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Abstract In this work, we first obtain a weighted fractional Montgomery identity on time
scales and then derive weighted fractional Ostrowski, Trapezoid and Grss inequalities on time
scales, respectively. These results not only give a generalisation of the known results, but also
provide other interesting inequalities on time scales as specific cases.

1 Introduction

Dragomir and Wang proved in 1997 (see [1] ) thatif f : [a,b] — R, is differentiable with bounded
derivative, then for all ¢ € [a, b],

‘f(t) - b_lafabf(s)ds— f(bz:i(a) (t— a;b) ‘ < %(b—a)(M—m). (1.1)

Where m := iflfb] f/(t) and M := sup f'(t). The above inequality is known in the literature
t€la, t€la,b]

as the Ostrowski-Grss type inequality. Ng Liu [2] proved the following Ostrowski-Grss type

inequality for time scales which is a combination of both Grss inequality and Ostrowski inequal-

ity on time scales due to Bohner and Mathews [3, 4]. For other results along these lines, see

[5,6,7,8,9,10, 11].

Theorem 1.1. Let a,b,s,t € T witha < band f : [a,blr — R, be differentibale.If f* is
rd-continous ( i.e, f* is continous at right-dense point in [a,b|r and its left-side limits exist at
left-dense point in [a,b]1) and v < f2(s) < T for all t € [a,b], then we have

‘f(t)— = f”(s)As—w[m(u@—m(ub)}\g

b—a (b—a
r—~ f°
Z(b—a)/a

Where hy(t,s) = f; IAT =t —sand hy(t,s) = f: hi(T,s)AT

hz (t, a) — hg(t, b)

—a

P(s,t) — As. (1.2)

s—a,s € la,t),

and P(s,t) = {s—b se

In [4] for general time scales, which unify discrete, continuous and many other cases.By using
Montgomery identity on time scales, they established the following Ostrowski inequality on time
scales.

Theorem 1.2. Let a, b, s,t € T witha < band f : [a,b]r — R, be differentibale.Then

-5 [ sotnas

< (ha(t,a) + ha(t,b) ). (1.3)

b—a
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Where M = sup |f2(t)] < .

a<t<b
This inequality is sharp in the sense that the right side of (1.3) cannot be substituted by a smaller
one.

Recently, Karpuz and kan [5] generalized Ostrowski’s inequality and Montogomery’s identity
on arbitrary time scale by the means of generalized polynomials on time scales.By introducing
a parameter, Liu, Ng Chen[7] also extended a generalization of the above inequality on time
scales.Ng Liu [2] gave a sharp Grss type inequality on time scales and then applied it to the
sharp Ostrowski-Grss inequality on time scales.Motivated by the ideas of [4, 5, 7, 12],Tuna and
Daghan [13] studied generalizations of Ostrowski and Ostrowski-Grss type inequality on time
scales. More recenty, Liu [14] established the following weighted generalization of three point
inequality with a parameter for mappings of bounded variation.

Theorem 1.3. Let us have 0 < k < 1, f : [a,b] — R be a mapping of bounded variation,
g : [a,b] — [0,+00) continous and positive on (a,b) and let h : [a,b] — R be differentiable such
that W' (t) = g(t) on [a, b].Then

' D FTRTYON Jr oyt alt)dt ’
‘/a ft)g(t)dt {(1 k)f(x) +k f:g(t)dtf( )+f:g(t)dtf(b)] }/a g(t)dt’
(=) [4 ; o(t)dt + [n(a) = MO vE(f)ik € [0:4]
k3 J2 g(0)dt + [h(a) — MO0 Ve ke (51]

For all x € [a,b), where V2 (f) denotes the total variation of f on the interval [a, b].

In the last few years some authors have studied the fractional inequalities by means of the
fractional derivatives of Caputo and Riemann-Liouville, we refer you to the papers [15, 16, 17]
for these results. In [18, 19] the authors extended the calculus of fractional order to the calcu-
lus of conforming fractions. Lately some authors have extended classical inequalities by using
conforming fractional calculus, such as Opial’sinequality [20, 21]. Hermite ? Hadamard?s in-
equality [22, 23]. The purpose of this paper is to use the above research to obtain some weighted
fraction Ostrowski, fraction trapezoidal, fraction Grss, and fraction Ostrowski-Grss inequalities,
a parameter on time scales, based on a fraction-weighted Montgomery identity on time scales. In
Section 2, we briefly present the general definitions and theorems related to fractional calculus
on time scales that will be needed throughout the paper. The fractional weighted Montgomery
identity, fractional weighted Ostrowski type inequality, fractional weighted Trapezoid type and
fractional weighted Grss type inequalities on time scales are derived in subsections 3.1, 3.2, 3.3
and 3.4, respectively.

2 Preliminaries and fundamental lemmas

This section presents the basics of fractional calculus on the time scales we will need through-
out the paper. The findings are taken from [24, 25, 26, 27]. A time scale ?T is an arbitrary
non-empty closed subset of real numbers R. We will assume throughout that T has the topol-
ogy that is inherited from the standard topology on R, and we will define the forward jump
operator:o : T — T,as such that o(¢t) =inf {s € T : s > t}, while the backword jump opera-
tor p: T — T, is defined by:p(t) = Sup{s € T : s < t}, where Sup @ = inf T (i.e p(t) =t if
T has a minimum t), and inf ) = Sup T(i.e o(¢) = ¢ if T has a maximum ¢ ).

For any ¢ € T the notation 27 (¢) refers to = (o(t)).i.e.,.z” = z o 0.

