, which satisfies the
following conditions:
Jai(z,t,5,6)| < B(Ki(w,t) + s~ + &P, (3.2)

(ai(xata SaE) - ai(Qj?tasvé-*))(Ei - 52*) >0 forall gi 7& g:a (33)
ai(z,t,5,§)& > a(]s|)|&]7 (3.4)

where K;(z,t) is a nonnegative function lying in L?:(Q7), and (] - |) is a positive decreasing
function, such that a(|s|) > (IH s forall s € R with 0 <agand 0 < 4§ <p—1.

As a consequence of (3.4), and the continuity of the function a;(z,t, s, -) with respect to &, we
have

a;(z,t,5,0)=0 forall :=1,2,...,N
The Carathéodory function ¢;(z,t,s) : Q x (0,T) x R — R, satisfies the following condition

s (.8, 5)| < c5(a, ) (14 |s])*, (3.5)

. . L (po — 1)p; />
where ¢;(x, t) is nonnegative function lying in L™ (Q) for r; > max L , Di )
ci(x,t) g ying (Q) for r <p0—(/\+5)p;+5p
/
— 1
and0<)\<w],)’),forallizl,Z,...,N

We consider the (fuasilinear parabolic Dirichlet problem

8u ZDlaZ z,t,u, V) + [ul2u = f — ZD% x,t,u)  in Qr,

=1 (3.6)
u—O on 90Q x (0,7,
u(z,0) = up(z) in Q;

where f € L'(Q7), and up € L'(Q).
Now, we present an essential lemma to establish the existence of solutions for our quasilinear
parabolic problem.

Lemma 3.1. (¢f. [11]) Assume (3.2) — (3.4) hold true. Let (u,), be a sequence in LP(0,T;
WP(Q)) such that %” € LV (0, T; W=7 (Q)), and up, — u in LF(0,T; W) P(Q)) with

Z/ ai(x, U, V) — ai(@, t, un, V) (Duy, — D) da dt
+/ (Jun |2y — |uPo~2u) (up — u) dx dt — 0
Qr
then u,, — win LP(0,T; Wol’ﬁ(Q))for a subsequence.

4 Main result

For all £ > 0, we define the following function

2

" 2 | <k
Vs € R, , :/ T.(s)ds = 2 ’
’ pulr) = J) Tils)ds {m— it || > k.
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Definition 4.1. A measurable function v is a renormalized solution of the nonlinear parabolic
Drichlet problem (3.6), if Ty(u) € LP(0,T;W,"(Q)), and |u[*?u € L'(Qr), with u €
C(0,T; L'(Q)) such that

N
.1 / .
lim — E a;(z,t,u, Vu)D*u dzdt = 0, 4.1)
hvoo b= Jyjul<hy ( )

and u verifies the following equality

/ <8S U dt—l—Z/ ai(z,t,u, Vu)(vS" (u)D'u + S'(u)D'v) dx dt
0

+/ [u[Po~2uS" (u)v dx dt
Qr

= S (u)v dedt + Z (;Sl z,t,u)(vS" (u)D'u + S’ (u) D) dx dt,
Qr

for all v € LP(0, T} Wol’ﬁ(Q)) N L>(Qr), and for any smooth function S(-) € C*(R), with S’(-)
has a compact support.

Theorem 4.2. Let f € L'(Qr), and ug € L'(Q). Assuming that (3.2) — (3.4) and (3.5) hold
true, then the quasilinear parabolic equation (3.6) has at least one renormalized solution u in
the anisotropic Sobolev space.

Proof of Theorem 4.2

Step 1: Approximate problems

Let fn = Tn(f)a Uo,n = Tn(uO) and (bn = (¢17n7 ¢2,na [ERN) (bN,n)’ with (bi,n(xv t, 3) = (bi(xv t, Tn(s))
foralli =1... N. We consider the approximate problem

N
8un ZDlaz .t T (), Vty) + [t 2wy = fr — ZDiqSi}n(x,t,un) in Qr,

i=1
un=0 on 9Q x 0,7
un(2,0) = upn(2) in Q.

4.2)
We define the operators A, G, : L7(0,T; W, 7(Q)) — L¥ (0,T; W~ (Q)), by Yu,v €
L7(0,T: W, 7(Q)),

T N
/ (Apu,v) dt = Z/ ai(x,t, Ty (u), Vu) Do dx dt + / [u[Po~2uw dadt, 4.3)
0 i— T T

and
N

T
/ (Gru,v) dt ==Y [ in(z,t,u)D' daldt, (4.4)
0 i=17Qr

Thanks to Holder’s inequality, we have

‘/ (Apu,v) dt

<Z Ki(x,t) + [T, (u)

< Z/ |lai(x,t, Ty, (u), Vu)||Dv| da dt+/ [u[Po=t v dadt

Qr

pi—1 4 |Dz

i—1 1
PEDID ] dx dt + ull Py o, 101 Lo (o)

pl_l HDl’UHLPL + ||u||’£"p0 lQT ”U”L”O(QT)

N

i—1 )

< B (K@)l ot g, + 1055 () + [ D'
=1

1
Al i) 10 0. 7y
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/(Guv ) dt
0

and

2

:Z/ | (0, t,u)|| D] do dt

4.5
/ + n)*|Div| dx dt )
+

IA
le T

< (C(1

—~

) ||UHLP 0,T; W' 1’(9))

Lemma 4.3. The bounded operator B,, = A,, + G, acted from L?(0, T} Wol’ﬁ(Q)) into LV 0,7
W1 (Q)) is pseudo-monotone, and coercive in the following sense

fOT (Bpu,u) dt

||UHL:5(07T;WO]’77(Q>)

