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Abstract In this paper, we aim to study the feedback stabilization of an infinite-dimensional
semilinear system evolving in reflexive Banach state space.The concept of bounded control is
also investigated in the realistic domain. Sufficient conditions for appropriate feedback control
to ensure strong and weak stabilization are given.

1 Introduction

Let (W, ∥ · ∥) be a reflexive Banach space, A : D(A) ⊂ W → W be an unbounded operator
generates a C0-semigroup of contractions S(s) on W .
Consider the following semilinear system:{

w′(s) = Aw(s) +Nw(s) + u(s)Bw(s), s ∈ J = [0, T ], T > 0,
w(0) = w0 ∈ W,

(1.1)

Here, s → u(s) is a scalar control and B is a linear bounded operator. N is a non-linear operator
such as N (0) = 0. Thus 0 is an equilibrium for (1.1).
Stability of (1.1) with N = 0 has been treated in various works (see [1], [17]). In [4], the authors
has been proved that under the control:

u(s) = −⟨w(s),Bw(s)⟩, (1.2)

the system (1.1) is weakly stabilizable for some compact operator B satisfying

⟨BS(λ)w,S(λ)w⟩ = 0, ∀λ ≥ 0 implies w = 0. (1.3)

Moreover, under the condition (1.3), it has been proved that (1.2) ensures the strong stability for
a class of semilinear systems (we refer to ([7], [8])). In [15], Ouzahra et al. proved the strong
stability of (1.1) with N = 0, under the following assumption:∫ T

0
⟨BS(λ)w,S(λ)w⟩dλ ≥ δ∥w∥2, ∀w ∈ W, T ≥ 0 , δ > 0. (1.4)

In [10], under (1.4), an exponential stabilization result has been established by using the con-
strained control defined by

u(s) :=

{
− ⟨w(s),Bw(s)⟩

∥w(s)∥2 if w(s) ̸= 0,
0 if w(s) = 0,

In addition, the strong and weak stability of system (1.1) has been studied in the case of a Hilbert
space by [18], and the regional exponential stabilization of (1.1) has been treated In [12] using a
switching feedback. Then it has been proved that the control

u(s) =
−B⋆iωw(s)

Rj(iωw(s))
, (j = 1; 2), iω = X ⋆

ωXω ,
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where Xω is the restriction operator, R1(iωw) = 1+∥B⋆iωw∥ and R2(iωw) = sup(1, ∥B⋆iωw∥),
guarantees the regional exponential stability if:∫ T

0
|⟨iωBS(λ)w,S(λ)w⟩|dλ ≥ δ∥Xωw∥2, ∀w ∈ W, T ≥ 0 , δ > 0.

Furthermore, the authors in [11] studied the regional stabilization by using the switching control
u(s) = −τsign(⟨w(s), iωBw(s)⟩), ∀w ∈ W, τ > 0. Note that in the previous-mentioned
works, the state space is a Hilbert space. Additionally, it was demonstrated that the majority of
the above findings still hold when considering reflexive state space. Furthermore, the case of
N = 0 has been study in [6].
The aim of this paper is to study the stabilization of semilinear system (1.1) in reflexive Banach
space.
The outline of the paper is as follows: In Sect. 2 we prove the existence, uniqueness, and
regularity of the global solution (1.1). In Sect. 3, we study the problem of strong and weak-⋆
stabilization. The Sect. 4, is devoted to illustrative examples.

2 Existence of mild solution

In the sequel, we assume that:

(A1): The operator A is dissipative.

(A2): The non-linear operator N is Lipschitz and dissipative such that

∥Nw∥ ≤ |⟨Bw(s), I(w(s))⟩|
1 + |⟨Bw(s), I(w(s))⟩|

. (2.1)

(A3): I is Lipschitz continuous,

where I is the duality mapping given by:

I(w) = {w⋆ ∈ W ⋆ : ∥w⋆∥ = ∥w∥, ⟨w,w⋆⟩ = ∥w∥2}, ∀w ∈ W.

With ⟨·, ·⟩ is the duality pairing.
To get our stabilization results, we need the following lemma.

Lemma 2.1. (Kato, T. (1967)): Let s ∈ R → q(s) ∈ W be a function wich satisfies:

(i) the function s → ∥q(s)∥ is almost everywhere differentiable on R,

(ii) the weak derivative q′ of q exists almost everywhere on R.