Finally,the graininess function p : T — [0, co) is defined by u(t) := o(t) — t.If o(¢) > ¢ then we
say that ¢ is right.scattered, while if p(¢) < ¢ then we say that ¢ is left-scattered .Points that are
right-scattered and left-scattered at the same time are called isolated.If o (¢) = ¢ then ¢ is called
right-dense, and if p(t) = ¢ then ¢ is called left-dense.Points are both right-dense and left-dense
are called dense.
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The set T* is defined as follows,if T has a left-scattered maximum m than T = T — {m}
otherwise T* = T.
The function f : T — R is said to be rd-continous (denote f € C,.4(T,R)), if it is continous at
all right-dense points ¢ € T and its left-sided limits exist at all left-dense points ¢t € T.
Definition 2.1 [24](Conformable «—fractional derivative)
Let the function f : T — R and « € (0,1]. Then, for ¢ > 0, we define T, (f) (¢) to be the
number (provided it exists) with the proprety that,
given any € > 0, there is a neighborhood U of ¢ such that for all s € U,

[[F7() = F(s)] 17 = Ta (F) (1) [0(2) — 5] | < €|o(t) — s

T, (f) (t) is called the conformable «—fractional derivative of f of order « at ¢ on T, and we
define the conformable fractional derivative on T at 0 as T, (f) (0) = limy—o+ T (f) (¢). If
« = 1, then we obtain from Definition 2.1 the Hilger delta derivative of time scales [25]. The
a—fractional derivative of order zero is defined by the identity operator Ty (f) := f. The basic
properties of the a.— fractional derivative on time scales are given in[24], together with a number
of illustrative examples.

Theorem 2.2 [24]
Let o € (0,1] and T be a time scales.Assume f : T — R and let t € T*.If f is a— fractional
differentiable of order « at ¢, then

F() = () + n(t)t " Ta f(1).

The characteristics of the conformable fractional derivative are as follows.

Theorem 2.3 [24]

Let f,g: T — R be conformable fractional derivative of order o € (0, 1]. Then the following
properties are hold:

(i) The f+g : T — R is conformable fractional derivative of order « and, Ty, (f + g) = To (f) + Tu (g) -
(ii) For any A € R, then A\f : T — R is a— fractional differentiable and T,, (\f) = ATy, (f) -

(ii1) If f and g are a— fractional differentiable , then the product fg : T — R is a— fractional
differentiable and T,, (fg) = T (f) 9+ f°Ta (9) =To (f) 9° + fTu (9) -

(iv) If f is a— fractional differentiable , then 4 7 is a— fractional differentiable and T, (%) = Talf)
valid at all points ¢ € T* for which f(¢)f (o(t)) # 0.

(v) If f and g are a— fractional differentiable , then f/g is a— fractional differentiable with
T, (i) = Talf)9=fTal9) yalid at all points ¢ € T* for which g(t)g (a(t)) # 0.

g 99
Definition 2.4[24](Conformable fractional integral)

For 0 < a < 1, then the a— fractional integral of f, is defined by

[ s = [ p(s)se s

The following properties are satisfied by the conformal fractional integral.
Theorem 2.5
Leta € (0,1],a,b,c € T, and A € R, and f, g be two rd-continuous functions, then

b
(l)/ t)+g(t Ao‘t—/ f(t Ao‘t—i—/ g(t) A“t.
(i) / OF0) A% [ F(8) A%
ab @ a
Giiy [ f(6) A% =— | f(t) At
/ab c A b
(iv) / £(t) At / F(t) A%t + / £(t) A,

b b
) / f() Aatfvertg/ |f ()] A°t.

The fractional integration by parts formula is given by
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Theorem 2.6
Let f, g be rd-continuous ,a, b € T, then
b b
| HoTagoat = 1090~ [ T(n@ 8, e
b " b
| rwtag@act=r@aol - [ Ta)oga @2)

The following useful relationships are often used beetween the time scale fractional calculus and
the a—differential caculus R, the a=difference calculus hZ (h > 0) and fractional ¢-difference

calculus ¢Z = {¢",n € Z} U{0} (¢ > 1).
b
@ IFT = R, then o(t) = ¢, u(t) = 0, Tuf(t) := DO F(t) = 1= (1) ana’/ F(t) A% =

[roas- [ 42

(ii) If T = AZ (h > 0), then o(t) = t + h, u(t) = h, Tof(t) := A% f(t) = i LERTD g
—1
h

/f ) At ="t f(ht)h®

t=2

(iii) If T = ¢Z (¢ > 1), then o(t) = qt, u(t) = (¢ — 1)t, Tof(t) := DIf(t) = W
b (log, b)—1

and/ FOAt=(g-1) > ¢f(q")
a t=log, a

Definition 2.7
Let ho i : T2 — Rk € Ny and « € (0, 1] be defined by

hao(t,s) =1 forall s,teT

and then recursively by

t
hokt1(t, 5) :/ hok(T,8)A%T forall s,t €T

If we let T (ha x(t, s)) denote for each fixed s the a—conformable derivative of h, k (t, s) with
respect to ¢, then , by induction, we have

T! (hai(t,s)) = hax_1(t,s) forall k€N, teT"

[e3

IfT=R; a=1,then

Y™
hik(t,s) := hi(t,s) = (t k:'S) forall s,t € R.

If T=7Z;a=1,then

hik(t,s) == hi(t,s) = (t ; s) forall s,t € 7Z,

where <t;8) - (t_s)(t—s—1)...(t—s_k+1).

k!
IfT=¢Y%;¢>1,a=1,then

N,
hy g (t,s) == hi(t,s) = H ~=2 |, foralls,tedv
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If T=R; o e (0,1], then

(t> — s*)F

haults) = g

forall s,t € R.

