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Abstract In this work, we first obtain a weighted fractional Montgomery identity on time
scales and then derive weighted fractional Ostrowski, Trapezoid and Grss inequalities on time
scales, respectively. These results not only give a generalisation of the known results, but also
provide other interesting inequalities on time scales as specific cases.

1 Introduction

Dragomir and Wang proved in 1997 (see [1] ) that if f : [a, b] → R, is differentiable with bounded
derivative, then for all t ∈ [a, b],∣∣∣∣f(t)− 1

b− a

∫ b

a

f(s)ds− f(b)− f(a)

b− a

(
t− a+ b

2

) ∣∣∣∣ ≤ 1
4
(b− a)(M −m). (1.1)

Where m := inf
t∈[a,b]

f ′(t) and M := sup
t∈[a,b]

f ′(t). The above inequality is known in the literature

as the Ostrowski-Grss type inequality. Ng Liu [2] proved the following Ostrowski-Grss type
inequality for time scales which is a combination of both Grss inequality and Ostrowski inequal-
ity on time scales due to Bohner and Mathews [3, 4]. For other results along these lines, see
[5, 6, 7, 8, 9, 10, 11].

Theorem 1.1. Let a, b, s, t ∈ T with a < b and f : [a, b]T → R, be differentibale.If f∆ is
rd-continous ( i.e, f∆ is continous at right-dense point in [a, b]T and its left-side limits exist at
left-dense point in [a, b]T) and γ ≤ f∆(s) ≤ Γ for all t ∈ [a, b], then we have

∣∣∣∣f(t)− 1
b− a

∫ b

a

fσ(s)∆s− f(b)− f(a)

(b− a)2 [h2(t, a)− h2(t, b)]

∣∣∣∣ ≤
Γ − γ

2(b− a)

∫ b

a

∣∣∣∣P (s, t)− h2(t, a)− h2(t, b)

b− a

∣∣∣∣∆s. (1.2)

Where h1(t, s) =
∫ t

s
1∆τ = t− s and h2(t, s) =

∫ t

s
h1(τ, s)∆τ

and P (s, t) =

{
s− a, s ∈ [a, t),

s− b, s ∈ [t, b].

In [4] for general time scales, which unify discrete, continuous and many other cases.By using
Montgomery identity on time scales, they established the following Ostrowski inequality on time
scales.

Theorem 1.2. Let a, b, s, t ∈ T with a < b and f : [a, b]T → R, be differentibale.Then∣∣∣∣f(t)− 1
b− a

∫ b

a

f(σ(s))∆s

∣∣∣∣ ≤ M

b− a
(h2(t, a) + h2(t, b) ). (1.3)
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Where M = sup
a≤t≤b

|f∆(t)| < ∞.

This inequality is sharp in the sense that the right side of (1.3) cannot be substituted by a smaller
one.

Recently, Karpuz and kan [5] generalized Ostrowski’s inequality and Montogomery’s identity
on arbitrary time scale by the means of generalized polynomials on time scales.By introducing
a parameter, Liu, Ng Chen[7] also extended a generalization of the above inequality on time
scales.Ng Liu [2] gave a sharp Grss type inequality on time scales and then applied it to the
sharp Ostrowski-Grss inequality on time scales.Motivated by the ideas of [4, 5, 7, 12],Tuna and
Daghan [13] studied generalizations of Ostrowski and Ostrowski-Grss type inequality on time
scales. More recenty, Liu [14] established the following weighted generalization of three point
inequality with a parameter for mappings of bounded variation.

Theorem 1.3. Let us have 0 ≤ k ≤ 1, f : [a, b] → R be a mapping of bounded variation,
g : [a, b] → [0,+∞) continous and positive on (a, b) and let h : [a, b] → R be differentiable such
that h′(t) = g(t) on [a, b].Then∣∣∣∣ ∫ b

a

f(t)g(t)dt−

{
(1 − k)f(x) + k

[∫ x

a
g(t)dt∫ b

a
g(t)dt

f(a) +

∫ b

x
g(t)dt∫ b

a
g(t)dt

f(b)

]}∫ b

a

g(t)dt

∣∣∣∣
≤

(1 − k)
[

1
2

∫ b

a
g(t)dt+

∣∣∣h(x)− h(a)+h(b)
2

∣∣∣]V b
a (f); k ∈ [0; 1

2 ]

k
[

1
2

∫ b

a
g(t)dt+

∣∣∣h(x)− h(a)+h(b)
2

∣∣∣]V b
a (f); k ∈ (

1
2
, 1].

For all x ∈ [a, b], where V b
a (f) denotes the total variation of f on the interval [a, b].

In the last few years some authors have studied the fractional inequalities by means of the
fractional derivatives of Caputo and Riemann-Liouville, we refer you to the papers [15, 16, 17]
for these results. In [18, 19] the authors extended the calculus of fractional order to the calcu-
lus of conforming fractions. Lately some authors have extended classical inequalities by using
conforming fractional calculus, such as Opial’sinequality [20, 21]. Hermite ? Hadamard?s in-
equality [22, 23]. The purpose of this paper is to use the above research to obtain some weighted
fraction Ostrowski, fraction trapezoidal, fraction Grss, and fraction Ostrowski-Grss inequalities,
a parameter on time scales, based on a fraction-weighted Montgomery identity on time scales. In
Section 2, we briefly present the general definitions and theorems related to fractional calculus
on time scales that will be needed throughout the paper. The fractional weighted Montgomery
identity, fractional weighted Ostrowski type inequality, fractional weighted Trapezoid type and
fractional weighted Grss type inequalities on time scales are derived in subsections 3.1, 3.2, 3.3
and 3.4, respectively.

2 Preliminaries and fundamental lemmas

This section presents the basics of fractional calculus on the time scales we will need through-
out the paper. The findings are taken from [24, 25, 26, 27]. A time scale ?T is an arbitrary
non-empty closed subset of real numbers R. We will assume throughout that T has the topol-
ogy that is inherited from the standard topology on R, and we will define the forward jump
operator:σ : T → T, as such that σ(t) = inf {s ∈ T : s > t} , while the backword jump opera-
tor ρ : T → T, is defined by:ρ(t) = Sup {s ∈ T : s < t} , where Sup ∅ = inf T ( i.e ρ(t) = t if
T has a minimum t), and inf ∅ = Sup T( i.e σ(t) = t if T has a maximum t ).
For any t ∈ T the notation xσ(t) refers to x (σ(t)),i.e.,xσ = x ◦ σ.
Finally,the graininess function µ : T → [0,∞) is defined by µ(t) := σ(t)− t.If σ(t) > t then we
say that t is right.scattered, while if ρ(t) < t then we say that t is left-scattered .Points that are
right-scattered and left-scattered at the same time are called isolated.If σ(t) = t then t is called
right-dense, and if ρ(t) = t then t is called left-dense.Points are both right-dense and left-dense
are called dense.
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The set Tk is defined as follows,if T has a left-scattered maximum m than Tk = T − {m}
otherwise Tk = T.
The function f : T → R is said to be rd-continous (denote f ∈ Crd(T,R)), if it is continous at
all right-dense points t ∈ T and its left-sided limits exist at all left-dense points t ∈ T.

Definition 2.1 [24](Conformable α−fractional derivative)
Let the function f : T → R and α ∈ (0, 1]. Then, for t > 0, we define Tα (f) (t) to be the
number (provided it exists) with the proprety that,
given any ϵ > 0, there is a neighborhood U of t such that for all s ∈ U ,∣∣ [fσ(t)− f(s)] t1−α − Tα (f) (t) [σ(t)− s]

∣∣ ≤ ϵ
∣∣σ(t)− s

∣∣
Tα (f) (t) is called the conformable α−fractional derivative of f of order α at t on T, and we
define the conformable fractional derivative on T at 0 as Tα (f) (0) = limt→0+ Tα (f) (t). If
α = 1, then we obtain from Definition 2.1 the Hilger delta derivative of time scales [25]. The
α−fractional derivative of order zero is defined by the identity operator T0 (f) := f. The basic
properties of the α− fractional derivative on time scales are given in[24], together with a number
of illustrative examples.

Theorem 2.2 [24]
Let α ∈ (0, 1] and T be a time scales.Assume f : T → R and let t ∈ Tk.If f is α− fractional
differentiable of order α at t, then

fσ(t) = f(t) + µ(t)tα−1Tαf(t).