Then,

∥q(s)∥ d

ds
∥q(s)∥ = ⟨q′(s), q⋆⟩, for almosteverywhere s ∈ R and ∀q⋆ ∈ I(q(·)).

In the theorem below, we present a strong result wich will be used to establish the stabilization
result for system (1.1).

Theorem 2.2. Suppose (A1)-(A3) hold. Then under the control

u(s) = − ⟨Bw(s), I(w(s))⟩
1 + |⟨Bw(s), I(w(s))⟩|

,

(1) the system (1.1) possesses a unique global mild solution w(s).

(2) the solution w(s) satisfies∫ T

0
|⟨BS(λ)w0, I(S(λ)w0)⟩|dλ ≤ C

(∫ T

0

|⟨Bw(λ), I(w(λ))⟩|2

1 + |⟨Bw(λ), I(w(λ))⟩|
dλ

) 1
2
, ∀T > 0· (2.2)
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Proof. We have
w′(s) = Aw(s) +Nw(s) + u(s)Bw(s).

Then

⟨w′(s), I(w(s))⟩ = ⟨Aw(s), I(w(s))⟩+ ⟨Nw(s), I(w(s))⟩+ ⟨u(s)Bw(s), I(w(s))⟩.

Since A and N are dissipatives, we deduce that

1
2
d

ds
∥w(s)∥2 ≤ ⟨u(s)Bw(s), I(w(s))⟩.

Then in order to make the function 1
2∥w(s)∥

2 nonincreasing, we consider the control

u(s) = − ⟨Bw(s), I(w(s))⟩
1 + |⟨Bw(s), I(w(s))⟩|

. (2.3)

This leads to the system{
w′(s) = Aw(s) +Nw(s) + F(w(s)) s ∈ J = [0, T ], T > 0,
w(0) = w0 ∈ W,

(2.4)

where

F(w) = − ⟨Bw, I(w)⟩
1 + |⟨Bw, I(w)⟩|

Bw, w ∈ C([0, T ],W ) = C.

System well posededness.

Let us show that F is a locally Lipschitz continuous function from C to W and R ≥ 0 such that
for all w1, w2 ∈ C, ∥w1∥ ≤ R, ∥w2∥ ≤ R, we have:

∥∥F(w1)−F(w2)
∥∥ =

∥∥ ⟨Bw1, I(w1)⟩
1 + |⟨Bw1, I(w1)⟩|

Bw1 −
⟨Bw2, I(w2)⟩

1 + |⟨Bw2, I(w2)⟩|
Bw2

∥∥
=

∥∥ ⟨Bw1, I(w1)⟩
1 + |⟨Bw1, I(w1)⟩|

(Bw1 − Bw2)

+
( ⟨Bw1, I(w1)⟩

1 + |⟨Bw1, I(w1)⟩|
− ⟨Bw2, I(w2)⟩

1 + |⟨Bw2, I(w2)⟩|

)
Bw2

∥∥
≤

∥∥B∥∥∥∥w1 − w2
∥∥+H(w1, w2)

(2.5)

where

H(w1, w2) =
∣∣∣ ⟨Bw1, I(w1)⟩
1 + |⟨Bw1, I(w1)⟩|

− ⟨Bw2, I(w2)⟩
1 + |⟨Bw2, I(w2)⟩|

∣∣∣.
By making use of the function F(w) =

w

|w|+ 1
, we get

H(w1, w2) ≤
∣∣⟨Bw1, I(w1)⟩ − ⟨Bw2, I(w2)⟩

∣∣
= |⟨Bw1, I(w1)− I(w2)⟩+ ⟨Bw1 − Bw2, I(w2)⟩|
≤ ∥B∥w1∥∥I(w1)− I(w2)∥+ ∥B∥∥w1 − w2∥I(w2)∥∥

Using the fact that I is Lipschitz we get:

∥I(w1)− I(w2)∥ ≤ L∥w1 − w2∥,

where L > 0.
Moreover, we have

∥I(w2)∥ = ∥w2∥.
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Then
H(w1, w2) ≤ L∥B∥∥w1∥∥w1 − w2∥+ ∥B∥∥w2∥∥w1 − w2∥

≤ L∥B∥R∥w1 − w2∥+ ∥B∥R∥w1 − w2∥
= (1 + L)∥B∥R∥w1 − w2∥.