IfT=kZ;h>0,a€(0,1], then

Lo

hai(t,s)=h* > k!
k=5

-1 k-1

haa(t,s) = h>® Z Z kiky)®
o

-1 k=1 kpoy—1

hants—h"azz Z (k1ks...

k=2 ky=
IfT=¢";¢>1,a¢c(0,1],then

-1
hai(t,s) = L—— (1o — 5%)

q* —1
12
(¢ _(ql)z(lq)a y (% = s%) (" = (g5)")-

ha’z (t, S) =

3 Main Results

We suppose that T is a time scale, and also that in T the interval [a, b]r means the set {t € T :
a < t < b} for the points @ < bin T. In this section, we first derive a fractional weighted
Montgomery identity on the time scales, and then find the fractional weighted Ostrovsky-type,
fractional trapezoidal, and fractional salute inequalities on the time scale.

3.1 Fractional Weighted Montgomery identity on time scales

Lemma 3.1.1

Let0 < A < 1,g: [a,b]r — [0,+00) be rd-continous and positive and ¢ : [a,blr — R be
conformable differentiable of order o € (0, 1] such that T, (t) = g(t) on [a, b]r. If f : [a, b]p —
R is conformable differentiable of ordera € (0, 1].Then for all ¢ € [a, b]T, we have

Ju 9(s)A° ° #(a) ft 5) f(b)] }_/abg(s)Aas

12 g(s)A%s f g(s)A

/bQ(t, §). T f (s)A%s — {(1 ~ONF(E) + A

- [ sorenans G

Where
wo-f s

Proof

Using item (i) of Theorem 2.6, we have
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/ Q(t, 8)To f(s)A%s =/ [p(s) = [(1 = N)p(a) + Ap(t)]] Taf(s)A%s

= [lp(6) ~ 11~ Npla) + XeO 7L [ )7 (9a%s
= [(8) = [(1 = pla) + A (D]} 1) = () = [(1 = Nle) + A (0] )
- [ g $

b b
/tQ(taS)Taf(S)AC’SZ/t [p(s) = [Ao(®) + (1 = No(0)]] Ta f(5)A%s

b

= [lp(s) = Do) + (1= N O F ), = [ 9(s)f7(s)A%

t

= [p(8) — Pxpla) + (1 = N (D)) F(8) — [p() — Xo(®) + (1 = (D)) £ 1
- [ st oans -

There for the inequality (3.1) is proved by adding the above two identities (*) and (**).
Corollary 3.1.2
If T = R then Lemma 3.1.1 holds.

b o ~ [ g(s)das ) g(s)das b b
/a Q(t, $)D f(5)drs = {(1 — NF() + A [ s o l® / 9(5)deus— / 9()£(5) das
e f os) —[(1 = Nela) + Ap()]  ifa<s<t,
Where g(t) = D%p(t) on [a,b] and Q(¢, s) = { o(5) — D) + (1 — ()] ift<s<b °

Corollary 3.1.3

In the case of T = hZ (h > 0) in Lemma 3.1.1 we have
b

> s*7'Q(t, his)A™ f(sh) =

—a
S=h

(=N +x [ E fla)+ 5 E 1o | 4 ST s 1gths) = 3T 52 1g(hs) fins + 1),
Z sa_'g(hs) Z so‘_lg(hs) o i

where g(t):tl —a¥

w on [a, bpz and

Q(t S): (s)f[(lf )‘P()+)‘4p()] ’L'fSG{CL,(l+h,~-~,t7h},
’ (s) — [Mp(t) + (1 = X)) ifs€{t,t+h,---,b}.

Corollary 3.1.4
In the case of T = ¢ (¢ > 1),a = ¢"™ and b = q" with m < n in Lemma 3.1.1 we have

’SQ((I I @ 1@

s=m -1
k—1 n—I1
> qg(q?) > a%g(d’) o o
(1= NF@) + A [ fa™) + (@) | 83 0% 0(e) — 3 a9 )
> qg(q?) > qg(q?) mm mm
j=m j=m

@(@) = [(1 = Ne(@™) + Ap(d®)]  if m<j <k,

where Q(a", ') = { o)~ Pold) + (1= olg™)] S k<G <n.
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Corollary 3.1.5
In the case of ¢(t) = hq,1(t,a) in Lemma 3.1.1 we have (1 — X) f(t) is equal to

1 b a hoz,l(tza) hoc,l(bv t) 1 b o o
i L Tt - [h () + e ) + i e
where
o ha,l(sva)_kha,l(tva); a<s<t,
Qts) = {hm](s,a) — [Mia,i(ta) + (1 = Mha,i(b,a)] 5t < s <b.
Corollary 3.1.6

In the case of T = R in Corollary 3.1.5 we have (1 — X) f(¥) is equal to

b o — g b b
s [ QD e - A | + 1) + 5z [ #0)das
ba_aa a ba_aa ba_aa ba_aa a
sC=[(1=XN)a“+At?] ifa<s<t
Wh t,s) = a a® a - ’
ere Q(t, s) ST AMFH(I=AbY] ift<s<b.