The characteristics of the conformable fractional derivative are as follows.
Theorem 2.3 [24]
Let f, g : T → R be conformable fractional derivative of order α ∈ (0, 1]. Then the following
properties are hold:
(i) The f+g : T → R is conformable fractional derivative of order α and,Tα (f + g) = Tα (f) + Tα (g) .
(ii) For any λ ∈ R, then λf : T → R is α− fractional differentiable and Tα (λf) = λTα (f) .
(iii) If f and g are α− fractional differentiable , then the product fg : T → R is α− fractional
differentiable and Tα (fg) = Tα (f) g + fσTα (g) = Tα (f) gσ + fTα (g) .

(iv) If f is α− fractional differentiable , then 1
f is α− fractional differentiable and Tα

(
1
f

)
= −Tα(f)

ffσ ,

valid at all points t ∈ Tk for which f(t)f (σ(t)) ̸= 0.
(v) If f and g are α− fractional differentiable , then f/g is α− fractional differentiable with
Tα

(
f
g

)
= Tα(f)g−fTα(g)

ggσ ,valid at all points t ∈ Tk for which g(t)g (σ(t)) ̸= 0.
Definition 2.4[24](Conformable fractional integral)

For 0 < α ≤ 1, then the α− fractional integral of f , is defined by∫
f(s)∆αs =

∫
f(s)sα−1

∆s.

The following properties are satisfied by the conformal fractional integral.
Theorem 2.5
Let α ∈ (0, 1],a, b, c ∈ T, and λ ∈ R, and f, g be two rd-continuous functions, then

(i)
∫ b

a

[f(t) + g(t)] ∆
αt =

∫ b

a

f(t) ∆
αt+

∫ b

a

g(t) ∆
αt.

(ii)
∫ b

a

(λf(t)) ∆
αtλ

∫ b

a

f(t) ∆
αt.

(iii)
∫ b

a

f(t) ∆
αt = −

∫ a

b

f(t) ∆
αt.

(iv)
∫ b

a

f(t) ∆
αt

∫ c

a

f(t) ∆
αt+

∫ b

c

f(t) ∆
αt.

(v)

∣∣∣∣∣
∫ b

a

f(t) ∆
αt − vert ≤

∫ b

a

|f(t)| ∆
αt.

The fractional integration by parts formula is given by
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Theorem 2.6
Let f, g be rd-continuous ,a, b ∈ T, then∫ b

a

f(t)Tαg(t)∆
αt = [f(t)g(t)]

b
a −

∫ b

a

Tα(f)(t)g
σ(t)∆αt, (2.1)

∫ b

a

fσ(t)Tαg(t)∆
αt = [f(t)g(t)]

b
a −

∫ b

a

Tα(f)(t)g(t)∆
αt. (2.2)

The following useful relationships are often used beetween the time scale fractional calculus and
the α−differential caculus R, the α=difference calculus hZ (h > 0) and fractional q-difference
calculus qZ = {qn, n ∈ Z} ∪ {0} (q > 1).

(i) If T = R, then σ(t) = t, µ(t) = 0, Tαf(t) := Dαf(t) = t1−αf ′(t) and
∫ b

a

f(t) ∆
αt :=∫ b

a

f(t) dαt =

∫ b

a

f(t)

t1−α
dt.

(ii) If T = hZ (h > 0), then σ(t) = t+ h, µ(t) = h, Tαf(t) := ∆αf(t) = t1−α f(t+h)−f(t)
h and∫ b

a

f(t) ∆
αt =

b
h−1∑
t= a

h

tα−1f(ht)hα.

(iii) If T = qZ (q > 1), then σ(t) = qt, µ(t) = (q − 1)t, Tαf(t) := Dα
q f(t) =

f(qt)− f(t)

(q − 1)tα

and
∫ b

a

f(t) ∆
αt = (q − 1)

(logq b)−1∑
t=logq a

qαtf(qt).

Definition 2.7
Let hα,k : T2 → R ; k ∈ N0 and α ∈ (0, 1] be defined by

hα,0(t, s) = 1 for all s, t ∈ T

and then recursively by

hα,k+1(t, s) =

∫ t

s

hα,k(τ, s)∆
ατ for all s, t ∈ T

If we let T t
α (hα,k(t, s)) denote for each fixed s the α−conformable derivative of hα,k(t, s) with

respect to t, then , by induction, we have

T t
α (hα,k(t, s)) = hα,k−1(t, s) for all k ∈ N, t ∈ Tk.

If T = R; α = 1, then

h1,k(t, s) := hk(t, s) =
(t− s)k

k!
for all s, t ∈ R.

If T = Z; α = 1, then

h1,k(t, s) := hk(t, s) =

(
t− s

k

)
for all s, t ∈ Z,

where

(
t− s

k

)
=

(t− s)(t− s− 1)...(t− s− k + 1)
k!

.

If T = qN0 ; q > 1 , α = 1 , then

h1,k(t, s) := hk(t, s) =
k−1∏
j=0


(t− qjs)

j∑
i=0

qi

 , for all s, t ∈ qN0 .
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If T = R; α ∈ (0, 1] , then

hα,k(t, s) =
(tα − sα)k

αk.k!
for all s, t ∈ R.

If T = kZ; h > 0 , α ∈ (0, 1] , then

hα,1(t, s) = hα

t
h−1∑
k= s

h

kα−1

hα,2(t, s) = h2α

t
h−1∑
k1=

s
h

k1−1∑
k2=

s
h

(k1k2)
α−1

hα,n(t, s) = hnα

t
h−1∑
k1=

s
h

k1−1∑
k2=

s
h

...

kn−1−1∑
kn=

s
h

(k1k2...kn)
α−1

If T = qN0 ; q > 1 , α ∈ (0, 1] , then

hα,1(t, s) =
q − 1
qα − 1

(tα − sα)

hα,2(t, s) =
(q − 1)2

(qα − 1)2(qα + 1)
(tα − sα) (tα − (qs)α) .

3 Main Results

We suppose that T is a time scale, and also that in T the interval [a, b]T means the set {t ∈ T :
a ≤ t ≤ b} for the points a < b in T. In this section, we first derive a fractional weighted
Montgomery identity on the time scales, and then find the fractional weighted Ostrovsky-type,
fractional trapezoidal, and fractional salute inequalities on the time scale.

3.1 Fractional Weighted Montgomery identity on time scales

Lemma 3.1.1
Let 0 ≤ λ ≤ 1, g : [a, b]T → [0,+∞) be rd-continous and positive and φ : [a, b]T → R be
conformable differentiable of order α ∈ (0, 1] such that Tαφ(t) = g(t) on [a, b]T. If f : [a, b]T →
R is conformable differentiable of orderα ∈ (0, 1].Then for all t ∈ [a, b]T, we have

∫ b

a

Q(t, s).Tαf(s)∆
αs =

{
(1 − λ)f(t) + λ

[∫ t

a
g(s)∆αs∫ b

a
g(s)∆αs

f(a) +

∫ b

t
g(s)∆αs∫ b

a
g(s)∆αs

f(b)

]}
.

∫ b

a

g(s)∆αs

−
∫ b

a

g(s)f(σ(s))∆αs (3.1)

Where

Q(t, s) =

{
φ(s)− [(1 − λ)φ(a) + λφ(t)] ; a ≤ s < t,

φ(s)− [λφ(t) + (1 − λ)φ(b)] ; t ≤ s ≤ b.
(3.2)

Proof
Using item (i) of Theorem 2.6, we have
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∫ t

a

Q(t, s)Tαf(s)∆
αs =

∫ t

a

[φ(s)− [(1 − λ)φ(a) + λφ(t)]] .Tαf(s)∆
αs

= [[φ(s)− [(1 − λ)φ(a) + λφ(t)]] f(s)]
t
a −

∫ t

a

g(s)fσ(s)∆αs

= [φ(t)− [(1 − λ)φ(a) + λφ(t)]] f(t)− [φ(a)− [(1 − λ)φ(a) + λφ(t)]] f(a)

−
∫ t

a

g(s)fσ(s)∆αs. (*)

and∫ b

t

Q(t, s)Tαf(s)∆
αs =

∫ b

t

[φ(s)− [λφ(t) + (1 − λ)φ(b)]] .Tαf(s)∆
αs

= [[φ(s)− [λφ(t) + (1 − λ)φ(b)]] f(s)]
b
t −

∫ b

t

g(s)fσ(s)∆αs

= [φ(b)− [λφ(a) + (1 − λ)φ(b)]] f(b)− [φ(t)− [λφ(t) + (1 − λ)φ(b)]] f(t)

−
∫ b

t

g(s)fσ(s)∆αs. (**)

There for the inequality (3.1) is proved by adding the above two identities (*) and (**).
Corollary 3.1.2
If T = R then Lemma 3.1.1 holds.∫ b

a
Q(t, s)Dαf(s)dαs =

{
(1 − λ)f(t) + λ

[ ∫ t
a g(s)dαs∫ b
a g(s)dαs

f(a) +

∫ b
t g(s)dαs∫ b
a g(s)dαs

f(b)

]}∫ b

a
g(s)dαs−

∫ b

a
g(s)f(s) dαs

Where g(t) = Dαφ(t) on [a, b] and Q(t, s) =

{
φ(s)− [(1 − λ)φ(a) + λφ(t)] if a ≤ s < t,

φ(s)− [λφ(t) + (1 − λ)φ(b)] if t ≤ s ≤ b.
.