— 400 as Hu||Lﬁ(0,T;W/UI’ﬁ(Q)> oo

Proof of Lemma

For the coercivity, in view of Young’s inequality and (3.4) — (3.5), we have

T N N
/ (Bpu,u) dt = Z/ ai(z,t, Tn(u), Vu)D'u dxdt—l—/ |ulPo dxdt — Z/ Gin(x,t,u)Diu dadt
0 QT i=1 QT

i=1
/ |Diu
T

Z/ .
ato)

WV,
Mz
Q

N
Pidr dt + / [ulPo da dt — (1 4 n)* Z/ ci(x,t)| Dl ddt
QT =1 T

N
Il

N‘/\

Pi dx dt + / [uP* dz dt — Cy(n)

> mln( - Ch(n),

l)Hquﬁ(O,T;WOI’ﬁ(Q))
for any u € L7(0, T; W, (). Tt follows that

fOT (Bpu,u) dt

HUH L7(0,T;W, P (Q))

—> 400 as ) — +00.

HUHLI?(O,T;WOI”;(Q

Now, we show that B,, is pseudo-monotone. Let (uy)x be a sequence in LP(0, T’ Wol (Q))
such that B -
uy, — win LP(0, T; W, P(Q)),
Boup, = xn  in LP'(0,T; W—17(Q)),

b - (4.6)
limsup/ (Brug, ug) dt g/ (Xn,u) dt.
0 0

k— o0

We prove that
T T
Xn = Bpu, and / (Bpug,ug) dt —)/ (Xn,u) dt as k — +oo.
0 0

Firstly, we have ux — w in LP(0,T; Wol’ﬁ (Q)) and in view of the compact embedding with
LY(Qr), we obtain uj, — u strongly in L'(Q7r), and a.e. in Q7.

We have (uy) is a bounded sequence in L7(0,T; W, ?(Q)). Using the growth condition
(3.2), the Carathéodory function (a;(z,t, T}, (ux), Vuy))y is bounded in L?i(Qr). Therefore
there exists a measurable function ; € L?:(Qr) such that

a;(z,t, Ty (ug), Vug) — ¢;  in LPi(Qp) for i=1,...,N 4.7)
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Further, we have ¢; ,,(z,t, ur) = ¢in(2,t,u) ae. in Qr and |¢; (7, t,ui)| < Ci(z)(14n)* in
LP:(Qr). Hence, in view of Lebesgue’s dominated convergence theorem, we deduce that

Gin (T, t,ur) — din(z,t,u) strongly in LPQ(QT). (4.8)

‘We also have

g [P 2ug, — Ju|P 2w weakly in L0 (Q7). 4.9

Thus, for any v € LF(0,T; Wy 7(Q)), we get

T T
/ (Xn,v) dt = lim (Bpug,v) dt
0

k—o0 0

N
= lim (Z/ a;(x,t, T, (ug), Vug) D' dzdt + Gin(z,t, ug) D' dx dt
; T

k—o0 QT

+/ lug |~ 2upv da dt)
T

N
— Z/ ;D' dxdt + din(z,t, u)D'v dxdt + / \u|p°72uv dx dt
(4.10)
Having in mind (4.6) and (4.10), we obtain
T N ,
lim sup/ (B (ug), ug) dt =limsup (Z/ a;(z,t, Ty (ug), Vug) D uy, dzdt
0 QT

k—o0 k—o0 _
i=1

+ Gin(,t,up,) Diuy dadt +/ g [P0 dxdt)
Qr T

N
< Z/ @i D'u dxdt+/ Gin(z,t,u)D'u dxdt—i—/ lu|P dadt
=1 T Qr

T

Thanks to (4.8), we have

Gin(,t,up) Diuy, dedt — Gin(x,t,u) Dy dadt. 4.11)
QT Qr

Therefore

N
limsup(Z/ (z,t, T (ug ), Vug) D uy, dxdt+/ g |P0 dzdt)

k—o0 ; T

< Z/ ; D*u dxdt +/ |u|Po dadt
i=1 T QT

4.12)

On the other hand, using (3.3), we have

Z/ ai(z,t, Tn(ug), Vug) — a;(2,t, Ty (us,), Vu) ) (D'ug, — D'u) dadt

+/ (Jun P 2up — |ulP~u) (up, — u) dzdt > 0.
Qr
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Then,

N

Z/ (z,t, T (ug), Vug,) D'uy, dmdt—!—/ |ug PO dxdt
i=1 T

>Z/ ai(x,t, Tn(ug), Vu)(Duy, — D'u )d:rdt—i—Z/ ai(x,t, Tp(ug), Vug)D'u dx dt
+/ u[Po~2u(uy, — u) da dt—i—/ g [P~ 2upu dadt.
T T

Now, we have T),(ug) — T, (u) in LPi(Qr), then a;(x, t, Ty, (ug), Vu) = a;(x, t, Ty (u), Vu)
strongly in LP: (Qr). Thanks to (4.7)—(4.9) we deduce that

N
liminf(Z/ a;(x,t, Ty (ug), Vug) D ug dxdt—i—/ |ug,|P0 dzdt)

i=1 T T

N
> Z/ ; D'u dxdtJr/ |u|Po dadt.

Which implies, thanks to (4.12), that

N
k—>nolo (Z/ (@,t, Tn(u ),Vuk.)Diuk d:z:dt—i—/ lug|Po da dt)
i=1

N 3 (4.13)
= Z/ @i D'u dxdt +/ |u|Po dxdt.
=1 T QT

By combining (4.10), (4.11) and (4.13), we deduce that

T T
/ (Brug, ug) dt —>/ (Xn,u) dt as k — oo.
0 0

Moreover, in view of (4.13), we obtain

Z/ (ai(x, t,Tn(ur), Vug) — ai(z,t, T, (ur), V) (Duy, — D'u) dadt
+/ (Jug [P~ up, — |uPo~2u) (uy, — u) da dt — 0 as k — 4oo.