[e3

Corollary 3.1.7
In the case of T = hZ, h > 0 in Corollary 3.1.5 we have (1 — X) f(¢) is equal to

b b _
h h
Al(a,b,h,a). > k*71.Q(t; hk)A® f(kh) — \.B (a,b,t, h,a) + A(a,b,h,a). > k7' f (h(k +1)).
k=% k=1
Where
£-1 t-1
DRI =AY kT | he s e {a,ath, .t —h},
k=4 k=%
h h h
SR XD TR (=N DTk | A s € {t,t+ h, b}
=% k=g k=g
and
b
—1 a—
B(a,b,t,h,a) = b*F] fla)+ biﬁl f(b)| and A (a,b,h,a) = Z ko1
T T o
Skt Yk '
k=4 k=%
Corollary 3.1.8

In the case of A = 0 in Corollary 3.1.5 we have

ft) = W/a Q(t, s)Ta f(s)A 5+m/a f7(s)A%s

ha,l(sva) ifa<s<t,

Where Q(t, 5) = { hai(s,b) ift<s<b.

3.2 Weighted Fractional Ostrowski type inequality on time scales

Theorem 3.2.1

Let0 < XA <1,g: [a,blr — [0,+00) be rd-continous and positive and ¢ : [a, bl]y — R be conformable differentiable
of order a € (0, 1] such that T p(t) = g(¢t) on [a,b]r. Let f : [a,b] — R be conformable differentiable of order o €
(0, 1].Then for all t € [a, b]y, we have

t s) A%s b s) A%s b b b
H(l—/\)f(t)Jrk[f“g()Af(a)+ftg()Af(b)]} / o(s) A%s — / o(s)f°(s) A%s| < K / Q(t, )| A%,

1P g(s) Acs 1P g(s) Avs
Where
oo e —10=Ne@) +xe®)] sa<s<t, .
ot ){v(s)[Aw(t)+(1/\)<p(b)];t<s<b. L= o Ted O] < oo
Proof

The proof of the theorem 3.2.1 can be done easily from Lemma 3.1.1, since it is sufficient to proceed by majoration.
Corollary 3.2.2 If T = R then Theorem 3.2.1 holds

t b b b
H(l/\)f(tHA [W”"Sﬂawﬁg(s)dasﬂb)” [ o6 dus — [ 906156 das

b
<K t,s)|das.
[rots)das’ [T g(s) das <& [M1Q)
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Where g(t) = D¥p(t) on [a, b]

e =10 = M@ xe0) sa s <,
Q“’)‘{ﬂs)—wa) £ (1= Ng®) s t<s<b

and K = sup |Df(t)| < +oo.
t€[a,blp
Corollary 3.2.3
In the case of T = hZ, h > 0in Theorem 3.2.1 we have

> ke lg(hk) Zka 'g(hk) .
k=g n! .
{(I—Amt)H - fla)+ T f(v) } Dk g(hk)
)

h h k:IQ
> k> g(hk) >k lg(hk '
k=4 k=%

,_1 7—1
—Zk"‘l (hE)f (R(k + 1)) <KZI~:°‘ "Q(t, hk)

7h 7h

Whereg(t):tl_a.won[a,b]hzandl(: sup ‘tlia(f(t;h)if(t)) < 400, and
t€la,blnz
Q= {710 10Nl X600 o a0
"7 els) — oo + (®)] : s € {t,t+h,..b},

Corollary 3.2.4
In the case of T = ¢ (g >1),a=qg™ and b = ¢"™ with m < n in Theorem 3.2.1 we have

k—1 -
Z 7*7g(q’) Z a*79(d?) -

‘{(1 —Nf@) A | flam+ 2 f(a™) } <Z q“fg(qj)>
> ag 4 g(q’) o

<K. Zq"JIQq va)

j=m

n—I1
= > qg(d)f@)
j=m
F@™*) — f(q*)
(g — 1)go*

0t q¥) = { P07 = L1 = V(@™ + Ap(a")] 5 m <K <k
’ e(@®) = (@) + (1 = Nep(g™)] « k<K <mn,

Where K = sup < oo. and

If o(t) = hq,1(t, a) then,

Q(t S)* ha,l(s>a)_>\ho¢,l(t>a); a§$<t7
N ha,i(s,a) — [Aha,l(t, a) + (1 = XNhea,1(b, a)} 1t <s<hb.

and

t t
/!Q(t,s)‘A“sﬁ/ (haﬂl(s,a)+/\ha’|(t,a))A°‘s

t
= hap(t, a) + a1 (2, a)/ 1A%s

a

= hap(t,a) + A (hai (t, @)’ (3.3)
b b
/t |Q(t,s)|A°‘s§/t (hat(5,) + (Mot (£,) + (1 — A)h (b, a)) A%S)
b
:/t Bt (8, @)A%s + (Mg (£,a) + (1 — Nhat (0, ) bt (b, 1)

b t
:/ ha71(s,a)A°‘sf/ ho1 (5,0)A% + (M1 (£, @) + (1 = Nha1 (b, a)) he1 (b, )
a a

= hap(b,a) — haa2(t,a) + (Aha,i(t,a) + (1 = Aha,i(b,a)) ha,1(b,t) (3.4)
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From (3.3) and (3.4), we obtain

b t b
/a 1Q(t, 5)|A%s = /a 1Q(t, 5)[A%s +/t Q(t, 5)[A%s
< ha,l(bz a) + )‘(hoz,l(tv a))Z + Aha,l (t7 a)hoz,l (b’ t) + (1 - )‘)ha,l (b7 a)hoz,l(b’ t)

S hoc,Z(bz (l) + )‘(hoz,l(ba CL))2 + )‘ha,l(b) a)ha,l(bv t) + (1 - )‘)hoz,l(ba a)ha,l(bvt)

= h‘a,Z(bv a‘) + A(ha,l (b7 a))Z + hoz,l (ba a‘)hoc,l (b7 t) (35)

Using the inequality (3.5), we have the following Corollary

Corollary 3.2.5
In the case of ¢(t) = hq,1(t, a) in theorem, we have

hoz,l(taa‘) ha,l(bzt) 1 b o a
(=500 200 e+ 2R a0 iy [ o

<K. [ha,z(b, ) + A (R (b, @) + b1 (b, @)1 (b, t)] .