Corollary 3.1.3
In the case of T = hZ (h > 0) in Lemma 3.1.1 we have
b
h
−1∑

s= a
h

sα−1Q(t, hs)∆αf(sh) =


(1 − λ)f(t) + λ



t
h
−1∑

s= a
h

sα−1g(hs)

b
h
−1∑

s= a
h

sα−1g(hs)

f(a) +

b
h
−1∑

s= t
h

sα−1g(hs)

b
h
−1∑

s= a
h

sα−1g(hs)

f(b)





b
h
−1∑

s= a
h

sα−1g(hs)−

b
h
−1∑

s= a
h

sα−1g(hs)f(h(s+ 1)),

where g(t)=t1−α φ(t + h)− φ(t)

h
on [a, b]hZ and

Q(t, s) =

{
φ(s)− [(1 − λ)φ(a) + λφ(t)] if s ∈ {a, a + h, · · · , t− h},
φ(s)− [λφ(t) + (1 − λ)φ(b)] if s ∈ {t, t + h, · · · , b}.

Corollary 3.1.4
In the case of T = qN (q > 1), a = qm and b = qn with m < n in Lemma 3.1.1 we have

n−1∑
s=m

Q(qk, qj)
f(qj+1)− f(qj)

q − 1
=


(1 − λ)f(qk) + λ


k−1∑
j=m

qαjg(qj)

n−1∑
j=m

qαjg(qj)

f(qm) +

n−1∑
j=k

qαjg(qj)

n−1∑
j=m

qαjg(qj)

f(qn)




n−1∑
j=m

qαjg(qj)−
n−1∑
j=m

qαjg(qj)f(qj+1)

where Q(qk, qj) =

{
φ(qj)− [(1 − λ)φ(qm) + λφ(qk)] if m ≤ j < k,

φ(qj)− [λφ(qk) + (1 − λ)φ(qn)] if k ≤ j ≤ n.
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Corollary 3.1.5
In the case of φ(t) = hα,1(t, a) in Lemma 3.1.1 we have (1 − λ)f(t) is equal to

1
hα,1(b, a)

∫ b

a
Q(t, s)Tαf(s)∆

αs− λ

[
hα,1(t, a)

hα,1(b, a)
f(a) +

hα,1(b, t)

hα,1(b, a)
f(b)

]
+

1
hα,1(b, a)

∫ b

a
fσ(s)∆αs

where

Q(t, s) =

{
hα,1(s, a)− λhα,1(t, a) ; a ≤ s < t,

hα,1(s, a)−
[
λhα,1(t, a) + (1 − λ)hα,1(b, a)

]
; t ≤ s ≤ b.

Corollary 3.1.6
In the case of T = R in Corollary 3.1.5 we have (1 − λ)f(t) is equal to

α

bα − aα

∫ b

a
Q(t, s)Dαf(s)dαs− λ

[
tα − aα

bα − aα
f(a) +

bα − tα

bα − aα
f(b)

]
+

α

bα − aα

∫ b

a
f(s)dαs

Where Q(t, s) =

{
sα−[(1−λ)aα+λtα ]

α
if a ≤ s < t,

sα−[λtα+(1−λ)bα ]
α

if t ≤ s ≤ b.
Corollary 3.1.7
In the case of T = hZ, h > 0 in Corollary 3.1.5 we have (1 − λ)f(t) is equal to

A (a, b, h, α) .

b
h
−1∑

k= a
h

kα−1.Q(t;hk)∆αf(kh)− λ.B (a, b, t, h, α) +A (a, b, h, α) .

b
h
−1∑

k= a
h

kα−1.f (h(k + 1)) .

Where

Q(t, s) =




s
h
−1∑

k= a
h

kα−1 − λ

t
h
−1∑

k= a
h

kα−1

hα , s ∈ {a, a + h, ...t− h},


s
h
−1∑

k= a
h

kα−1 −

λ
t
h
−1∑

k= a
h

kα−1 + (1 − λ)

b
h
−1∑

k= a
h

kα−1


hα , s ∈ {t, t + h, ...b}.

and

B (a, b, t, h, α) =



t
h
−1∑

k= a
h

kα−1

b
h
−1∑

k= a
h

kα−1

f(a) +

b
h
−1∑

k= t
h

kα−1

b
h
−1∑

k= a
h

kα−1

f(b)


and A (a, b, h, α) =


b
h
−1∑

k= a
h

kα−1


−1

Corollary 3.1.8
In the case of λ = 0 in Corollary 3.1.5 we have

f(t) =
1

hα,1(b, a)

∫ b

a
Q(t, s)Tαf(s)∆

αs +
1

hα,1(b, a)

∫ b

a
fσ(s)∆αs

Where Q(t, s) =

{
hα,1(s, a) if a ≤ s < t,

hα,1(s, b) if t ≤ s ≤ b.

3.2 Weighted Fractional Ostrowski type inequality on time scales
Theorem 3.2.1
Let 0 ≤ λ ≤ 1 , g : [a, b]T → [0,+∞) be rd-continous and positive and φ : [a, b]T → R be conformable differentiable
of order α ∈ (0, 1] such that Tαφ(t) = g(t) on [a, b]T. Let f : [a, b] → R be conformable differentiable of order α ∈
(0, 1].Then for all t ∈ [a, b]T, we have∣∣∣∣∣
{
(1 − λ)f(t) + λ

[ ∫ t
a g(s) ∆αs∫ b
a g(s) ∆αs

f(a) +

∫ b
t g(s) ∆αs∫ b
a g(s) ∆αs

f(b)

]}∫ b

a
g(s) ∆

αs−
∫ b

a
g(s)fσ(s) ∆

αs

∣∣∣∣∣ ≤ K

∫ b

a
|Q(t, s)| ∆

αs,

Where

Q(t, s) =

{
φ(s)− [(1 − λ)φ(a) + λφ(t)] ; a ≤ s < t,

φ(s)− [λφ(t) + (1 − λ)φ(b)] ; t ≤ s ≤ b.
and K = sup

t∈[a,b]T

∣∣Tαf(t)
∣∣ < +∞.

Proof
The proof of the theorem 3.2.1 can be done easily from Lemma 3.1.1, since it is sufficient to proceed by majoration.
Corollary 3.2.2 If T = R then Theorem 3.2.1 holds∣∣∣∣∣
{
(1 − λ)f(t) + λ

[ ∫ t
a g(s) dαs∫ b
a g(s) dαs

f(a) +

∫ b
t g(s) dαs∫ b
a g(s) dαs

f(b)

]}∫ b

a
g(s) dαs−

∫ b

a
g(s)f(s) dαs

∣∣∣∣∣ ≤ K

∫ b

a
|Q(t, s)| dαs.
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Where g(t) = Dαφ(t) on [a, b]

Q(t, s) =

{
φ(s)− [(1 − λ)φ(a) + λφ(t)] ; a ≤ s < t,

φ(s)− [λφ(t) + (1 − λ)φ(b)] ; t ≤ s ≤ b.

and K = sup
t∈[a,b]T

∣∣Dαf(t)
∣∣ < +∞.