Hence, thanks to Lemma 3.1, we get
up —u in LP(0,T; Wy P(Q)).

Thus, Diuy — D'u a.e. in Qp. It follows that a;(z,t, T}, (ux), Vur) — a;(z,t, T, (u), Vu)
a.e. in Qr, then

a;(z,t, T (ug), Vug) — ai(z,t,Tp(u), Vu)  weaklyin LP(Qr) for i=1,...,N.

Having in mind (4.8) and (4.9), we deduce that x,, = B,u, which completes the proof of Lemma
4.3.

Consequently, In view of Lemma 4.3, there exists at least one weak solution u,, € LP(0, T'; WO1 7(Q))
for the approximate problem (4.2) (cf. [16], Theorem 2.7).
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Step 2 : A priori estimates.

Let k£ > 1. By taking T} (u,,) as a test function for the approximate problem (4.2), we obtain

T N
/ %,Tk(un»dth/ 0 (st T (), V) DT (1) dzdt—i—/ [P0 | T () it
0 i— T

<(’9t

Qr

= T (uy) dx dt + Z bin(z,t, U ) D' Ty (uy,) dadt.
QT Qr

For the first terms on the left-hand side of (4.14), we have

/<8“" un>dt // %Tkun dtdx—// 8“’“‘” dt dz
, \ ot

:/Q(p;,c(un(s)) dx—/§2¢k(un(0)) dx
2/Qcpk(un(S))dm—kHHOHLl(Q)

Concerning the second and third terms on the left-hand side of (4.14), we have

. ) .
a;(x,t, Ty (un), Vun) D' Ty (uy,) dedt > 7/ |D* Ty (un,)
/T (1 + k)é Qr

and
/ [P0, T () davdt > / Ty (un) [P da dt.
T T

Concerning the two terms on the right-hand side of (4.14), we have

‘ o fnTk?(un) dwdt’ gk”f”L‘(QT)'
T

po—0(p; — 1)
/

SinceO<(5<B—1,O<)\<

inequality, we obtain
‘ Gin(x,t,un) D Ty (uy,) do dt’
Qr
< / |pin (2, t,up) || D T (un)| doe dt
T

< / ci(2,8) (1 + [Ty (un) )M DTy (un )| daedt

pi

DTy () "
§/ M;dxdt—l—CH/ i (x,t)
T 2(1 + |’U/n| {lun|<k}
Pi

ozo|DiTk(un 1
< [ QORI g a4 — 1+ u, )P da dt
/T 2(1 + fun|)? 2N {\un\szc}( e

P1(1+|un|)*ﬂ e di

~—— ~—|—

’
(pg— 1P}

4 cz/ (cs(, 1)) 0I5 (1 1 [y ) da dt
{|u”|<k}

DiTy(u,, 1 .
S/ W‘i dit oy | ITiln) P di e+ Co(1 4 Bl

2N

Pi dx dt,

(4.14)

(4.15)

(4.16)

4.17)

(4.18)

, and according to (3.5), (3.4) and Young’s

+ 047
4.19)
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(po — 1)p;
po— (A+o)pi+0d°

1 Qg al ; ;
o () (T) dz + / (T () [P0 dr dt 4+ —20 / DT ()P da dt
/Q 2 Jor 2(1+k)° ; Qr

< COsk(L+ ([ fll 2 @qr) + lluollLi@)
< Cgk forany k> 1,

with r; >

By combining (4.14)%(4.19), we deduce that

(4.20)

where Cs is a constant does not depend on n and k. Moreover, we deduce that

N
1T w) iy + S 1D T 11

i=1

N
§/<pk(un(T))d:v+/ | T (up) P da dt+Z/ | DT, (un) [P da dt + N + 1
Q T i=1 Y @r

< C7k1+5 )
4.21)
Thus, we get

146

1T ()l o,z 7)) < C = (4.22)
where Cj a constant that does not depend on n and k.

Now, we will show that (u,, ), is a Cauchy sequence in measure. Thanks to (4.20), we have

kP meas {u, > k} = [Ty (un) |0 dx dt
{lun|>k}

< [ iTeun de at @23)
Qr

< 2Csk.
Since 1 < pgy, we conclude that
meas({|u,| > k}) < Cgk!™ — 0  as k — oo. (4.24)
For all o > 0, we have

meas {|u, — U] > o}

(4.25)
< meas {|u,| > k} + meas {|u,,| > k} + meas {| Ty (un,) — Tk (um)| > o} .
Let ¢ > 0, using (4.24) we may choose k = k() large enough such that
meas {|u,| > k} < % and  meas {|uy,| >k} < % (4.26)

Moreover, since (T}, (u,)) is bounded sequence in L?(0, T’; WO1 7(Q)), then there exists a mea-
surable function vy, € L7(0,T; W, () such that T (u,) — vy weakly in LP(0, T; Wy (Q))
and by the compact embedding L7(0, T; W, P(Q)) << LY(Qr), we deduce that Ty (u,,) — vk
in L'(Qr) and a.e. in Q7.

Thus, we can assume that (T (u,,))nen is @ Cauchy sequence in measure, and for all £ > 0 and
o,e > 0, there exists ng = no(k, o, ) such that

meas {|Tx (un) — Tk (um)| > o} < % for all m,n > no(k,o,¢€). (4.27)

By combining (4.25) — (4.27), we conclude that Vo, e > 0 there exists ng = ng(o, €) such that
meas {|u, —um| >0} <e forany n,m > ng(o,e).