Corollary 3.2.6
In the case of T = R in Corollary 3.2.5 we have

a _ go a o a b
(=070 + 3 [ @) + e 0] = e [ 16

bO( 7a0£

< EEZEL (G 40) 0 -+ 07 - )

o2

Where K = sup |D®f(t)| < oo.

t€la,b)
Corollary 3.2.7
In the case of T = hZ, (h > 0) in Corollary 3.2.5 we have
Ly 21 -
> ke > ke > Flhlk + 1)k
k=% k=1 k=%
(1= NF®) + X | f(a) + " f(b) | — ——
by by b
St e S ke
k=% k=% fo= 4
i o\ (- g
SKRC S @) N Do | o 2
a a ]:% ]:%

T —
=R JITh I=h

Corollary 3.2.8
If we let « = 1 in Corollary 3.2.7, we have

h. > f(h(k+ 1))

t—a b—t k=% 1
(I=XNf®)+x b_af(a)-&-mf(b)} - | <K.(b—a) [(b—a) <A+§)+b—t—§

Corollary 3.2.9
In the case of T = ¢ (g>1),a=qg™ and b= g™ with m < n in Corollary 3.2.5 we have

n—1
@ =1 > ¢ f(@H)
Jj=m

i qak 7qam qan qak
m n
(I—A)f(‘I)JF)\{Wf(q )Jer(q )]_ qomn — gom

2
< Ki(f;; _11))2 (@™ = g*™) [q
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3.3 Weighted fractional Trapezoid type inequality on time scales

Theorem 3.3.1

Let0 < A < 1,9: [a,blr — [0,+00) be rd-continous and positive and ¢ : [a,blr — R be conformable differentiable
of order a € (0, 1] such that To(t) = g(¢) on [a,blr. If f : [a,b]r — R is conformable differentiable of order o €
(0, 1].Then for all ¢ € [a, b]T, we have

)~ f@) | | fob) ~ fo@)] [
1= (f2(0) — f(a A1 A : )7 (s)A*
(1= (£20) - £ )){( s T o } JRCIE
— fla b
A (Fo(@)f(B) - f(o) (@) - % 9() (3 (s)A"s
K(K+ K?) o ay
< s / </|Qts|A )A (3.6)
Where K = sup ‘Taf(t)| < oo,and K9 = sup |Taf(a )| < 0o0. And
te(a,blp t€la,blr

[l — (1= Npla) + Ap(0)] s a < s <,
Q“’S){@(swmw F (L= Nelb)] s t<s<b.

Proof
From Lemma 3.3.1, we have
Sl g(s J? a(s)A%s } I b ke
1=MNf(t) = a) + b)| + s s)A%s
(1= NF() [f ETCRARRS i) e IRCIE
+m./a Q(t; $)Ta f(s)A%s. 3.7
f g ft S :| 1 b 2 o
1=XNf (o)) = o(a ob)| + ———. s o°(s)) A%s
(1= N7 (o(1)) [f AT o)) + oion IO o) f:g(s)m/am )7 (2(5))
+ m/a Q(t;s)Taf (o(s)) A%s. (3.8)
Adding (3.7) and (3.8), we get
b ag
(1= X (F(0) + f (o(1)) = {f 914 <f<a>+f<o<a>>>+ftb“’(s)A(f(b)+f(a<b>)>}
f g(s)A [ g(s)A%s
A%+ — (t:8) (T f(s) + Ta A%s. (3.9)
fg / o) + £ (a9)) nga/Q ) (Taf(s) + T f (o(5)))

Multiplying (3.9) by Tw f (¢), using Theorem 2.3 and fractional integrating the result identity on [a, b]T, we have
b

(=2 [ (f@) + F (0(®) Taf (A% = (1 = N) / Tu(F(£)2A%

a

o [ ()
A o)
| m (/ ' T.saee) " g5) (o6 + £ (#29))) a%s)

1 b b o o
+ m-/a Taf(t) (/a Q(t, 5) (Taf(s) + Taf(O'(S))) A 5) A%t
Then

(1= (f2<b>f2<a))—x{ / Tof (/ a%s) ot
. (f(f);f( ( >>>/a T (/tbg( ) ot

SO (1 <f<a<s»+f<az<s>>>ws>

2 9(s

+ﬁ/ (/ QUt,#) (T J(6) + T f(o(9) 8% ) 8% 310
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Using the fractional integrating by parts(2.1) we have

[ ([ o a5 [ e e

b
— f(b) / o(s18%s — [ g05(o()a" (3.11)

/ T r) ( / bg(s)Aas) st =fa) [ gl ¢ / ’ o) F(o ) A%t G.12)

Substituting (3.11) and (3.12) into (3.10),

(f(a) + £ (o(@)) b [ .
(1-3) (£20) - £(@) = -2 {m (1o [ s = [ s sona)

L )+ f(o(b))
b
[, g(s)A

_ a b
- W ([ 900 (steten 1 (201)) 225

+f”ﬁ/ (/ Q(t,s) (Taf(s) + Taf(o ()))Aas) A%,

and

(ff(a) / o)A ¢ / o) f(oe)a%]