Corollary 3.2.3
In the case of T = hZ, h > 0 in Theorem 3.2.1 we have

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

{
(1 − λ)f(t) + λ



t
h
−1∑

k= a
h

kα−1g(hk)

b
h
−1∑

k= a
h

kα−1g(hk)

f(a) +

b
h
−1∑

k= t
h

kα−1g(hk)

b
h
−1∑

k= a
h

kα−1g(hk)

f(b)


}

b
h
−1∑

k= a
h

kα−1g(hk)



−

b
h
−1∑

k= a
h

kα−1g(hk)f (h(k + 1))

∣∣∣∣∣ ≤ K

b
h
−1∑

k= a
h

kα−1|Q(t, hk)|

Where g(t) = t1−α.
φ(t+h)−φ(t)

h
on [a, b]hZ and K = sup

t∈[a,b]hZ

∣∣∣ t1−α (f(t + h)− f(t))

h

∣∣∣ < +∞, and

Q(t, s) =

{
φ(s)− [(1 − λ)φ(a) + λφ(t)] ; s ∈ {a, a + h, t− h},
φ(s)− [λφ(t) + (1 − λ)φ(b)] ; s ∈ {t, t + h, ...b},

Corollary 3.2.4
In the case of T = qN (q > 1), a = qm and b = qn with m < n in Theorem 3.2.1 we have

∣∣∣∣∣
{
(1 − λ)f(qk) + λ


k−1∑
j=m

qαjg(qj)

n−1∑
j=m

qαjg(qj)

f(qm) +

n−1∑
j=k

qαjg(qj)

n−1∑
j=m

qαjg(qj)

f(qn)


}n−1∑

j=m

qαjg(qj)



−
n−1∑
j=m

qαjg(qj)f(qj+1)

∣∣∣∣∣ ≤ K.

n−1∑
j=m

qαj |Q(qk, qj)|

Where K = sup
m≤k≤n

∣∣∣∣∣f(q1+k)− f(qk)

(q − 1)qαk

∣∣∣∣∣ < ∞. and

Q(qk, qk
′
) =

{
φ(qk

′
)−

[
(1 − λ)φ(qm) + λφ(qk)

]
; m ≤ k′ < k,

φ(qk
′
)−

[
λφ(qk) + (1 − λ)φ(qn)

]
; k ≤ k′ ≤ n,

If φ(t) = hα,1(t, a) then,

Q(t, s) =

{
hα,1(s, a)− λhα,1(t, a) ; a ≤ s < t,

hα,1(s, a)−
[
λhα,1(t, a) + (1 − λ)hα,1(b, a)

]
; t ≤ s ≤ b.

and ∫ t

a

∣∣Q(t, s)
∣∣∆αs ≤

∫ t

a

(
hα,1(s, a) + λhα,1(t, a)

)
∆
αs

= hα,2(t, a) + λhα,1(t, a)

∫ t

a
1∆

αs

= hα,2(t, a) + λ
(
hα,1(t, a)

)2 (3.3)

∫ b

t

∣∣Q(t, s)
∣∣∆αs ≤

∫ b

t

(
hα,1(s, a) +

(
λhα,1(t, a) + (1 − λ)hα,1(b, a)

)
∆
αs
)

=

∫ b

t
hα,1(s, a)∆

αs +
(
λhα,1(t, a) + (1 − λ)hα,1(b, a)

)
hα,1(b, t)

=

∫ b

a
hα,1(s, a)∆

αs−
∫ t

a
hα,1(s, a)∆

αs +
(
λhα,1(t, a) + (1 − λ)hα,1(b, a)

)
hα,1(b, t)

= hα,2(b, a)− hα,2(t, a) +
(
λhα,1(t, a) + (1 − λ)hα,1(b, a)

)
hα,1(b, t) (3.4)
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From (3.3) and (3.4), we obtain∫ b

a

∣∣Q(t, s)
∣∣∆αs =

∫ t

a

∣∣Q(t, s)
∣∣∆αs +

∫ b

t

∣∣Q(t, s)
∣∣∆αs

≤ hα,2(b, a) + λ(hα,1(t, a))
2 + λhα,1(t, a)hα,1(b, t) + (1 − λ)hα,1(b, a)hα,1(b, t)

≤ hα,2(b, a) + λ(hα,1(b, a))
2 + λhα,1(b, a)hα,1(b, t) + (1 − λ)hα,1(b, a)hα,1(b, t)

= hα,2(b, a) + λ(hα,1(b, a))
2 + hα,1(b, a)hα,1(b, t) (3.5)

Using the inequality (3.5), we have the following Corollary
Corollary 3.2.5
In the case of φ(t) = hα,1(t, a) in theorem, we have∣∣∣∣∣(1 − λ)f(t) + λ

[
hα,1(t, a)

hα,1(b, a)
f(a) +

hα,1(b, t)

hα,1(b, a)
f(b)

]
−

1
hα,1(b, a)

∫ b

a
fσ(s)∆αs

∣∣∣∣∣
≤ K.

[
hα,2(b, a) + λ

(
hα,1(b, a)

)2
+ hα,1(b, a)hα,1(b, t)

]
.

Corollary 3.2.6
In the case of T = R in Corollary 3.2.5 we have

∣∣∣∣∣(1 − λ)f(t) + λ

[
tα − aα

bα − aα
f(a) +

bα − tα

bα − aα
f(b)

]
−

α

bα − aα

∫ b

a
f(s)dαs

∣∣∣∣∣
≤

K(bα − aα)

α2
.

[(
1
2
+ λ

)
(bα − aα) + (bα − tα)

]
Where K = sup

t∈[a,b]

∣∣Dαf(t)
∣∣ < ∞.

Corollary 3.2.7
In the case of T = hZ, (h > 0) in Corollary 3.2.5 we have

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(1 − λ)f(t) + λ



t
h
−1∑

k= a
h

kα−1

b
h
−1∑

k= a
h

kα−1

f(a) +

b
h
−1∑

k= t
h

kα−1

b
h
−1∑

k= a
h

kα−1

f(b)


−

b
h
−1∑

k= a
h

f(h(k + 1))kα−1

b
h
−1∑

k= a
h

kα−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
≤ K.h2α


b
h
−1∑

i= a
h

i−1∑
j= a

h

(ij)α−1 + λ


b
h
−1∑

j= a
h

jα−1


2

+


b
h
−1∑

j= a
h

jα−1

 .


b
h
−1∑

j= t
h

jα−1




Corollary 3.2.8
If we let α = 1 in Corollary 3.2.7, we have∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(1 − λ)f(t) + λ

[
t− a

b− a
f(a) +

b− t

b− a
f(b)

]
−

h.

b
h
−1∑

k= a
h

f(h(k + 1))

b− a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
≤ K.(b− a)

[
(b− a)

(
λ +

1
2

)
+ b− t−

h

2

]

Corollary 3.2.9
In the case of T = qN (q > 1), a = qm and b = qn with m < n in Corollary 3.2.5 we have

∣∣∣∣∣∣∣∣∣∣∣
(1 − λ)f(qk) + λ

[
qαk − qαm

qαn − qαm
f(qm) +

qαn − qαk

qαn − qαm
f(qn)

]
−

(qα − 1)
n−1∑
j=m

qαjf(qj+1)

qαn − qαm

∣∣∣∣∣∣∣∣∣∣∣
≤ K

(q − 1)2

(qα − 1)2
. (qαn − qαm)

[
qαn − qα(m+1)

qα + 1
+ λ (qαn − qαm) +

(
qαn − qαk

)]
.
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3.3 Weighted fractional Trapezoid type inequality on time scales
Theorem 3.3.1
Let 0 ≤ λ ≤ 1 ,g : [a, b]T → [0,+∞) be rd-continous and positive and φ : [a, b]T → R be conformable differentiable
of order α ∈ (0, 1] such that Tαφ(t) = g(t) on [a, b]T. If f : [a, b]T → R is conformable differentiable of order α ∈
(0, 1].Then for all t ∈ [a, b]T, we have∣∣∣∣∣(1 − λ)

(
f2(b)− f2(a)

)
+

[
(λ− 1)

f(b)− f(a)∫ b
a g(s)∆αs

+ λ.
f(σ(b))− f(σ(a))∫ b

a g(s)∆αs

]
.

∫ b

a
g(s)fσ(s)∆αs

+λ (f(σ(a))f(b)− f(σ(b)f(a)))−
f(b)− f(a)∫ b
a g(s)∆αs

.

∫ b

a
g(s)f(σ2(s))∆αs

∣∣∣∣∣
≤

K(K +Kσ)∫ b
a g(s)∆αs

.

∫ b

a

(∫ b

a
|Q(t, s)|∆αs

)
∆
αt. (3.6)

Where K = sup
t∈[a,b]T

∣∣Tαf(t)
∣∣ < ∞, and Kσ = sup

t∈[a,b]T

∣∣Tαf(σ(t))
∣∣ < ∞. And

Q(t, s) =

{
φ(s)− [(1 − λ)φ(a) + λφ(t)] ; a ≤ s < t,

φ(s)− [λφ(t) + (1 − λ)φ(b)] ; t ≤ s ≤ b.

Proof
From Lemma 3.3.1, we have

(1 − λ)f(t) = −λ

[ ∫ t
a g(s)∆αs∫ b
a g(s)∆αs

f(a) +

∫ b
t g(s)∆αs∫ b
a g(s)∆αs

f(b)

]
+

1∫ b
a g(s)∆αs

.