It follows that (u, ), is a Cauchy sequence in measure, then converges almost everywhere, for a
subsequence, to some measurable function u. Consequently, we have
{ Ty (un) — Ty (u) weakly in LP(0, T; Wy (Q)),

4.28
Ty (un) — Ty (u) strongly in L'(Q7) and a.e in Q. (428)
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Step 3 : Some regularity results.

Let A > 0, by taking (h n) as a test function for the approximate problem (4.2), we obtain

Oup, Th(u ; 1T (un)|
(— dt +— / (@, t, T (un), Vuy)D'uy, dz dt + / [up|P0™ ———= dx dt
/o ot”’ h h Z |un|<h} Qr h

1 .
= fn ( n) dx dt + 72/ Gin(z,t,up)D'uy dadt.
{lun|<h}

(4.29)
On the one hand, we have

r Ouy, Th(un) 84ph un
/0 <at,h>dt - // Gonitn) 4y 4y

= / ‘Ph(un( )) dx — E (ph(u”(o)) dx
Q 17F

7
onun(T) do = - [ on(uo) o

I h

S| ==

for n > h, we obtain

1 1 1
E/ on(ug,) de = E/ on(uo.n) dil?ﬁ/ on(uop) dx
Q 1 {|uo,n|<h} 1 {|uo,n|>h}
=7 on(up) dz + 7 on(uon) d
) {|uo\§h} {luwo,n|>h} .
u?
— h/ 20 dx + [uo,n| — 5 dx
{luo|<h} {luo,n|>h}

€z,

</u0Th<U0 dl‘+/
- Q h‘ {‘uﬂ,n‘>h}

then

T
/ <6u Th(u")>dt > 1 [ ontun@) o a0 o [ g e 430)
o \ ot h h Jo o D {Juao,n|>h}

Concerning the second term on the right-hand side of (4.29). We have 0 < ¢ < p — 1 and
po—0(p; —1)
/

0<A< , then by (3.5), (3.4) and Young’s inequality, we get
1 )
’ ¢i,ﬂ(xﬂtvun)DlTh(Un) dz dt‘
hJar

IN

1 )
*/ ci(z, t)(1 + |un|)*| Diuy, | da dt
h |un|<h}

IN

1 / a0|DiTh(un)| C] / ’ A ’,+‘5L;
- SOV g i+ ci(@, )P (1 + [un) P 7 da dt
B i<y 200+ Junl)® h {\un\<k}( (@ ) )

1 1
— (.t T, VD, dx df + —— 1+ [u,| )7 dz dt
25 i<y (@ (), ¥t ) Dt it 55 /{Iu |<h}( ) da

IN

02 (po— l)p
+ = (ci(z,t))Po ”‘”’*5( + |un|) dz di
b Juni<ny
1 1

— ai(x,t, Tn(un), Vi, ) Diu,, dx dt + —/ [un|P° dz dt
2 J{juni<ny 2N Jiju,1<ny

IN

Thn(un, C.
+03/ (ci(a:,t))r’iy d dt + =2,

(4.31)
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(po — 1)p;
po— (A +9)p; +4°
Since meas{|u,| > h} — 0, then Tl 0 weak—x in L>(Qr), as n,h — oo. By
combining (4.29) and (4.30) — (4.31), we obtain

with r; >

1 : 1 _ |Th(un)|
_ ) T Dt — po— 1 1Zh\Tn/]
o ;/ﬂungh} a;(z,t, T (up), Vuy) D'y, do dt + 3 /T [tn | . dx dt
T T
S/ |fn|M dxdt+/ ‘UO|M d$+/ |10, | d (4.32)
- h o h {Juo,n >}
T
+C'3/ |ci(x,t)”L}?n)| dx dt + % —0 as mn,h— oo
We deduce that
1 & .
lim sup — / ai(z,t, Ty (un), V) D'uy dz dt — 0 as h— oo, (4.33)
n—oo N = J{ju, 1<n}
. 1
lim sup —/ |t [P0 d dt — 0 as h — oo, (4.34)
n—00 {lun|<h}
and
limsup/ [P0~ dzdt — 0 as h — oo. (4.35)
n—00  J{|un|>h}
Moreover, in view of (4.31) we conclude that
| X
lim sup 5 Z/ ’(bi,n(a:,t,un)DiTh(un)‘ dedt — 0 as h — oo. (4.36)
n—o0 =1 T

Now, we prove that u?~! — y?~! strongly in L'(Q7) by using Vitali’s theorem. In view

of (4.35) we have, for any n > 0, there exists h(n) > 0 such that
/ [P0~ de dt < L. 4.37)
{Jun|>h(m)} 2
On the other hand, for any measurable subset £ C Qr, there exists 3(r) > 0 such that

/ Ty () [P~ d it < for meas(E) < (). (4.38)
E

N3

By combining (4.37) and (4.38), we conclude that, for any n > 0 there exists 3(n) > 0 such that

/|un|p°’1dzdt§/ |T,L(,,)(un)|p°’lda:dt+/ fun|~V dz dt <7 for meas(E) < A(n),
E E

{lun|>h(n)}
(4.39)
which implies that the sequence (|u,|?~2u,), is uniformly equi-integrable. Then, in view of
Vitali’s theorem, we deduce that

|, [P0~ 2y — u|Po %0 strongly in  L'(Qr). (4.40)

Step 4 : The weak convergence of (S (un))¢ in LP (0, T; W17 (Q)) + L' (Qr).