Then

. " g() 7 (5)A%

) )
fab g(s)Aes ' ffg(s)Aas

(f(b) = f(a)) [* 2/ Aa
A o(a b) — f(o(b a)) — . s)f(o°(s))A%s
+ A (f(o(a) f(b) — f(o (b)) f(a)) 17 go)aes /a 9(s)f(o7(s))

= m. (/ab Taf(t) (/abQ(t, s) (Ta f(s) +Taf(a(s)))Aas) A%t

This implies that

— a g - ola b
(17A) (fz(b)ffz(a)> + |:()\ 1)(f(b) f( )) A (f( (b) f( ( ))):| / g(S)fJ(S)AaS

)

ff g(s)Acs . f;’ g(s)Aes
~fa) [P

A (Sola) S0) — Flow)r@) - LI 706 fosas

I g(s)axs
= f;g(i)AO‘s./:zb Taf(t)‘ (/:7

Q)| (|Tar )] + |[Tus(o(s))]) A"‘s) A%t
K(K +K°) [b[ b
< s o (L 1o

Which is the desired inequality (3.6) the proof is complete.
Corollary 3.3.2
In the case of T = R in Theorem 3.3.1, we have

t, s)‘AO‘s) A%t

(P0) - £@) . (Fb)— fa)
> T s

Where K = sup |D®f(t)| < oo, and
a<t<b

b
1=X / g(s)f(s)das

Q(ta 5) ‘da«S) dat:

= f; gl(f)das -/ab (/ab

Q(t,s)—{S”(S)KIA) pla) + xp(t)] s a< s <t

e(s) = Pp(t) + (1= Np(b)] 5 t < s <b.

Corollary 3.3.3
In the case of T = hZ, h > 0 in Theorem 3.3.1, we have
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(=) (£20) = f@) + | = 1) ffb)ff(a) +>\f(b+h) fath) hzkal hk) f (h(k + 1))

k1 g(hk) Z I A
=k
b) — £
FA @+ 0) = £o+ hf(@) — 7P OIS gk piae +-2)
S ketghk)
=
Ll
< PEH KO (i9)° " QUi )|
R =2 i—a
ST keTlg(hk) " o
k=t
Where K = sup ’t] NS+ h) = ’ < o0o,and K7 =  sup HT(f(E+ 2h) = St + h) < 00, and
tefa,blpz h tela,blnz h
O(tos) = {209 = [(1=Np@) + Xo(t)] : s € {aat byt = b},
"7 ) = Pp) + (1= Npb)] & s € {t, ¢+, ..b}.
Corollary 3.3.4
In the case of T = ¢V, ¢ > 1 a = ¢", and b = ¢q" with m < n in Theorem 3.3.1, we have
ny _ m n+ly _ m+1 n—1
(1_)\) (fZ(qn)_fZ(qm))+ ()\_l)fn(il) f(q ) +)\f(qn_]) f(q an]g J+|)
a*g(¢’) S a¥gd) |7
j=m j

n—

ny _ m n—I1 ) ) )
A (F@m 5 — S ) - LT 5 i (g9 g7

j=m

n—In—1

KK+ K%)(g—1) ality i g
< T Z Z q (+J)|Q(q 1q7)]
S gl

j=m
1+k k+2) _ k+1
Where K = sup ’M‘ < oo,and K7 = sup ‘M < o0, and
m<k<n! (q—1)q

m<k<n (g — 1)gok

Qg g) = 1 2@ = [ =Ne(a™) + de(a')] s m < <,
’ e(d) = [Ap(d") + (1= Ng(g™)] s i< j<n
Using (3.5) we have the following Corollary
Corollary 3.3.5

In the case of ¢(t) = hq,1(t; a) in Theorem 3.3.1, we have

(=% (£0) - F@) + [a -1

f(b) = f(a) fle®) = fo@)] ° .o/ \1a
hoib,a) Y haa(ba) }/a F7(s)A%s

a b
X)) = ftob)fia) - EEZHD [ g2

< K(K + K) [ha(b,0) + A (ha1(6,0)° + ha p(a,b)|

Where K = sup |Taf(t)| <oco,and K% = sup |Tuf(o(t))| < oo.
t€[a,blT t€la,b]T
Corollary 3.3.6

In the case of T = R in Corollary 3.3.5, we have

al\ — b
300 (£0) = £@) + 52 10 - @) [ 1(6)das

a

<K? (ba_aa>2(l+)\)

[0}
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Where K = sup |D*f(t)] < oo.
t€la,blt
Corollary 3.3.7
Inthe case of T = ¢, ¢ > 1 a = ¢, and b = ¢" with m < n in Corollary 3.3.5, we have

ny _ m n+1y _ m+1 n—1
(=2 (£ - £am) + o= LTI GO D= T ey Y gk
k=m

n—1

> @) (Fla) ~ F@™)
(@D = Flam ™) = @ = ) ‘
9" —q

—1)2
< R+ K (7 =R (1)

f(d*) = f(d)
(g —1)g>*

f(d") = f(d"™)

< 00
(g — 1)gok

Where K = sup
m<k<n
Corollary 3.3.8

In the case of T = hZ, h > 0 in Corollary 3.3.5, we have

< oo,and K7 = sup
m<k<n

b
b

(1= (£0) - Pl@) + [(A = DHZ—8 4 a2 S ke f(h(k + 1))
h h k=2
ka—l ka—l h

L

2
71z 7ol P
<h2aK(K+K")[§ > (z’j)"‘+/\(§ i‘“) + >0 (ij)all
, . el

¢ (ft+h) — H0(f(t+2h) — fE+h)) _

f(t))’ < 4o0,and K7 = sup )

Where K = sup ‘ 0.
t€la,blnz h t€la,blnz h

Corollary 3.3.9

If we let « = 1 in Corollary 3.3.8, we have

YO~ fa) 1) = Fa )] §

b—a b—a

(1= (20) = @) + [ - 1)

2
< ROK(K + K°) {(1 +2) (b;“) MU

W SO g o = up

t€la,blpz

< 0.