∫ b

a
g(s)fσ(s)∆αs

+
1∫ b

a g(s)∆αs
.

∫ b

a
Q(t; s)Tαf(s)∆

αs. (3.7)

(1 − λ)f (σ(t)) = −λ

[ ∫ t
a g(s)∆αs∫ b
a g(s)∆αs

f (σ(a)) +

∫ b
t g(s)∆αs∫ b
a g(s)∆αs

f (σ(b))

]
+

1∫ b
a g(s)∆αs

.

∫ b

a
g(s)f

(
σ2(s)

)
∆
αs

+
1∫ b

a g(s)∆αs
.

∫ b

a
Q(t; s)Tαf (σ(s))∆

αs. (3.8)

Adding (3.7) and (3.8), we get

(1 − λ) (f(t) + f (σ(t))) = −λ

[ ∫ t
a g(s)∆αs∫ b
a g(s)∆αs

(f(a) + f (σ(a))) +

∫ b
t g(s)∆αs∫ b
a g(s)∆αs

(f(b) + f (σ(b)))

]

+
1∫ b

a g(s)∆αs
.

∫ b

a
g(s)

(
f (σ(s)) + f

(
σ2(s)

))
∆
αs +

1∫ b
a g(s)∆αs

.

∫ b

a
Q(t; s) (Tαf(s) + Tαf (σ(s)))∆

αs. (3.9)

Multiplying (3.9) by Tαf(t), using Theorem 2.3 and fractional integrating the result identity on [a, b]T, we have

(1 − λ)

∫ b

a
(f(t) + f (σ(t)))Tαf(t)∆

αt = (1 − λ)

∫ b

a
Tα(f(t))

2
∆
αt

= −λ

[
(f(a) + f (σ(a)))∫ b

a g(s)∆αs

∫ b

a
Tαf(t)

(∫ t

a
g(s)∆αs

)
∆
αt

+
(f(b) + f (σ(b)))∫ b

a g(s)∆αs

∫ b

a
Tαf(t)

(∫ b

t
g(s)∆αs

)
∆
αt ]

+
1∫ b

a g(s)∆αs
.

(∫ b

a
Tαf(t)∆

αt

)(∫ b

a
g(s)

(
f(σ(s)) + f

(
σ2(s)

))
∆
αs

)

+
1∫ b

a g(s)∆αs
.

∫ b

a
Tαf(t)

(∫ b

a
Q(t, s) (Tαf(s) + Tαf(σ(s)))∆

αs

)
∆
αt.

Then

(1 − λ)
(
f2(b)− f2(a)

)
= −λ

[
(f(a) + f (σ(a)))∫ b

a g(s)∆αs

∫ b

a
Tαf(t)

(∫ t

a
g(s)∆αs

)
∆
αt

+
(f(b) + f (σ(b)))∫ b

a g(s)∆αs

∫ b

a
Tαf(t)

(∫ b

t
g(s)∆αs

)
∆
αt ]

+
(f(b)− f(a))∫ t

a g(s)∆αs
.

(∫ b

a
g(s)

(
f(σ(s)) + f

(
σ2(s)

))
∆
αs

)

+
1∫ b

a g(s)∆αs
.

∫ b

a
Tαf(t)

(∫ b

a
Q(t, s) (Tαf(s) + Tαf(σ(s)))∆

αs

)
∆
αt. (3.10)
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Using the fractional integrating by parts(2.1) we have

∫ b

a
Tαf(t)

(∫ t

a
g(s)∆αs

)
∆
αt =

[
f(t)

∫ t

a
g(s)∆αs

]b
a

−
∫ b

a
Tα

(∫ t

a
g(s)∆αs

)
.fσ(t)∆αt

= f(b)

∫ b

a
g(s)∆αs−

∫ b

a
g(t)f(σ(t))∆αt (3.11)

and ∫ b

a
Tαf(t)

(∫ b

t
g(s)∆αs

)
∆
αt = −f(a)

∫ b

a
g(s)∆αs +

∫ b

a
g(t)f(σ(t))∆αt (3.12)

Substituting (3.11) and (3.12) into (3.10),

(1 − λ)
(
f2(b)− f2(a)

)
= −λ

[
(f(a) + f (σ(a)))∫ b

a g(s)∆αs

(
f(b)

∫ b

a
g(s)∆αs−

∫ b

a
g(t)f(σ(t))∆αt

)

+
(f(b) + f (σ(b)))∫ b

a g(s)∆αs

(
−f(a)

∫ b

a
g(s)∆αs +

∫ b

a
g(t)f(σ(t))∆αt ]

+
(f(b)− f(a))∫ b

a g(s)∆αs
.

(∫ b

a
g(s)

(
f(σ(s)) + f

(
σ2(s)

))
∆
αs

+
1∫ b

a g(s)∆αs
.

∫ b

a
Tαf(t)

(∫ b

a
Q(t, s) (Tαf(s) + Tαf(σ(s)))∆

αs

)
∆
αt.

Then

(1 − λ)
(
f2(b)− f2(a)

)
+

[
(λ− 1)

(f(b)− f(a))∫ b
a g(s)∆αs

+ λ.
(f(σ(b))− f(σ(a)))∫ b

a g(s)∆αs

]
.

∫ b

a
g(s)fσ(s)∆αs

+ λ. (f(σ(a))f(b)− f(σ(b))f(a))−
(f(b)− f(a))∫ b

a g(s)∆αs
.

∫ b

a
g(s)f(σ2(s))∆αs

=
1∫ b

a g(s)∆αs
.

(∫ b

a
Tαf(t)

(∫ b

a
Q(t, s) (Tαf(s) + Tαf(σ(s)))∆

αs

)
∆
αt.

This implies that

∣∣∣∣∣(1 − λ)
(
f2(b)− f2(a)

)
+

[
(λ− 1)

(f(b)− f(a))∫ b
a g(s)∆αs

+ λ.
(f(σ(b))− f(σ(a)))∫ b

a g(s)∆αs

]
.

∫ b

a
g(s)fσ(s)∆αs

+ λ. (f(σ(a))f(b)− f(σ(b))f(a))−
(f(b)− f(a))∫ b

a g(s)∆αs
.

∫ b

a
g(s)f(σ2(s))∆αs

∣∣∣∣∣
≤

1∫ b
a g(s)∆αs

.

∫ b

a

∣∣∣Tαf(t)
∣∣∣ (∫ b

a

∣∣∣Q(t, s)
∣∣∣ (∣∣∣Tαf(s)

∣∣∣ + ∣∣∣Tαf(σ(s))
∣∣∣)∆

αs

)
∆
αt

≤
K(K +Kσ)∫ b

a g(s)∆αs
.

∫ b

a

(∫ b

a

∣∣∣Q(t, s)
∣∣∣∆αs

)
∆
αt.

Which is the desired inequality (3.6) the proof is complete.
Corollary 3.3.2
In the case of T = R in Theorem 3.3.1, we have∣∣∣∣∣(1 − λ)

(
f2(b)− f2(a)

)
2

+ (λ− 1)
(f(b)− f(a))∫ b

a g(s)dαs

∫ b

a
g(s)f(s)dαs

∣∣∣∣∣ ≤ K2∫ b
a g(s)dαs

∫ b

a

(∫ b

a

∣∣∣Q(t, s)
∣∣∣dαs) dαt,

Where K = sup
a≤t≤b

∣∣Dαf(t)
∣∣ < ∞, and

Q(t, s) =

{
φ(s)− [(1 − λ)φ(a) + λφ(t)] ; a ≤ s < t,

φ(s)− [λφ(t) + (1 − λ)φ(b)] ; t ≤ s ≤ b.

Corollary 3.3.3
In the case of T = hZ, h > 0 in Theorem 3.3.1, we have
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(1 − λ)

(
f2(b)− f2(a)

)
+


(λ− 1)

f(b)− f(a)
b
h
−1∑

k= a
h

kα−1g(hk)

+ λ
f(b + h)− f(a + h)

b
h
−1∑

k= a
h

kα−1g(hk)


b
h
−1∑

k= a
h

kα−1g(hk)f(h(k + 1))

+ λ (f(a + h)f(b)− f(b + h)f(a))−
f(b)− f(a)

b
h
−1∑

k= a
h

kα−1g(hk)

b
h
−1∑

k= a
h

kα−1g(hk)f(h(k + 2))

∣∣∣∣∣

≤
K(K +Kσ)hσ

b
h
−1∑

k= a
h

kα−1g(hk)

.

b
h
−1∑

i= a
h

b
h
−1∑

j= a
h

(ij)α−1
∣∣∣Q(h.i;h.j)

∣∣∣

Where K = sup
t∈[a,b]hZ

∣∣∣ t1−α(f(t + h)− f(t))

h

∣∣∣ < ∞, and Kσ = sup
t∈[a,b]hZ

∣∣∣ t1−α(f(t + 2h)− f(t + h))

h

∣∣∣ < ∞, and

Q(t, s) =

{
φ(s)− [(1 − λ)φ(a) + λφ(t)] ; s ∈ {a, a + h, ...t− h},
φ(s)− [λφ(t) + (1 − λ)φ(b)] ; s ∈ {t, t + h, ...b}.