(2.6)

It follows from (2.5) and (2.6) that

∥F(w1)−F(w2)∥ ≤ ∥B∥∥w1 − w2∥+ (1 + L)∥B∥R∥w1 − w2∥

= ∥B∥
(

1 +R(1 + L)
)
∥w1 − w2∥.

.

We deduce that F is locally Lipschitz.
Since the function w → N (w)+F(w) is locally Lipschitz on W . Then the system (2.4) admits a
unique mild solution defined on a maximal interval [0, smax] (see [16], which is continuous with
respect to the initial state given by the following variation of constants formula:

w(s) = S(s)w0 +

∫ s

0
S(s− λ)[Nw(λ) + Fw(λ)]d λ. (2.7)

Since A and N are dissipatives, we have

1
2
d

ds
∥w(s)∥2 ≤ − ⟨Bw(s), I(w(s))⟩2

1 + |⟨Bw(s), I(w(s))⟩|
. (2.8)

Integrating (2.8) over [0, s], we get :

∥w(s)∥2 − ∥w0∥2 ≤ −2
∫ s

0

⟨Bw(λ), I(w(λ))⟩2

1 + |⟨Bw(λ), I(w(λ))⟩|
dλ. (2.9)

So for all w0 ∈ W, we have

∥w(s)∥ ≤ ∥w0∥, ∀s ∈ [0, smax[. (2.10)

Hence for each w0 ∈ W , the solution w(s) is global (i.e. smax = +∞).

Let us show the estimate (2.2)

Proof. For all w0 ∈ W and s ≥ 0, we have

⟨BS(s)w0, I(S(s)w0)⟩ = ⟨BS(s)w0−Bw(s), I(S(s)w0)⟩+⟨Bw(s), I(S(s)w0)−I(w(s))⟩+⟨Bw(s), I(w(s))⟩.
(2.11)

From (2.11), and using (2.10), B is bounded, we deduce

|⟨BS(s)w0, I(S(s)w0)⟩| ≤ ∥B∥∥w0∥∥S(s)w0−w(s)∥+∥B∥∥w0∥∥I(S(s)w0)−I(w(s))∥+|⟨Bw(s), I(w(s))⟩|.
(2.12)

Using the fact that I is Lipshitz, we obtain

|⟨BS(s)w0, I(S(s)w0)⟩| ≤ ∥B∥∥w0∥∥S(s)w0−w(s)∥+L∥B∥∥w0∥∥S(s)w0−w(s)∥+|⟨Bw(s), I(w(s))⟩|.
(2.13)

From (2.7), we have

S(s)w0−w(s) =

∫ s

0
S(s−λ)

⟨Bw(λ), I(w(λ))⟩
1 + ⟨Bw(λ), I(w(λ))⟩

Bw(λ)dλ−
∫ s

0
S(s−λ)Nw(λ)dλ (2.14)

Using (2.10), A2, (2.14) and the fact that ∥S(s)∥ ≤ 1, ∀s ≥ 0, we obtain

∥S(s)w0 − w(s)∥ ≤ ∥B∥∥w0∥
∫ s

0

|⟨Bw(λ), I(w(λ))⟩|
1 + |⟨Bw(λ), I(w(λ))⟩|

dλ+

∫ s

0

|⟨Bw(λ), I(w(λ))⟩|
1 + |⟨Bw(λ), I(w(λ))⟩|

d λ.