‘ (FE+h) - fE+H)

Where K = sup ’ 5

tela,blpy

3.4 Weighted fractional Grss type inequality on time scales

Theorem 3.4.1
Let0 <A< 1,g: [a,bly — [0,+00) be rd-continous and positive and ¢ : [a, bl — R be conformable differentiable of
order a € (0, 1] such that T (t) = g(t) on [a, b]r.
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Let ¥;® : [a, bt — R be conformable differentiable of order o € (0, 1], then we have

21— ). (/abg(t)A"‘t) ‘ (/ab ‘I—’(t).cb(t)Aat)

Where

Y /a ’ {<I>(t) K / ' g(s)Ao‘s) W(a) + ( /t ’ g(s)Ao‘s) ‘P(b)]
W) [( /ﬂ ' g(s)Aas) ®(a) + ( /t ’ g(s)Aas) @(b)} }Ao‘t
- K /a ’ @(t)Aat) ( / bg(t)\y(a(t))Aat> + ( / b‘P(t)Ao‘t) ( / bg(t)cp(a(t))wtﬂ ‘

< /ab (M.|®(t)| + N¥())) . (/:\Q(t, s)\Aas) A%t (3.13)

Qlt, s) = w(s) = [(1 = Nepla) + Ap(t)] s a < s <t
’ @(s) = [Pp(t) + (1 = Ne(d)] 1 t < s < b

and M = sup |Ta®(t)| <oo,and N = sup [Tad(t)| < oo.
t€la,bly t€la,bly

Proof

From Lemma 3.1.1, we have

and

(1— \)®(t) = —X [

(1= N®(t) = —A [

¢ “s b g(s)A%s
fig(S)A W(a) - ftbg( )A
fa g(s)As fa g(s)A%s

1 b
_. t;8)To¥(s)A%s. 3.14
T | Qesmapsans (3.14)

Ja

f‘f g(s)A%s
d(a) +
f:g(s)Aas (a) f;g(s)AO‘s

1 b
+ m/ Q(t; 8)TaP(s)A%s. (3.15)

Multiplying (3.14) by ®(¢) and (3.15) by P(t), adding and then fractional integrating the result from a to b, we have

21—\ /b W(t).D(1)AE

+ ;./b w(t) ( " o s)Taqa(s)Aas) AC (3.16)

From (3.16), we get
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3 ([ atoner) ([ woroa)
o[ {w) ([ stsos) wi+ ([ stomes) wo]
() K / t g(s)ms> ®(a) + ( /t ' g(s)Ao‘s) d>(b)] }Ao‘t
[( [ wwars) ([ stsrwiownas) + ([ wwns). ([ atvionars )]
< [oan ( [C1esimavenes) aser [ ([ewsimewias) ae
< [ oo ([ iatonses) soes [ e ( [ates) s
/’M@ 0] + Nw() (/\Qtsma)Aa

This completes the proof of the inequality (3.13).
Corollary 3.4.2
In the case of T = R in Theorem 3.4.1, we have

%u&(AZ@%Q([W@¢®%Q

o f ’ {d)(t) [( / t g(s)das) W(a) + ( / ' g(s)das) ‘I’(b)}

() [( / t g(s)das> ®(a) + ( / ' g(s)das) @(b)} }dat
(e ] o ([ v0) (o)

< M\d> )|+ N®() ( \Qts|da)dat,

Where
e(s) —[(1 = )()+Aso()];a§s<t,
Qlts) = { (s) — olt) + ®)] : ¢ <s<b.
and
M = sup |D°‘ (t)] < c0. and N = sup |D°‘ t)] < oo.
t€la, t€la,
Corollary 3.4.3

In the case of T = hZ; h > 0 in Theorem 3.4.1, we have

,_1 7—1
2(1-2) (Z k! hk) (Z kW (hk).® hk:))
kf} kf,

7l k=1 h
A {ka_]<1>(hk) {(Z ja_]g(hj )+ (Zg ) ]
k,, j:% Jj=k

B

——

,_| 7_1 % % 1
- Zka 'o(hk). Zkal RE)®(h(k + 1)) + ECTIP(hE). > " kT g(hk)®(h(k + 1)) '
kfh k=4 k=% k=4

b 71
< Z EC~V (M |D(hk)| + N|W(hk)| (Z 77N Q(hk; hj)|)
k,, j=%
Where
Olt, s) = @(s) = [(1 = Nela) + Ap(t)] 1 s € {a,a+h,..t —h},
’ o(s) — Po(t) + (1= Ne®)] ; s € {t,t+h,..b}.
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(Pt +h) — Pt t1 (Dt + h) — P(t
and M = sup ‘ (P(t+h) < oo,and N = sup ’ (®(t+h) ())<oo.
t€la,blpy h t€la,blpy h
Corollary 3.4.4

Inthe case of T = ¢";¢ > 1, a = ¢ and b = ¢"™ with m < n in Theorem 3.4.1, we have

n—I1
2(1—A) <Z 7**g(q” > <Z q“’“‘P(q’“)-‘b(qk))
k=m

n—1 k—1 n—1
+A) 7 ¢*Fa(gh) [(Z qo‘jg(qj)) W(a) + (Z q”‘jg(qj)> ‘P(b)}
k=m Jj=m

Jj=k

n—1
+ g (g* KZ a*7g(q’ ) a) + <Z q‘”'g(qj)) ®(b)} }
ik
n—1 n—1 n—1
_ |:<Z qotktcp(qk)> . <Z qakg(qk) k+l > <Z qak\y > . <Z qakg(qk)q)(qk+l))>:| '
k=m k=m k=m