Corollary 3.3.4
In the case of T = qN, q > 1 a = qm, and b = qn with m < n in Theorem 3.3.1, we have∣∣∣∣∣∣∣∣∣∣∣

(1 − λ)
(
f2(qn)− f2(qm)

)
+

(λ− 1)
f(qn)− f(qm)
n−1∑
j=m

qαjg(qj)

+ λ
f(qn+1)− f(qm+1)

n−1∑
j=m

qαjg(qj)


n−1∑
j=m

qαjg(qj)f(qj+1)

+ λ
(
f(qm+1)f(qn)− f(qn+1)f(qm)

)
−

f(qn)− f(qm)
n−1∑
j=m

qαjg(qj)

.

n−1∑
j=m

qαjg(qj)f(qj+2)

∣∣∣∣∣

≤
K(K +Kσ)(q − 1)

n−1∑
j=m

qαjg(qj)

.

n−1∑
i=m

n−1∑
j=m

qα(i+j)
∣∣Q(qi; qj)

∣∣

Where K = sup
m≤k≤n

∣∣∣f(q1+k)− f(qk)

(q − 1)qαk

∣∣∣ < ∞, and Kσ = sup
m≤k≤n

∣∣∣f(qk+2)− f(qk+1)

(q − 1)qαk

∣∣∣ < ∞, and

Q(qi, qj) =

{
φ(qj)−

[
(1 − λ)φ(qm) + λφ(qi)

]
; m ≤ j < i,

φ(qj)−
[
λφ(qi) + (1 − λ)φ(qn)

]
; i ≤ j ≤ n.

Using (3.5) we have the following Corollary
Corollary 3.3.5
In the case of φ(t) = hα,1(t; a) in Theorem 3.3.1, we have∣∣∣∣∣(1 − λ)

(
f2(b)− f2(a)

)
+

[
(λ− 1)

f(b)− f(a)

hα,1(b, a)
+ λ

f(σ(b))− f(σ(a))

hα,1(b, a)

] ∫ b

a
fσ(s)∆αs

+ λ (f(σ(a))f(b)− f(σ(b))f(a))−
f(b)− f(a)

hα,1(b, a)

∫ b

a
fσ2(s)∆αs

∣∣∣∣∣
≤ K(K +Kσ)

[
hα,2(b, a) + λ

(
hα,1(b, a)

)2
+ hα,2(a, b)

]
Where K = sup

t∈[a,b]T

∣∣Tαf(t)
∣∣ < ∞, and Kσ = sup

t∈[a,b]T

∣∣Tαf(σ(t))
∣∣ < ∞.

Corollary 3.3.6
In the case of T = R in Corollary 3.3.5, we have∣∣∣∣∣ 12 (1 − λ)

(
f2(b)− f2(a)

)
+

α(λ− 1)
bα − aα

(f(b)− f(a))

∫ b

a
f(s)dαs

∣∣∣∣∣ ≤ K2
(
bα − aα

α

)2

(1 + λ)
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Where K = sup
t∈[a,b]T

∣∣Dαf(t)
∣∣ < ∞.

Corollary 3.3.7
In the case of T = qN, q > 1 a = qm, and b = qn with m < n in Corollary 3.3.5, we have

∣∣∣∣∣(1 − λ)
(
f2(qn)− f2(qm)

)
+

[
(λ− 1)

f(qn)− f(qm)

qαn − qαm
+ λ

f(qn+1)− f(qm+1)

qαn − qαm

]
(qα − 1)

n−1∑
k=m

qαkf(qk+1)

+ λ
(
f(qm+1)f(qn)− f(qn+1)f(qm)

)
− (qα − 1)

n−1∑
k=m

qαkf(qk+2) (f(qn)− f(qm))

qαn − qαm

∣∣∣∣∣
≤ K(K +Kσ)

(q − 1)2

(qα − 1)2
(qαn − qαm)2 (1 + λ)

Where K = sup
m≤k≤n

∣∣∣∣∣f(qk+1)− f(qk)

(q − 1)qαk

∣∣∣∣∣ < ∞, and Kσ = sup
m≤k≤n

∣∣∣∣∣f(qk+2)− f(qk+1)

(q − 1)qαk

∣∣∣∣∣ < ∞.

Corollary 3.3.8
In the case of T = hZ, h > 0 in Corollary 3.3.5, we have

∣∣∣(1 − λ)
(
f2(b)− f2(a)

)
+


(λ− 1)

f(b)− f(a)
b
h
−1∑

k= a
h

kα−1

+ λ
f(b + h)− f(a + h)

b
h
−1∑

k= a
h

kα−1


b
h
−1∑

k= a
h

kα−1f(h(k + 1))

+ λ (f(a + h)f(b)− f(b + h)f(a))−
f(b)− f(a)
b
h
−1∑

k= a
h

kα−1

b
h
−1∑

k= a
h

kα−1f(h(k + 2))

∣∣∣∣∣

≤ h2αK(K +Kσ)


b
h
−1∑

i= a
h

i−1∑
j= a

h

(ij)α−1 + λ


b
h
−1∑

i= a
h

iα−1


2

+

b
h∑

i= a
h
−1

b
h∑

j=i−1

(ij)α−1



Where K = sup
t∈[a,b]hZ

∣∣∣ t1−α(f(t + h)− f(t))

h

∣∣∣ < +∞, and Kσ = sup
t∈[a,b]hZ

∣∣∣ t1−α(f(t + 2h)− f(t + h))

h

∣∣∣ < ∞.

Corollary 3.3.9
If we let α = 1 in Corollary 3.3.8, we have

∣∣∣∣∣(1 − λ)
(
f2(b)− f2(a)

)
+

[
h(λ− 1)

(f(b)− f(a))

b− a
+ hλ

(f(b + h)− f(a + h))

b− a

] b
h
−1∑

k= a
h

f(h(k + 1))

+ λ (f(a + h)f(b)− f(b + h)f(a))−
h(f(b)− f(a))

b− a

b
h
−1∑

k= a
h

f(h(k + 2))

∣∣∣∣∣
≤ h2αK(K +Kσ)

[
(1 + λ)

(
b− a

h

)2

+
3(b− a)

h
+ 5

]

Where K = sup
t∈[a,b]hZ

∣∣∣ (f(t + h)− f(t))

h

∣∣∣ < ∞, and Kσ = sup
t∈[a,b]hZ

∣∣∣ (f(t + h)− f(t + h))

h

∣∣∣ < ∞.

3.4 Weighted fractional Grss type inequality on time scales
Theorem 3.4.1
Let 0 ≤ λ ≤ 1 , g : [a, b]T → [0,+∞) be rd-continous and positive and φ : [a, b]T → R be conformable differentiable of
order α ∈ (0, 1] such that Tαφ(t) = g(t) on [a, b]T.
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Let Ψ; Φ : [a, b]T → R be conformable differentiable of order α ∈ (0, 1], then we have

∣∣∣∣∣2(1 − λ).

(∫ b

a
g(t)∆αt

)
.

(∫ b

a
Ψ(t).Φ(t)∆αt

)

+ λ.

∫ b

a

{
Φ(t)

[(∫ t

a
g(s)∆αs

)
Ψ(a) +

(∫ a

t
g(s)∆αs

)
Ψ(b)

]

+ Ψ(t)

[(∫ t

a
g(s)∆αs

)
Φ(a) +

(∫ b

t
g(s)∆αs

)
Φ(b)

]}
∆
αt

−
[(∫ b

a
Φ(t)∆αt

)(∫ b

a
g(t)Ψ(σ(t))∆αt

)
+

(∫ b

a
Ψ(t)∆αt

)(∫ b

a
g(t)Φ(σ(t))∆αt

)] ∣∣∣∣∣
≤
∫ b

a
(M.|Φ(t)| +N |Ψ(t)|) .