(2.15)



Stabilization of semilinear systems in Banach space 83

Then

|⟨BS(s)w0, I(S(s)w0)⟩| ≤ ∥B∥∥w0∥(1 + ∥B∥∥w0∥)(1 + L)

∫ s

0

|⟨Bw(λ), I(w(λ))⟩|
1 + |⟨Bw(λ), I(w(λ))⟩|

d λ

+ |⟨Bw(s), I(w(s))⟩|
(2.16)

Integrating (2.16) over [0, T ], which give:∫ T

0
|⟨BS(s)w0, I(S(s)w0)⟩|ds ≤ ∥B∥∥w0∥(1 + ∥B∥∥w0∥)(1 + L)T

∫ T

0

|⟨Bw(s), I(w(s))⟩|
1 + |⟨Bw(s), I(w(s))⟩|

d s

+

∫ T

0
|⟨Bw(s), I(w(s))⟩|d s

≤ ∥B∥∥w0∥(1 + ∥B∥∥w0∥)(1 + L)T

∫ T

0

|⟨Bw(s), I(w(s))⟩|
1 + |⟨Bw(s), I(w(s))⟩|

d s

+
[
1 + ∥B∥∥w0∥2] ∫ T

0

|⟨Bw(s), I(w(s))⟩|
1 + |⟨Bw(s), I(w(s))⟩|

d s

Using the Holder inequality, we obtain that∫ T

0
|⟨BS(s)w0, I(S(s)w0)⟩|ds ≤ ∥B∥∥w0∥(1 + ∥B∥∥w0∥)(1 + L)T

3
2

(∫ T

0

|⟨Bw(s), I(w(s))⟩|2

1 + |⟨Bw(s), I(w(s))⟩|
ds
) 1

2

+
√
T
[
1 + ∥B∥∥w0∥2]( ∫ T

0

|⟨Bw(s), I(w(s))⟩|2

1 + |⟨Bw(s), I(w(s))⟩|
ds
) 1

2

≤ C
(∫ T

0

|⟨Bw(s), I(w(s))⟩|2

1 + |⟨Bw(s), I(w(s))⟩|
ds
) 1

2
.

Where C = ∥B∥∥w0∥(1 + ∥B∥∥w0∥)(1 + L)T
3
2 +

√
T
[
1 + ∥B∥∥w0∥2].

Which achieves the proof.

3 Stabilization results

In this section, we will be interested in the stability results for (1.1).
Let us recall the definition of weak and strong stabilization.

Definition 3.1 ([2],[3]). The system (1.1) is strongly (resp. weakly ) partially stabilizable if there
exists a feedback control f(w(s)) such that the corresponding mild solution w(s) of the system
(1.1) satisfies the properties:

(1) if there exists a feedback control u(s) = u(w(s)) such that for all initial state w0 in W ,
the corresponding mild solution of (1.1) is defined on R+, the origin is a Lyaponov stable
equilibrium point and w(s) → 0 as s → +∞.

(2) if there exists a feedback control u(s) = u(w(s)) such that for all initial state w0 in W ,
the corresponding mild solution of (1.1) is defined on R+, the origin is a Lyaponov stable
equilibrium point and w(s) ⇀ 0 as s → +∞.

Theorem 3.2. Let A generate a semigroup S(s) of contractions on W , such as (A3) holds, then
the feedback (2.3) stabilizes (1.1).

Proof. Let w(s) denote the corresponding solution of (2.4). For s ≥ 0 we define the function

σ → v(σ) =

∫ σ

s

S(σ − λ)u(λ)Bw(λ) + S(σ − λ)Nw(λ)dλ.

Applying the variation of constant formula with w(s) as the initial state, we get

w(σ) = S(σ − s)w(s) + v(σ), ∀σ ∈ [s, s+ T ].
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Since S(s) is a semigroup of contractions, then

∥w(σ)∥ ≤ ∥w(s)∥+ ∥v(σ)∥

Furthermore:
∥v(σ)∥ ≤ ∥B∥

∫ σ

s

∥w(λ)∥dλ+

∫ σ

s

∥Nw(λ)−Nw(0)∥dλ

≤ ∥B∥
∫ σ

s

∥w(λ)∥dλ+K

∫ σ

s

∥w(λ)∥d λ

≤ (∥B∥+K)

∫ σ

s

∥w(λ)∥d λ

Thus
∥w(σ)∥ ≤ ∥w(s)∥+ (∥B∥+K)

∫ σ

s

∥w(λ)∥d λ

Using the Gronwall inequality, we get

∥w(σ)∥ ≤ ∥w(s)∥ exp[(∥B∥+K)T ], ∀σ ∈ [s, s+ T ]. (3.1)

From the expression:

⟨BS(σ − s)w(s), I(S(σ − s)w(s))⟩ = ⟨Bw(σ)− Bw(σ), I(S(σ − s)w(s))⟩
= −⟨Bw(σ), I(S(σ − s)w(s))⟩
+ ⟨Bw(σ), I(S(σ − s)w(s))− I(w(σ))⟩+ ⟨Bw(σ), I(w(σ))⟩

It follows that

|⟨BS(σ − s)w(s), I(S(σ − s)w(s))⟩| ≤ ∥B∥∥w(σ)∥I(S(σ − s)w(s))∥
+ ∥B∥∥w(σ)∥∥I(S(σ − s)w(s))− I(w(σ))∥
+ |⟨Bw(σ), I(w(σ))⟩|

Using the fact that I is Lipschitz and I(S(σ − s)w(s)) = S(σ − s)w(s), we deduce that

|⟨BS(σ − s)w(s), I(S(σ − s)w(s))⟩| ≤ ∥B∥∥w(σ)∥∥w(s)∥+ ∥B∥∥w(σ)∥L∥S(σ − s)w(s)− w(σ)∥
+ |⟨Bw(σ), I(w(σ))⟩|
≤ ∥B∥∥w(σ)∥∥w(s)∥+ ∥B∥∥w(σ)∥L∥w(σ)∥
+ |⟨Bw(σ), I(w(σ))⟩|
= ∥B∥∥w(σ)∥[∥w(s)∥+ L∥w(σ)∥] + |⟨Bw(σ), I(w(σ))⟩|

Using (3.1) we deduce that

|⟨BS(σ − s)w(s), I(S(σ − s)w(s))⟩| ≤ ∥B∥
(
∥B∥+K

)
T∥w(s)∥2

[
1 + L exp

[(
∥B∥+K

)
T

]]
+ |⟨Bw(σ), I(w(σ))⟩|

≤
(
∥B∥2 +K∥B∥

)
T∥w(s)∥2

[
1 + L exp

[(
∥B∥2 +

)
T

]]
+ |⟨Bw(σ), I(w(σ))⟩|.

(3.2)
By integrating (3.2) over [s, s+ T ] we obtain:∫ s+T

s

|⟨BS(σ − s)w(s), I(S(σ − s)w(s))⟩|ds ≤
∫ s+T

s

(
∥B∥2 +K∥B∥

)
T 2∥y(0)∥2

[
1+

L exp
(
∥B∥+K

)
T
]
+ |⟨Bw(σ), I(w(σ))⟩|dσ.
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Remarking that ∫ s+T

s

|⟨Bw(σ), I(w(σ))⟩|dσ → 0 as s → +∞.

which give:
∥w(s)∥ → 0 as s → +∞.

3.1 Weak stabilization

In this section, we discuss the weak stabilization for system (1.1).

Theorem 3.3. Assume that A generates a C0-semigroup S(s) of contractions, B be a linear
bounded operator and for all sequence (wn) ⊂ W such that wn ⇀ w in W , we have

[⟨BS(s)wn, I(S(s)wn)⟩ → 0, as n → +∞ for all s > 0] =⇒ [w = 0]. (3.3)

Then, the system (1.1) is weakly stabilisable by the feedback (2.3) .

Proof. Let (sn) be a sequence of real numbers such that sn → +∞ as n → +∞. It follows from
(2.10), that ∥w(sn)∥ is bounded, then there exists a subsequence (sϕ(n)) of (sn) such that

w(sϕ(n)) ⇀ w′ ∈ W, as n → +∞. (3.4)

By (2.2) and using the superposition property, we obtain for any T > 0,∫ T

0
| < BS(s)w(sϕ(n)), I(S(λ)w(sϕ(n))⟩|dλ ≤ C

(∫ T+sϕ(n)

sϕ(n)

|⟨Bw(λ), I(w(λ))⟩|2dλ
) 1

2
.

Remarking that ∫ T+sϕ(n)

sϕ(n)

|⟨Bw(λ), I(w(λ))⟩|2dλ → 0, as n → +∞.

Then ∫ T

0
| < BS(λ)w(sϕ(n)), I(S(λ)w(sϕ(n))⟩|dλ → 0, as n → +∞.

Hence, by the dominated convergence theorem, we have∫ T

0
lim

n→+∞
| < BS(λ)w(sϕ(n)), I(S(λ)w(sϕ(n))⟩|dλ = 0.