— n—1
Z b (Mle(g)] + NIw(ah)]) (Zqﬂﬂcz(qk;w),

j=m
‘Where
Qs g7y = 1 2@ = (1= Ne(a™) + de(a')] 5 m <5 <,
’ e(d’) — Melg) + (1 = Ne(g™)] + i<j<n
N7 k+1 ‘P o k+1y _ ) k
and M = sup ‘L‘ < oo,and N = sup ‘w’ < 00
m<k<n (q - 1) m<k<n (q - l)qa
Using the inequality (3.5) we have the following Corollary
Corollary 3.4.5

In the case of ¢(t) = hq,i(t, a) in Theorem 3.4.1, we have

b
20— l)haﬁl(b,a)/ W(1).D(t)dat

+ A /b {¢(t) [ha1(t,a)¥(a) + ha,1 (b, )¥(b)] + ¥(t) [ha,i(t, a)®(a) + ha,1 (b, )D(b)] }Aat

- K/ab q)(t)Aat) : (/ab ‘P(U(t))Aat) + (/: \P(t)Aat) . (/ab @(J(t))Aas)} ‘

b
< / (M|q>(t)‘ + N‘\P(t”) [ha,Z(b: a) + )‘(ha,l(b» a))2 + ha,l(b7 a)ha,l(b7t)] Aat7

Where M = sup |Ta‘}’(t | < oo,and N = sup |Ta | < 0.
t€la,bly t€la,bly
Corollary 3.4.6

In the case of T = R in Corollary 3.4.5, we have

21— ) /Lp t)dat) +)\/ { —a®)W(a) + (b — ) (b))

LW [(t* — a®) D(a) + (b — %) B(b)] }dat —2a (/abd)(t)dat) (/ab ‘P(t)dat> ‘

< (U2 [aner e wiwon [(3+ ) 00 - o)+ 0 - )] da,

o' 2
Where M = sup |D*¥(t)| < co,and N = sup |D®(t)| < oo.
t€(a,b) t€(a,b]
Corollary 3.4.7

In the case of A = 0 in Corollary 3.4.6, we have

T faa (/ab ‘P(t)dat) (/ab <I>(t)dat) ’

b
<5 [ anew)+ M) [Hba ) (b - m] dat,

(3]

Where M = sup |D°“P t)| < oo,and N = sup |D"‘<I> t)
t€(a,b) t€la,b]
Corollary 3.4.8

< o0
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In the case of T = hZ;h > 0 in Theorem 3.4.5, we have

b_ b_
h h

20=2) [ Y k! > k7 'W(hk).®(hk)
k=2 k=2

L1 k—1 7l
A kal{cp(hk) <Z ja1> Yla)+ [ D57 | Pb)
k j=k

_a i_a
=h I=h
b _q

k—1 I
+ W(hk) (Zj“_l) D)+ | D527 | @) }
=g ik

b b b
b b b

ﬁ—l
= Dokt ehk) || DO R+ ) |+ | D] ETIERE) || D] R (h(k+ 1)) ‘
k=% k=2 k—a k=&

—1

>l

b
ﬁ—l

< h® 37 kN (M[(hK)| + N|W(hk)))

b b b
1 b by b

(,ij)afl + A jozfl + Z jafl Z jafl

i

™

b= =% =% =% = =
I (W(t+ h) — P(t t!=(®(t + h) — D(t
Where M = sup ‘ @+ k) ()))<00,andN: sup ‘ @+ h) ())’<oo
t€[a,blnz h tela,blpz h
Corollary 3.4.9

If we let « = 1 in Corollary 3.4.8, we have

b

I 1
2(1-)) (b - “) 37 W(hk).D(hk)) + A

=2 k=2
+W(hk) |:<I>(a) = E) +D(b) (E - k)} }
7ol pl 7ol 7=
— 1| 3 o) STWh(k+1) |+ | D W(hk) > @(h(k+ 1) ‘
% = rr %

b
|

< (b—a) > (M|®(hk)| + N|¥(hk)|) [(b*“) (,\+ 1) P 1] ,

k=%

‘tlw(\y(wrh)—lp

. ‘tlfa(q>(t+h) —<I>(t))’ >

®) ) < oo,and N = sup h

t€la,blpz

Where M = sup
t€la,blpz

Corollary 3.4.10

Inthe case of T = ¢V, ¢ > 1 ,a = ¢ and b = ¢™ with m < n in Corollary 3.4.5, we have

am n—I1
2(1 = X) (%) gﬂqo‘k‘l’(qk)-qqk)

q* —

k=m

o o () o ()

n—1 n—1 n—1 n—1
_ |:<Z qakq,(qk)) ) (Z qak\P(qk+l)> + <Z qak‘{;(qk)> ) <Z qak(b(qk+l))>:| ’
k=m k=m k=m k=m

n—1
qg—1 qom, — qam a qom, — qa(m+l) an am an [eY
< U= JIE o) 5 ok (oG] + N12(a)) [qaﬂ FAGT ™)+ (@ )|
k=m

“P(qk“) —¥(q"))

‘¢(qk*‘) —®(q"))
(g —1)go*

Where M = sup
(g — gk

’ < oo,and N = sup

< 0.
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