(∫ b

a
|Q(t, s)|∆αs

)
∆
αt (3.13)

Where

Q(t, s) =

{
φ(s)− [(1 − λ)φ(a) + λφ(t)] ; a ≤ s < t,

φ(s)− [λφ(t) + (1 − λ)φ(b)] ; t ≤ s ≤ b.

and M = sup
t∈[a,b]T

∣∣TαΨ(t)
∣∣ < ∞, and N = sup

t∈[a,b]T

∣∣TαΦ(t)
∣∣ < ∞.

Proof
From Lemma 3.1.1, we have

(1 − λ)Ψ(t) = −λ

[ ∫ t
a g(s)∆αs∫ b
a g(s)∆αs

Ψ(a) +

∫ b
t g(s)∆αs∫ b
a g(s)∆αs

Ψ(b)

]
+

1∫ b
a g(s)∆αs

.

∫ b

a
g(s)Ψ(σ(s))∆αs

+
1∫ b

a g(s)∆αs
.

∫ b

a
Q(t; s)TαΨ(s)∆αs. (3.14)

and

(1 − λ)Φ(t) = −λ

[ ∫ t
a g(s)∆αs∫ b
a g(s)∆αs

Φ(a) +

∫ b
t g(s)∆αs∫ b
a g(s)∆αs

Φ(b)

]
+

1∫ b
a g(s)∆αs

.

∫ b

a
g(s)Φ(σ(s))∆αs

+
1∫ b

a g(s)∆αs
.

∫ b

a
Q(t; s)TαΦ(s)∆αs. (3.15)

Multiplying (3.14) by Φ(t) and (3.15) by Ψ(t), adding and then fractional integrating the result from a to b, we have

2(1 − λ)

∫ b

a
Ψ(t).Φ(t)∆αt

= −λ.

∫ b

a

{
Φ(t)

[ ∫ t
a g(s)∆αs∫ b
a g(s)∆αs

Ψ(a) +

∫ b
t g(s)∆αs∫ b
a g(s)∆αs

Ψ(b)

]

+ Ψ(t)

[ ∫ t
a g(s)∆αs∫ b
a g(s)∆αs

Φ(a) +

∫ b
t g(s)∆αs∫ b
a g(s)∆αs

Φ(b)

]}
∆
αt

+
1∫ b

a g(s)∆αs
.

(∫ b

a
Φ(t)∆αs

)
.

(∫ b

a
g(s)Ψ(σ(s))∆αs

)

+
1∫ b

a g(s)∆αs
.

(∫ b

a
Ψ(t)∆αs

)
.

(∫ b

a
g(s)Φ(σ(s))∆αs

)

+
1∫ b

a g(s)∆αs
.

∫ b

a
Φ(t)

(∫ b

a
Q(t; s)TαΨ(s)∆αs

)
∆
αt

+
1∫ b

a g(s)∆αs
.

∫ b

a
Ψ(t)

(∫ b

a
Q(t; s)TαΦ(s)∆αs

)
∆
αt (3.16)

From (3.16), we get
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∣∣∣∣∣2(1 − λ)

(∫ b

a
g(t)∆αt

)(∫ b

a
Ψ(t).Φ(t)∆αt

)

+ λ.

∫ b

a

{
Φ(t)

[(∫ t

a
g(s)∆αs

)
Ψ(a) +

(∫ b

t
g(s)∆αs

)
Ψ(b)

]

+ Ψ(t)

[(∫ t

a
g(s)∆αs

)
Φ(a) +

(∫ b

t
g(s)∆αs

)
Φ(b)

]}
∆
αt

−
[(∫ b

a
Φ(t)∆αs

)
.

(∫ b

a
g(s)Ψ(σ(s))∆αs

)
+

(∫ b

a
Ψ(t)∆αs

)
.

(∫ b

a
g(s)Φ(σ(s))∆αs

)] ∣∣∣∣∣
≤
∫ b

a
|Φ(t)|

(∫ b

a
|Q(t; s)||TαΨ(s)|∆αs

)
∆
αt +

∫ b

a
|Ψ(t)|

(∫ b

a
|Q(t; s)||TαΦ(s)|∆αs

)
∆
αt

≤
∫ b

a
M |Φ(t)|

(∫ b

a
|Q(t; s)|∆αs

)
∆
αt +

∫ b

a
N |Ψ(t)|

(∫ b

a
|Q(t; s)|∆αs

)
∆
αt

=

∫ b

a
M |Φ(t)| +N |Ψ(t)|

(∫ b

a
|Q(t; s)|∆αs

)
∆
αt.

This completes the proof of the inequality (3.13).
Corollary 3.4.2
In the case of T = R in Theorem 3.4.1, we have∣∣∣∣∣2(1 − λ)

(∫ b

a
g(t)dαt

)(∫ b

a
Ψ(t).Φ(t)dαt

)

+ λ.

∫ b

a

{
Φ(t)

[(∫ t

a
g(s)dαs

)
Ψ(a) +

(∫ b

t
g(s)dαs

)
Ψ(b)

]

+ Ψ(t)

[(∫ t

a
g(s)dαs

)
Φ(a) +

(∫ b

t
g(s)dαs

)
Φ(b)

]}
dαt

−
[(∫ b

a
Φ(t)dαt

)
.

(∫ b

a
g(t)Ψ((t)dαt

)
+

(∫ b

a
Ψ(t)dαt

)
.

(∫ b

a
g(t)Φ(t)dαs

)] ∣∣∣∣∣
≤
∫ b

a
(M |Φ(t)| +N |Ψ(t)|)

(∫ b

a
|Q(t; s)|dαt

)
dαt,

Where

Q(t, s) =

{
φ(s)− [(1 − λ)φ(a) + λφ(t)] ; a ≤ s < t,

φ(s)− [λφ(t) + (1 − λ)φ(b)] ; t ≤ s ≤ b.

and
M = sup

t∈[a,b]

∣∣Dα
Ψ(t)

∣∣ < ∞. and N = sup
t∈[a,b]

∣∣Dα
Φ(t)

∣∣ < ∞.

Corollary 3.4.3
In the case of T = hZ;h > 0 in Theorem 3.4.1, we have∣∣∣∣∣2(1-λ)


b
h
−1∑

k= a
h

kα−1g(hk)




b
h
−1∑

k= a
h

kα−1
Ψ(hk).Φ(hk)


+ λ.

b
h
−1∑

k= a
h

{
kα−1

Φ(hk)


k−1∑

j= a
h

jα−1g(hj)

Ψ(a) +


b
h
−1∑

j=k

jα−1g(hj)

Ψ(b)


+ kα−1

Ψ(hk)


k−1∑

j= a
h

jα−1g(hj)

Φ(a) +


b
h
−1∑

j=k

jα−1g(hj)

Φ(b)

}

−


b
h
−1∑

k= a
h

kα−1
Φ(hk).

b
h
−1∑

k= a
h

kα−1g(hk)Ψ(h(k + 1)) +

b
h
−1∑

k= a
h

kα−1
Ψ(hk).

b
h
−1∑

k= a
h

kα−1g(hk)Φ(h(k + 1))

 ∣∣∣∣∣
≤

b
h
−1∑

k= a
h

kα−1 (M |Φ(hk)| +N |Ψ(hk)|)


b
h
−1∑

j= a
h

jα−1|Q(hk;hj)|

 ,

Where

Q(t, s) =

{
φ(s)− [(1 − λ)φ(a) + λφ(t)] ; s ∈ {a, a + h, ...t− h},
φ(s)− [λφ(t) + (1 − λ)φ(b)] ; s ∈ {t, t + h, ...b}.
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and M = sup
t∈[a,b]hZ

∣∣∣ t1−α(Ψ(t + h)− Ψ(t))

h

∣∣∣ < ∞, and N = sup
t∈[a,b]hZ

∣∣∣ t1−α(Φ(t + h)− Φ(t))

h

∣∣∣ < ∞.

Corollary 3.4.4
In the case of T = qN; q > 1, a = qm and b = qn with m < n in Theorem 3.4.1, we have

∣∣∣∣∣2(1 − λ)

(
n−1∑
k=m

qαkg(qk)

)(
n−1∑
k=m

qαk
Ψ(qk).Φ(qk)

)

+ λ.

n−1∑
k=m

qαk
Φ(qk)

k−1∑
j=m

qαjg(qj)

Ψ(a) +

n−1∑
j=k

qαjg(qj)

Ψ(b)


+ qαk

Ψ(qk)

k−1∑
j=m

qαjg(qj)

Φ(a) +

n−1∑
j=k

qαjg(qj)

Φ(b)

}

−
[(

n−1∑
k=m

qαk
Φ(qk)

)
.

(
n−1∑
k=m

qαkg(qk)Ψ(qk+1)

)
+

(
n−1∑
k=m

qαk
Ψ(qk)

)
.