We conclude that

lim
n→+∞

| < BS(λ)w(sϕ(n)), I(S(λ)w(sϕ(n))⟩| = 0, ∀λ ≥ 0.

Since T > 0 is arbitrary, this implies from (3.3) that w′ = 0. Moreover by proceeding similarly,
we can show that 0 is the unique weak limit point of the sequence w(sn). Consequently, the
control u(s) stabilises the system (1.1) in the sense of the weak topology.

Theorem 3.4. (Strong Stabilization) Assume that A generates a C0-semigroup S(s) of contrac-
tions, and B be a linear bounded operator, and there exist T > 0 and δ > 0 such that∫ T

0
|⟨BS(s)w, I(S(s)w)⟩|ds ≥ δ∥w∥2 ∀w ∈ W, (3.5)

then control (2.3) strongly stabilises system (1.1), and we have the decay estimate:

∥w(s)∥ = O(s
1
2 ), as s → +∞.
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Proof. Using theorem (2.2), we have∫ T

0
|⟨BS(s)w0, I(S(t)w0)⟩|ds ≤ C

(∫ T

0

|⟨Bw(s), I(w(s))⟩|2

1 + |⟨Bw(s), I(w(s))⟩|
ds
) 1

2
.

This inequality together with (3.5), gives

δ∥w0∥ ≤ C
(∫ T

0

|⟨Bw(s), I(w(s))⟩|2

1 + |⟨Bw(s), I(w(s))⟩|
ds
) 1

2
.

The last inequality holds for any w0, then replacing w0 by w(s), we deduce

δ∥w(s)∥ ≤ C
(∫ T

0

|⟨Bw(s+ λ), I(w(s+ λ))⟩|2

1 + |⟨Bw(s+ λ), I(w(s+ λ))⟩|
dλ

) 1
2
.

Thus

δ∥w(s)∥ ≤ C
(∫ s+T

s

|⟨Bw(λ), I(w(λ))⟩|2

1 + |⟨Bw(λ), I(w(λ))⟩|
dλ

) 1
2
.

Setting uk = ∥w(kT )∥2, k ∈ N, we get:

δuk ≤ C
(∫ (k+1)T

kT

|⟨Bw(λ), I(w(λ))⟩|2

1 + |⟨Bw(λ), I(w(λ))⟩|
dλ

) 1
2
. (3.6)

Using (2.9), we obtain:

2
∫ (k+1)T

kT

⟨Bw(λ), I(w(λ))⟩2

1 + |⟨Bw(λ), I(w(λ))⟩|
dλ ≤ uk − uk+1. (3.7)

Hence, (3.6) and (3.7) yield

2δ2u2
k ≤ C2(uk − uk+1) ∀k ≥ 0.

Since uk is a positive and decreasing sequence, we deduce that:

uk+1 + βu2
k+1 ≤ uk, ∀k ≥ 0, (3.8)

with β = 2
δ2

C2 . We now apply the following lemma from [14]

Lemma 3.5. Let h denote a positive increasing function such that h(0) = 0 and set

h′(ν) = ν − (I + h)−1(ν) ν ∈ [0,+∞[,

where I denotes the identity function. Let {νk}k=∞
k=0 be a sequence of positive numbers such that

νk+1 + h(νk+1) ≤ νk, k ≥ 0.

Then νk ≤ x(k), where x is the solution of:{
x′(s) + h′(x(s)) = 0 s > 0,
x(0) = ν0.

(3.9)

It follows from equation (3.1) and lemma (3.5), applied to the sequence νk = uk and h(ν) =
βν2 that:

uk ≤ x(k), k ≥ 0
Since x(s) decreases, we get x(s) ≥ 0, ∀s ≥ 0. Furthermore, it is easy to see that h′ is an
increasing function such that

0 ≤ h′(ν) ≤ h(ν), ∀ν ≥ 0.

Then −βx(s)2 ≤ x′(s) ≤ 0, which implies that

x(s) = O(
1
s
), as s → +∞.

Thus from lemma (3.5), we obtain that uk = O(
1
k
). This implies, since ∥w(s)∥ decreases, that

∥w(s)∥2 = O(
1
s
), as s → +∞.