For h > 0, let Sy(-) a function in C?(R), with supp(S;) C [~h, h] and v € LP(0, T; W, "(Q))
NL>(Qr).
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By taking S} (u,, )v as a test function for the approximate problem (4.2), we have

N
/0 <88L;,S,’1(un)v>dt+2/ ai(x,t, Tn(tn), Vi, ) (S}, (un) D' + Sy (uy)vDiuy,) da dt

+/ |t [P 20, S}, ()0 didt
T

= InSy (un)v dz dt + Z bin(z,t,u,)(Sh(wn) D' + Syl (w,)vD'u,,) da dt.
Qr Qr

441
For the first term on the right-hand side of (4.41), we have

‘/ 8“”Shun dt‘—‘//ashu" dz dt

< Z/ lai(x,t, Ty (un), Vuy )||Sh (un) Do + S} (uy )vDuy| da dt

+ Z/ |Gin (0, t, 1) || (un ) Dv + Si (un ) oDy da dt
i—1 Y Qr

+/ |un|p°*1\5;1(un)v\dxdt—|—/ | £ ]S, (un)v| dzz dt.

T

(4.42)
For the first term on the right-hand side of (4.42), we have

/ lai(z,t, T (un), Vi )||Sh (un) D' + Si! (un ) v Dy, | da dt
Qr

= / lB(Ki(m’t) + |Tn(un)|pi_1 + |Diun‘ﬂi—])
{lun|<h}

x (IS4 (un) [| D] + 1S, (un) || v]| D'y |) daz dt

pi—1
(QT))

X (”SI/Z()”LOO(R) H‘DivHLm(QT) + ||Sh()||L°° ||vHL°° (Qr) HD Th Unp HL”7 QT>)

< CO(||U||Lﬁ(07T;WOI’5(Q)) + ||U||L°O(QT))7

i—1
< 3ﬁ(|‘Ki(mvt)”Lm(QT) + [T (un) | Izm @n 1 HD Ty Un)

(4.43)
with Cj is a constant that doesn’t depends on n. Concerning the second term on the right-hand
side of (4.42), we have r; > p, then by Holder’s inequality, we get

/ |pin(z,t, un)||S;L(un)Div + S;{(un)vDiun| dx dt

Qr

g/ i@, ) (1 + [unl)® x (1S4 (un) | D¥o] + 152 () | 0| D] dir dt
{lun‘<h}

z 4.44
é ||cl(x7t)|| P;(:D()*l)/ ||(1 + |u’n|)p0 1||L(; (},)T ( )
LPI AP (Qr)

% (15O e @ 1070l e oy + 1SE O ey 0l 1D T )| s o)

< CI(HU||L5(07T;WO‘=5(Q)) + ||'UHL°°(QT))-
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For the other terms in (4.42), we have

/ |un|po—l\s,;(un)v\dxdt+/ | FullSL ()| da dt

Qr

g/ \un|Po*l|s;L(un)v|dxdt+/ | FullSh ()| e dt

T (4.45)
1
< ||Th(un)||€0po QT HS;l()HLOO(]R) HU”LP()(QT) + ||f||L](QT) ||S;L()HL°C(R) ||UHLOO(QT>
< CZ(HUHLﬁ(o’T;Wﬂl-ﬁ(Q)) + ||U||Loo(QT)).
Using (4.42) — (4.45), we concludes that
T aSh(un)
0 <T’U>dt <G <||U||L5(0,T;W0"5(Q)) + ||UHL<>O(QT)) , (4.46)

for any v € LP(0, T} Wol’ﬁ(Q)) N L>°(Qr), with Cs is a constant that does not depend on n.

Hence <85%(tu")> is bounded in L7 (0, T; W=7 (Q)) + L' (Qr) and

8Sh (Un) R 8Sh (u)

: 5 117 1
o o i L7 T (Q) + LY(Qr). (4.47)

Step 5: Convergence of the gradient.

Let 0 < k < h < n. By taking Sj,(-) be an increasing function of C?(R), such that Sy, (s) = s
for |s| < k and supp(S},) C [—h, hl.
By taking S}, (un)(Tk(un) — (T (u)),) as a test function in (4.2), we obtain

Iy nF Trunt In ot dmn=doun I n I n (4.48)
where
1 T ou, .,
Jn,u,h = A <W73h(un)(Tk(un) - (Tk(u))u)> dt,
o= Z/ (s, T (i), V) Sty () DY (T (1) — (T (w)),0) d dt,
T = Z/ (@, T (), Vi) S (1) Dty (T (1) — (T (1)),0) v dit,
‘]4,u h= / \un\p‘)*zunSﬂl(un)(Tk(un) — (Ti(u)),) dx dt, (4.49)
JS nph o fnSl/z(“n)(Tk(un) - (Tk(u)),u) dx dt,
N .

']6 nuh Z o ‘Zsi,n(l’a tvun)S;L(un)Dl(Tk(“n) - (Tk(u))u> dz dt,

T = Z/ G (st 10m) S (1) Dt (T () — (T ()),0) dl .
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For the first term J)) by We have

R = [ S, 0) (i 00)) ot
= [ A 2B 1) — (D)) o+ | PR 0 ) — (11 00), )
= [ (8(0n) = Tulua)) (T ) — (Til)) ]

Oy (un)  O(Ti(u)),
_/QT(sh@n)—Tk(un))( o T o) dwdt

=L+ 5L+ 1
(4.50)
Concerning the first term on the right hand side of (4.50), we have Sy, (u,,) = Tk (uy,) = uy, On
the set {|u,| < k}, and since |Sy,(uy)| > |Tk(uy)| on the set {|u,| > k}. Moreover, S, (u,,) and
Ty (u,,) have the same sign of wu,,, then

T

I = l/ (Sn(un) = T (un))(Tio(un) = (T (u)) ) d
{lun|>k}

0

\%

> [ (Sulunn) = Teluon)) (Telunn) = (T o)), ).
{luo,n|>k}
Since (T (uo)), = Tk(uo), we deduce that I; > £;(n), with
ei(n) = */ (Sh(uo,n) =Tk (u0.n)) (T (won) — T (ug))de — 0 as n — oco. (4.51)
{luo,n >k}