(
n−1∑
k=m

qαkg(qk)Φ(qk+1))

)] ∣∣∣∣∣
≤

n−1∑
k=m

qαk
(
M |Φ(qk)| +N |Ψ(qk)|

)n−1∑
j=m

qαj |Q(qk; qj)|

 ,

Where

Q(qi, qj) =

{
φ(qj)−

[
(1 − λ)φ(qm) + λφ(qi)

]
; m ≤ j < i,

φ(qj)−
[
λφ(qi) + (1 − λ)φ(qn)

]
; i ≤ j ≤ n.

and M = sup
m≤k≤n

∣∣∣Ψ(qk+1)− Ψ(qk))

(q − 1)qαk

∣∣∣ < ∞, and N = sup
m≤k≤n

∣∣∣Φ(qk+1)− Φ(qk))

(q − 1)qαk

∣∣∣ < ∞.

Using the inequality (3.5) we have the following Corollary
Corollary 3.4.5
In the case of φ(t) = hα,1(t, a) in Theorem 3.4.1, we have∣∣∣∣∣2(λ− 1)hα,1(b, a)

∫ b

a
Ψ(t).Φ(t)dαt

+ λ.

∫ b

a

{
Φ(t)

[
hα,1(t, a)Ψ(a) + hα,1(b, t)Ψ(b)

]
+ Ψ(t)

[
hα,1(t, a)Φ(a) + hα,1(b, t)Φ(b)

]}
∆
αt

−
[(∫ b

a
Φ(t)∆αt

)
.

(∫ b

a
Ψ(σ(t))∆αt

)
+

(∫ b

a
Ψ(t)∆αt

)
.

(∫ b

a
Φ(σ(t))∆αs

)] ∣∣∣∣∣
≤
∫ b

a
(M |Φ(t)| +N |Ψ(t)|)

[
hα,2(b, a) + λ(hα,1(b, a))

2 + hα,1(b, a)hα,1(b, t)
]

∆
αt,

Where M = sup
t∈[a,b]T

∣∣TαΨ(t)
∣∣ < ∞, and N = sup

t∈[a,b]T

∣∣TαΦ(t)
∣∣ < ∞.

Corollary 3.4.6
In the case of T = R in Corollary 3.4.5, we have∣∣∣∣∣2(1 − λ)(bα − aα)

∫ b

a
Ψ(t).Φ(t)dαt) + λ.

∫ b

a

{
Φ(t) [(tα − aα)Ψ(a) + (bα − tα)Ψ(b)]

+ Ψ(t) [(tα − aα)Φ(a) + (bα − tα)Φ(b)]

}
dαt− 2α

(∫ b

a
Φ(t)dαt

)(∫ b

a
Ψ(t)dαt

) ∣∣∣∣∣
≤
(
bα − tα

α

)∫ b

a
(M |Φ(t)| +N |Ψ(t)|)

[(
λ +

1
2
)

)
(bα − aα) + (bα − tα)

]
dαt,

Where M = sup
t∈[a,b]

∣∣Dα
Ψ(t)

∣∣ < ∞, and N = sup
t∈[a,b]

∣∣Dα
Φ(t)

∣∣ < ∞.

Corollary 3.4.7
In the case of λ = 0 in Corollary 3.4.6, we have∣∣∣∣∣

∫ b

a
Ψ(t).Φ(t)dαt)−

α

bα − aα

(∫ b

a
Ψ(t)dαt

)(∫ b

a
Φ(t)dαt

) ∣∣∣∣∣
≤

1
2α

∫ b

a
(M |Φ(t)| +N |Ψ(t)|)

[
1
2
(bα − aα) + (bα − tα)

]
dαt,

Where M = sup
t∈[a,b]

∣∣Dα
Ψ(t)

∣∣ < ∞, and N = sup
t∈[a,b]

∣∣Dα
Φ(t)

∣∣ < ∞

Corollary 3.4.8
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In the case of T = hZ;h > 0 in Theorem 3.4.5, we have

∣∣∣∣∣2(1 − λ)


b
h
−1∑

k= a
h

kα−1




b
h
−1∑

k= a
h

kα−1
Ψ(hk).Φ(hk)



+ λ.

b
h
−1∑

k= a
h

kα−1

{
Φ(hk)


k−1∑

j= a
h

jα−1

Ψ(a) +


b
h
−1∑

j=k

jα−1

Ψ(b)



+ Ψ(hk)


k−1∑

j= a
h

jα−1

Φ(a) +


b
h
−1∑

j=k

jα−1

Φ(b)

}

−




b
h
−1∑

k= a
h

kα−1
Φ(hk)

 .


b
h
−1∑

k= a
h

kα−1
Ψ(h(k + 1))

 +


b
h
−1∑

k= a
h

kα−1
Ψ(hk)

 .


b
h
−1∑

k= a
h

kα−1
Φ(h(k + 1)))


 ∣∣∣∣∣

≤ hα

b
h
−1∑

k= a
h

kα−1 (M |Φ(hk)| +N |Ψ(hk)|)


b
h
−1∑

i= a
h

i−1∑
j= a

h

(ij)α−1 + λ


b
h
−1∑

j= a
h

jα−1


2

+


b
h
−1∑

j= a
h

jα−1




b
h
−1∑

j=k

jα−1


 ,

Where M = sup
t∈[a,b]hZ

∣∣∣ t1−α(Ψ(t + h)− Ψ(t))

h

∣∣∣ < ∞, and N = sup
t∈[a,b]hZ

∣∣∣ t1−α(Φ(t + h)− Φ(t))

h

∣∣∣ < ∞.

Corollary 3.4.9
If we let α = 1 in Corollary 3.4.8, we have

∣∣∣∣∣2(1 − λ)

(
b− a

h

) b
h
−1∑

k= a
h

Ψ(hk).Φ(hk)) + λ.

b
h
−1∑

k= a
h

{
Φ(hk)

[
Ψ(a)

(
k −

a

h

)
+ Ψ(b)

(
b

h
− k

)]

+ Ψ(hk)

[
Φ(a)

(
k −

a

h

)
+ Φ(b)

(
b

h
− k

)]}

−




b
h
−1∑

k= a
h

Φ(hk)

 .


b
h
−1∑

k= a
h

Ψ(h(k + 1))

 +


b
h
−1∑

k= a
h

Ψ(hk)

 .


b
h
−1∑

k= a
h

Φ(h(k + 1))


 ∣∣∣∣∣

≤ (b− a)

b
h
−1∑

k= a
h

(M |Φ(hk)| +N |Ψ(hk)|)
[(

b− a

h

)(
λ +

1
2

)
+

b

h
− k −

1
2

]
,

Where M = sup
t∈[a,b]hZ

∣∣∣ t1−α(Ψ(t + h)− Ψ(t))

h

∣∣∣ < ∞, and N = sup
t∈[a,b]hZ

∣∣∣ t1−α(Φ(t + h)− Φ(t))

h

∣∣∣ < ∞.

Corollary 3.4.10
In the case of T = qN, q > 1 ,a = qm and b = qn with m < n in Corollary 3.4.5, we have

∣∣∣∣∣2(1 − λ)

(
qαn − qαm

qα − 1

) n−1∑
k=m

qαk
Ψ(qk).Φ(qk)

+ λ.

n−1∑
k=m

{
qαk

Φ(qk)

[
Ψ(qm)

(
qαk − qαm

qα − 1

)
+ Ψ(qn)

(
qαn − qαk

qα − 1

)]

+ qαk
Ψ(qk)

[
Φ(qm)

(
qαk − qαm

qα − 1

)
+ Φ(qn)

(
qαn − qαk

qα − 1

)]}

−
[(

n−1∑
k=m

qαk
Φ(qk)

)
.

(
n−1∑
k=m

qαk
Ψ(qk+1)

)
+

(
n−1∑
k=m

qαk
Ψ(qk)

)
.

(
n−1∑
k=m

qαk
Φ(qk+1))

)] ∣∣∣∣∣
≤

(q − 1)(qαn − qαm)

(qα − 1)2

n−1∑
k=m

qαk
(
M |Φ(qk)| +N |Ψ(qk)|

)[ qαn − qα(m+1)

qα + 1
+ λ(qαn − qαm) + (qαn − qαk)

]
.

Where M = sup
m≤k≤n

∣∣∣Ψ(qk+1)− Ψ(qk))

(q − 1)qαk

∣∣∣ < ∞, and N = sup
m≤k≤n

∣∣∣Φ(qk+1)− Φ(qk))

(q − 1)qαk

∣∣∣ < ∞.
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