Which achieves the proof.



Stabilization of semilinear systems in Banach space 87

4 Application

In this section, we present examples illustrating the efficiency of the obtained results.

Example 4.1. Let us consider the following semilinear equation, and Ω =]0, 2[.
∂w
∂s (·, s) = Aw(x, s) +Nw(x, s) + v(s)Bw(x, s) in Ω×]0,+∞[,

w(0, ·) = 0 ∈ W, s ∈]0,+∞[,

w(x, 0) = w0 in Ω,

(4.1)

where W = {w ∈ L2(Ω)/∥w∥ ≤ 1}, Aw = −w, Bw = w, Nw = − ⟨Bw, I(w)⟩
1 + ⟨Bw, I(w)⟩

w, ∀w ∈

W
The operator A generates a semigroup of contractions on L2(Ω) given by S(s)w0 = e−sw0.
The operator A is dissipative inded

⟨Aw,w⟩ = −∥w∥2 ≤ 0 ∀w ∈ W.

For all w ∈ W , we have

⟨Nw,w⟩ = − ⟨w, I(w)⟩
1 + ⟨w, I(w)⟩

⟨w,w⟩ = −∥w∥2

1 + ⟨w, I(w)⟩
≤ 0,

and

∥Nw∥ = ∥ − ⟨Bw, I(w)⟩
1 + ⟨Bw, I(w)⟩

w∥ ≤
∣∣⟨Bw, I(w)⟩∣∣

1 +
∣∣⟨Bw, I(w)⟩∣∣∥w∥ ≤

∣∣⟨Bw, I(w)⟩∣∣
1 +

∣∣⟨Bw, I(w)⟩∣∣
Then the condition A2 holds.
For w ∈ W , and T = 2, we obtain∫ 2

0

∣∣⟨BS(s)w, I(S(s)w)⟩∣∣ds = ∫ 2

0
e−2sds

∫
Ω

|w(x)|2dx

=

∫ 2

0
e−2sds∥w∥2

L2(Ω)

≥ β∥w∥2
L2(Ω).

Where β =
∫ 2

0 e−2sds > 0.
Then the condition (3.5) is verified. According to theorem (3.4), the control

v(s) = − ∥w(s)∥2

1 + ∥w(s)∥2 ,

strongly stabilises the system (4.1) with the decay estimate

∥w(s)∥ = O(s
1
2 ), s → +∞.

Example 4.2. We consider the following semilinear :
∂w
∂s (·, s) =

∂2

∂x2 w(x, s) +Nw(x, s) + v(s)w(x, s) in Ω×]0,+∞[,

w(0, ·) = 0 ∈ W, s ∈]0,+∞[,

w(x, 0) = w0 in Ω.

(4.2)

Where W = {w ∈ L2(Ω)/∥w∥ ≤ 1}, A = ∂2

∂x2 and S(s)w(x) =
∑i=∞

i=1 exp(λis)⟨w, ξi⟩ξi(x),
where

λi = −i2π2 and ξi(x) =
√

2 sin(iπx).
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Then A generates a semigroup of contractions {S(s)} on W , so that A is dissipative.

The operator Nw = − ⟨w, I(w)⟩
1 + ⟨w, I(w)⟩

w is lipshitz and dissiptive, and

∥Nw∥ ≤
∣∣⟨Bw, I(w)⟩∣∣

1 +
∣∣⟨Bw, I(w)⟩∣∣ , ∀w ∈ W.

Moreover, we have

⟨BS(s)w, I(S(s)w)⟩ = ∥S(s)w∥2 ∀s ≥ 0 and w ∈ W.

Thus using the fact that S(s) is compact, we deduce that the (3.3) is satisfied. Then by using

theorem (3.3), the control u(s) = − ⟨Bw, I(w)⟩
1 + |⟨Bw, I(w)⟩|

= − ∥w(s)∥2

1 + ∥w(s)∥2 weakly stabilizes the

system (4.2) in W .

5 Conclusion

This work has proposed a feedback control that ensures the weak and strong stability of an
infinite-dimensional semilinear systems evolving in a reflexive Banach space. This work gives
an openinig to others questions, this is the case of establishing similar results for semilinears
systems in a non reflexive Banach space.
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