6Tk (un)

For the second term on the right-hand side of (4.50), we have (Sp,(un) — Tk (uy)) =0.

ot
Hence
- G(Tk(u))#
_/ - (S (1) = Ti()) =28 s it
[ (Shln) = Telwn)) (Tel) ~ (Ti(w),) o s
{{lun|>k}
- /{ )~ Tufa)) (i) ~ Tio)) dr 4.52)

+ / (S (tn) — T (1)) (T (ttn) — (T (1)) e
{lun|>k}

Zu/ (Sh(un) = Ti(un))(Tk(u) — T (uy)) dedt — 0 as  n — oo.
{lun|>k}
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It follows that I, > £,(n). Concerning the last term I3, we have

o a(Tk(uﬂ) ;t(Tk(u))H) (Tk(un) _ (Tk(u))#) dx dt + o a(T%(tu))M

.[3 = (Tk(un) — (Tk(u))#) d{E dt

[ (T = () (Tiln) = (Tulw),) do

0 T

> =5 [ (Tw0,) = Tutwo) Pz [ (Til) = (T1) ) (Thli) = (Tu(w),) o

T

> e5(n) + / (To () — (To(u)),0)? e

T

> &3 (n)
(4.53)
By combining (4.50) and (4.51) — (4.53), we conclude that
liminf J, , , > 0. (4.54)

The second term of (4.49), we have S} (s) > 0 and S} (s) = 1 for |s| < k, with supp(S},) C
[—h, h], then

Jrn :Z ai(z,t, Ty (un), VI (un)) (DT (un) — D' (T (u)),) do dt
TS i<y

N
-3 / S} (un )i (2, £ Th (), VT (1)) DY (T (1)) 0 e lt
= Jh<tunl<ny

= ; / T(ai(%f»Tk(un% VT (un)) — as(2,t, Ti(un), VT (1)) (D' Th (un) — D' Ty (w)) dz dt
+;/Taz'(x,t,Tk(un),VTk(un))(DiTk(u) _ Di(Tk(u))M) de dt
+ Z / . ai(@,t, Ty (un), VT (w)) (D' Ty (un) — DTy, (u)) da dt

- Z 155 ()l oo m) /{ |as (2, t, T (un), VT3 (un)) [ D (Tho(u)) | da dt.

k<|un|<h}
(4.55)
For second term of the right-hand side of (4.55), we have (a;(z, t, T, (uy ), VI (uy)))rn is bounded
in LP: (Qr), then there exists a measurable function 7, ;, € LPi (Qr) suchthat a;(x, t, Ty (un ), VI (un)) —
ik in LPi(Qr). and we have D*(Ty(u)),, — DTy (u) strongly in L? (Qr), we conclude that

lim ai(z,t, Ty (un), VI (un))(DTy(u) — D' (Ty(u)),) dx dt

n—oo QT

(4.56)
_ / (DT (u) — DN (To(u),) dedt — 0 as p— oc.
Similarly, we show that
lim |lai(z,t, Tn(un), VT ()| D Ty (u)| dz dt
n— 00 Un
{k<|un|<h} 4.57)

-/ il 1D (Th(w),| dwdt — 0 as i — oo.
{k<|u|<h}

Concerning the third term on the right-hand side of (4.55). We have a;(z,t, Ty (uy,), VTi(u))
— a;(x,t, Ty (u), VIk(u)) strongly in LPi(Qr). and since DT} (u,) — DTy (u) weakly in
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LPi(Qr), it follows that
/ 0i(@,t, T (), VTe(w)) (D T (un) — DiTh(w)) da dt — 0 as n— oo (4.58)

By combining (4.55) and (4.56) — (4.58), we deduce that

eSS / (a5, £, To(tn), VTi (1)) — @i, 1, T (), VTk(w)))
i=17/Qr

4.59)
x (D'Ty(uy) — D'Ty(u)) dx dt + ea(n, p1).
1
The third term of (4.49), we have supp(S}) C [—h, k], we assume that ||S}(-)[| Lo r) < R
Thus, in view of Holder’s inequality, we have
N
[T onl S ISH Ol Lo ) Z/{ - ai(,t, Tn(un ), VT (un)) DTy (wn )| Th (tn) — (Tk ()| da dt
i=1 Y Ulnl=
ko :
< - Z/ a;(x,t, Tp (upn), VI (un)) D" T (uy,) doz dt — 0 as n,h — .
h i=1 {|un|§h}
Thanks to (4.33), we get
| ol < €3(n,h). (4.60)

The fourth and fifth terms of (4.49). We have |u,,[P°"2u,, — |u[P°~2u strongly in L!'(Q7r), and
since Ty (un) — (T (u)), — 0 weak—x* in L>°(Qr) as n and p tend to infinity, then

4
|Jn,p,h

| [l 20 ) (Tir) = (Tiw)),) e

< ||5§L(')||Loc(R>/ [P T () = (Tho(w)) | da dt = e4(n, 1) — 0 as n, p — oc.

’ (4.61)
Similarly, we have f,, — f strongly in L'(Qr), then

A

okl < ”S;L(')HLOO(R)/Q |l Tk () = (Ti (u)) ul dwdt = e5(n, p) — 0 as n,pu— oo.
' (4.62)
For The sixth term of (4.49). We have ¢;(z, t) € LPi(Q) and since D*T}; (u,,)—D*(Tj(u)), — 0

weakly in LPi (Qr), as n, u —> oo, then

N
A Z/Q |Gi.n (@, £, 1) | S (un) | D* T () = D' (Tk(w)) | dv it
i=1 T

< ”S;L(')HLOC(R)Z/Q ci(@, ) (1 + [Th (un) )8} (un )| DT (n) — D (Tio(u)) | do dt

=¢e¢(n,pu) — 0 as  n,p — 0o.
(4.63)
Concerning the last term of (4.49). Thanks to (4.36), we have

N
[Tl < Z/Q |01 (2 £, 1) || () DT () | T (un) = (Th(w)u| dav dlt
i=1 QT

N
< %Z/ Gin(xyt,un)| | D Ty (un)| dz dt = e7(n, h) — 0O as n,h — oo.
i=17Qr
(4.64)
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By Combining (4.48), (4.54), and (4.59) — (4.64), we deduce that

0< Z/ (ai(z,t, T (un), VT (un)) — ai(x, t, T (un), Vi (u)) (D Ty (u,) — D' Ty (u)) dx dt

(4.65)
Since Ty (u,) — Ty (u) strongly in LP°(Qr). Thus, by letting n, p and h tend to infinity, we
conclude that

n—oo

lim Z/ ai(z, t, T (un), VTi(un)) — ai(z,t, Te(un), V(1)) (D' Ty (un) — DTy (u)) d dt

[ TP T n) — 110022 (0) (Tin) — Ti(w) dor ) =0,

(4.66)
Consequently, in view of Lemma 3.1, we deduce that

Ti(up) — Ti(u) in  LP(0,T; W, P(Q)) Vk > 0. (4.67)

Therefore, Vu,, — Vu a.e in Q.
Step 6 :The convergence of (u,,), in C(0,T; L'(£2)).

Let 0 < s < T, by taking T’ (un — (Th(u))u) - X[0,5](t) as a test function for the approximate
problem (3.6), we have

// %ﬂ — (Tn(u dxdt+Z/ /azxtT ) Vi) DT (g — (T (w)),)

+/0 /Qlunlpo_2unT1 (un = (Th(w))p) dx dt = / /fnTl Th(u))y) de dt

+Z/ [ funltu) DTy = (T (a), ) d .

We have {|u, — (Th(u)| < 1} C {Jun| < h + 1}, then

// 3(Un_(Th(U))M)T( (Tu(w)),) dz dt+// o — (D)), e

+Z/ /un<h+1} ,t, T (un ), Vun ) DTy (= (Th(u)),) da dt

//Iu P72 w, Ty (g, — (T (w)),) dae dt = //fnTl Th(u)),) dz dt

+Z/ /un<h+1} Gin b, un) DTy (w, — (T (w)),,) da dt.

(4.68)
For the two firsts terms on the left-hand side of (4.68), we have

/ / d(u, — (Th(u))M)Tl(un — (T (u)),.) dz dt

// 3501 Un* Th( )) )dI dt
(4.69)
/Q o1 (tn(s) - <Th< (5))y) d / o1 (0 — (Tu(up)),,) de

_/Q%(un(S)—(Th(U(S)))u)dx—f@l(uo,vL—Th(UO))dm,
Q Q




166 Moussa Chrif, Hassane Hjiaj and Mohamed Sasy

and
/ / I (v, — (Ty (w))) d
A /0 (Th( ) — (Th(w)),) T (wn — (Th(u)),,) de dt 4.70)
— “/Q/Osm(u) — (Ti(u),)Ti(u — (Th(w)),) dzdt >0 as n— oo.

Concerning the third term on the left-hand side and second term on the right-hand side of (4.68).

In view of (3.2), (3.5) and (4.67) we have a; (x, ¢, Th+1(un), Vi1 (un)) = ai(z,t, Ther(w), VI (u)),
and ;o (,t, Tha1 (un)) — (2, ¢, Thra(w)), in LP(Qr), and since Ty (un — (Th(u)),) —

Ty (u— (Th(u))), strongly in LPi (Qr) as n and u tends to infinity, we deduce that

Z/ /u|<h+1} x,t, T, ( ),Vun)Dle(un — (Th(u))u) dx dt

— Z/ / ai(z,t,u, Vu)Du dx dt as n,u — oo,
{h<|u|<h+1}

.71

and

Z/ /I |<h+1} Pin (2, t,un) DT (up — (Th(u)),) de dt

—>Z// bi(z,t,u)Dudr dt as n,p — oo.
h<\u|<h+1}

On other hand, thanks to (3.3), (3.5) and Young’s inequality, by taking h large enough, we obtain

4.72)

g f{hg\u|§h+1} ¢i(x, t,u)Du da:dt‘

< ci(z, t)(1 + |u])*| Du| dedt
0 Jin<jul<hrty
s ao| DTy, (u)|Pi

] s , Y
= S e drdt+ 01/ / ci(m, )P P da dt
4 éh<|u<h+1} 2(1 4+ |ul)? 0 {hg\u|gh+1}( (@, 1)) [ul

<= / a;(x,t,u, Vu)D'u dz dt + |u|P dzx dt
2 Jo Jin<jul<ht1y {h<lul<h+1}

(pg—1)p),
+C2/ (ci(z, t))ro-rom T dr dt

- (h<|u|<h+1}

<= / ai(x,t,u, Vu)Du d dt + / |ulP° dz dt
2 Jo Jin<jul<ht1y {h<lul<h+1}

+C5 (ci(z, )" dx dt.
{h<lul<h+1}

Since meas{h < |u| < h+1} — 0 as h — oo, and ¢;(z,t) € L™ (Qr), in view of (4.34),
we deduce that

/ [ulPo dz dt + Cs / (ci(x,t))" dx dt = e(h) — 0, as h — oo.
{h<|u|<h+1} {h<|ul<h+1}

It follows that
s . 1 s .
/ / oi(x,t,u) D"y dudt| < 7/ / a;(z,t,u, Vu)D"u dz dt + (h).
0 Jin<ul<ney 2 Jo Jin<pui<nry
4.73)

Moreover, we have Ty (u, — (Th(u)),) = Ti(u — (Th(w))) and T (u — (T (u))) — 0 weak—sx
in L>(Qr) as n, p and h tends to infinity. In view of (4.40), we conclude that

|2 un Ty (g, — (T (w)),) doe dt — w2 Uy (u — Ty (u)) da dt— as n, [ — 00
0 JQ ! 0 JQ

— 0 as h— oo,

4.74)
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and
/S/fnTl(un—(Th(u))H) d dt H/‘s/le(u—Th(u)) dodt as nop— oo
0 Q 0 Q

—0 as h— oo.

(4.75)
By combining (4.68) — (4.75) we conclude that
0< [ er(un(s) = (ufule)))) do < [ aluo = Thfu)) do+ <o, ).
Q Q
And since ug belongs to L'(Q), then
/ o1 (tn(s) — (Tu(u(s)),) de — 0 as b — o,
Q
On other hand, thanks to Holder’s inequality, we have
/ un(5) = (Ta (u()] da
{Jun (5)= (T u(s))u | <1} |
2
< meas(Q)? ( / (tn(s) = (Tn(u(s))),)* dx) :
{lun () =(Th(u(s)))u|<1}
Having in mind that
2
/ un(s) = (T u(o))f* do+ [ n(5) = (T (u()s] da
{lun(s)=(Th(u(s)))u|<1} {lun(s)=(Th(u(s)))ul>1}
<2 [ o1(un(s) = (Th(ule),) do.
we deduce that
/ [tn (s) — (Th(u(s)))ul de — 0 as  n,u,h — oco. (4.76)
Q

Thus, thanks to (4.76), for any n and m in IN*, we have
[ 1n(6) = w6} o < [ Jun() = (D)l d+ [ (5) = (T (5], dz —0,

asn, m, pand h tends to infinity. Thus, the sequence (u,, ), is a Cauchy sequence in C([0, T]; L'(Q)),
thus u € C([0,T]; L'(Q)), hence uy,(s) — u(s) in L'(Q), forany 0 < s < T..

Step 7 : Passage to the limit.

Let ¢ € LP(0,T; Wy P(Q)) N L®(Qr), and S(-) € C*(R), with supp §’(-) C [~M, M] for
some M > 0. By taking S’(u,, )¢ as a test function for the approximate problem (4.2), we obtain

T N
/ <a(;btn75’(un)§0>dt+2/ ai($7t,Tn(un),Vun)Di(S’(un)(p) de dt+/ |Un|p0_2UnSI(un)§D dudt
0 i=1 T Qr

N
= IS (un)p dx dt + Z Gin (T, t,un) D (S (uy) ) dr dt.
QT i=1 QT
) ) (4.77)
Firstly, in view of (4.47), we have 250t} _ 9501) weakly in 17 (0,7 W17 (Q)) + L' (Qr),
then

T
. Oup, ! — i 6S(un) = 6S(U)
n11—>n;o 0 <W’ S (un)go>dt B "h_?go Qr ot P dwdt= /QT ot

@ dx dt. 4.78)
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Concerning the second term on the left-hand side of (4.77), we have

/ ai(x,t, Ty (wn), V) D' (S (uy,) ) da dt

T

= / ai(x,t, Tag (wn), VT (un))(S” (un ) oD Tag (uy) + S’ (un) D) d dt.

T

In view of (3.2) we have (a;(z,t, Tar(un), VT (tn)))n is bounded in LPi(Qr), and a;(z,t,
Tor(un), VI (uy)) = ai(x, t, Tar(u), VT (u)) ae. in Q7. Thus, we obtain

ai(:cv t, TM(UTL), VTM(UTL» - ai(xa t, TM(“)& VTM(U)> in Lp; (QT)v
and since /
¢zn($v L, TM(un)) — ¢1(xa t, TM(U)) in L7 (QT)v
and
S () oD Tas () + S () Dip — 8" (u)D*Ths(u) + S'(u) D'  strongly in LPi (Qr),

we conclude that

lim ai(x, t, Tag(un ), Vs (un))(S” (un) oD Tag (un) + S (w, ) D) da dt

n—oo QT

= / a;(z,t, Tar(u), VT () (S” (u) D Tar (u) + S’ (u) D) da dt (4.79)

T

:/ ai(z,t,u, Vu)(S" (u)pD'u + S’ (u) D) dx dt.

T

Similarly, we have ¢; ,, (2, t, Tas (un)) — ¢i(z,t, Tas(u)) strongly in LPi (Qr), then

lim Gin (0, t,un) DS (uy) ) da dt

n—oo QT

= lim Gin(x,t, Tag (un)) (S (wn) D Tar (un) + S’ (un ) D) dx dt

n— o0

o (4.80)
= bi(x,t, Tor(w))(S” (u) D Tar (uw) + S’ (u) D) da dt
Qr
= bi(z,t,u)(S" (w)pD'u + S’ (u)D'p) dx dt.
Qr
Moreover, since S(uy, )¢ — S(u)p weak — in L>°(Qr), then
/ [t [P 200 S () o dix dt — [u[Po~2uS’ (u)y dx dt, (4.81)
Qr Qr
and
/ InS (un)p dx dt — / 1S (u)p dx dt. (4.82)
o o

By combining (4.77) — (4.82), we deduce that

T N
/ <8%(tu) , g0> dt + Z/ ai(x,t,u, Vu) - (8" (u)eD'u+ S'(u)D'p) dx dt + / Ju[Po~2uS’ (u)pdx
0 i=17Qr

T

= 1S (u)p dx dt + bi(x,t,u,u)(S" (w)pDiu + S’ (u) D) dx dt
Qr Qr

Therefore, u is a renormalized solution to problem (3.6).
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