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Abstract In this paper, we aim to study the feedback stabilization of an infinite-dimensional
semilinear system evolving in reflexive Banach state space.The concept of bounded control is
also investigated in the realistic domain. Sufficient conditions for appropriate feedback control
to ensure strong and weak stabilization are given.

1 Introduction

Let (W, || - ||) be a reflexive Banach space, A : D(A) C W — W be an unbounded operator
generates a Cy-semigroup of contractions S(s) on W.
Consider the following semilinear system:

{ w'(s) = Aw(s) + Nw(s) + u(s)Bw(s), seJ=[0,T],T >0, W

(0) =wy € W,
Here, s — u(s) is a scalar control and B is a linear bounded operator. ' is a non-linear operator
such as A/(0) = 0. Thus 0 is an equilibrium for (1.1).

Stability of (1.1) with A/ = 0 has been treated in various works (see [1],[17]). In [4], the authors
has been proved that under the control:

u(s) = —(w(s), Bw(s)), (1.2)
the system (1.1) is weakly stabilizable for some compact operator B satisfying
(BS(A\)w,S(\)w) =0, VA >0 implies w = 0. (1.3)

Moreover, under the condition (1.3), it has been proved that (1.2) ensures the strong stability for
a class of semilinear systems (we refer to ([7],[8])). In [15], Ouzahra et al. proved the strong
stability of (1.1) with A" = 0, under the following assumption:

T
/ (BS(\)w, S(Nw)d\ > 8|jw|>, YweW, T>0,5>0. (1.4)
0

In [10], under (1.4), an exponential stabilization result has been established by using the con-
strained control defined by

ae) = | TR 0 w(s) 20
0 it w(s) =0,

In addition, the strong and weak stability of system (1.1) has been studied in the case of a Hilbert
space by [18], and the regional exponential stabilization of (1.1) has been treated In [12] using a
switching feedback. Then it has been proved that the control

—B*i,w(s)

u(s) = R, (iw(s))’ (1 =1:2), i, = XX, ,
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where X, is the restriction operator, R; (i,w) = 1+ ||B*i,w]|| and Ry (i,w) = sup(1, | B*i,w]|),
guarantees the regional exponential stability if:

T
/ (i, BS(N)w, S(\w)|dX > §||X,wl|]>, Ywe W, T >0,5>0.
0

Furthermore, the authors in [11] studied the regional stabilization by using the switching control
u(s) = —rsign({w(s),i,Bw(s))), Yw € W, 7 > 0. Note that in the previous-mentioned
works, the state space is a Hilbert space. Additionally, it was demonstrated that the majority of
the above findings still hold when considering reflexive state space. Furthermore, the case of
N = 0 has been study in [6].

The aim of this paper is to study the stabilization of semilinear system (1.1) in reflexive Banach
space.

The outline of the paper is as follows: In Sect. 2 we prove the existence, uniqueness, and
regularity of the global solution (1.1). In Sect. 3, we study the problem of strong and weak-*
stabilization. The Sect. 4, is devoted to illustrative examples.

2 Existence of mild solution
In the sequel, we assume that:
(A;): The operator A is dissipative.

(A): The non-linear operator N is Lipschitz and dissipative such that

[{Bu(s). Zw(s))]
Nl < T B (), 2w ()] @1

(A3): Z is Lipschitz continuous,
where 7 is the duality mapping given by:
Z(w) = {w* € W*: |[w*[| = [[w]], (w, w*) = [lw]?},  VweW.

With (-, -) is the duality pairing.
To get our stabilization results, we need the following lemma.

Lemma 2.1. (Kato, T. (1967)): Let s € R — q(s) € W be a function wich satisfies:
(i) the function s — ||q(s)|| is almost everywhere differentiable on R,
(ii) the weak derivative q' of q exists almost everywhere on R.

Then,
d / * *
||q(s)\|%|\q(s)|| ={¢'(s),q*), for almosteverywhere s € R and V¢* € Z(q(-)).

In the theorem below, we present a strong result wich will be used to establish the stabilization
result for system (1.1).

Theorem 2.2. Suppose (A, )-(Asz) hold. Then under the control

als) — . (B(s). Z(w(s))
[+ [(Bu(s), Z(w(s))]

(1) the system (1.1) possesses a unique global mild solution w(s).

(2) the solution w(s) satisfies

I—

T T [(Bw(A), Z(w(\))?
/O |<BS()\)w0,I(S()\)w0)>\d>\§C(/O 1+|<Bw(>\)’z(w()\))>|d)\), VT >0 (22)
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Proof. We have
w'(s) = Aw(s) + Nw(s) + u(s)Bw(s).

Then
(w'(s),Z(w(s))) = (Aw(s),Z(w(s))) + Nw(s), Z(w(s))) + (u(s)Bw(s), Z(w(s))).
Since A and N are dissipatives, we deduce that
S lws) P < {u(s)Bo(s), Z(w(s)))

Then in order to make the function } ||w(s)||*> nonincreasing, we consider the control

(Buw(s), Z(w(s)))

M) = T Bu(e). Zw( T 23
This leads to the system
{ w'(s) = Aw(s) + Nw(s) + F(w(s)) seJ=[0,T],T >0, 2.4)
w(0) =wy € W,

where
(Bw,Z(w))

F) = 13 Bw, ()]

Bw, weC([0,T],W)=C.
System well posededness.

Let us show that F is a locally Lipschitz continuous function from C to W and R > 0 such that
for all wy,w; € C, |wi] < R, |Jwz] < R, we have:

_ | (Bwy, Z(w)) (Buwy, Z(w))
17w = Flw) | = [l |<Blw1,z(lw1)>\8wl 1t |<Bzw2,z(2102)>‘3w2!|
_ (Bwi,Z(w1)) Y
=I5 1B, T B ~ B2 25
(Bwi, Z(wy)) (Bws, Z(w))
i (1 +[(Bwy, Z(w))| 1+ \(sz,I(w2)>|)Bw2H

< ||B||[Jwr = ws || + H(wi, w2)
where

H(w] , Wy

) = ‘ (Bwi, Z(w1)) - (Bwa, Z(w2)) ‘
1+ [(Bwy, Z(wi))| 1+ [(Bwa, Z(wa))| I

By making use of the function F(w) = , we get

lw| + 1
H(wl,wz) < |<B’LU1,I(U)1)> - <B’LU2,I(U)2)>|

= \(Bw],I(wl) —I(w2)> —+ (Bw] — sz,z(wz»‘
< |IBllwi[IZ(w1) = Z(w2) || + | Bll[Jwy — wal| Z(w2) |

Using the fact that 7 is Lipschitz we get:
1Z(w1) — Z(wo)|| < Lljwy — w2,

where L > 0.
Moreover, we have

IZ(w2) [l = [wall
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Then
H(wi, w2) < L[ Bl[[[wi [[[[wi — w2l + || B/ [Jw2 | [|wr — wa|

< LIBIRJwn = wl| + B Ry = ws 2.6)
= (L4 D)||BI Rw = wa].
It follows from (2.5) and (2.6) that
|F (1) = Fwa) | < [1Blllwn = w2l + (14 D||BI|Rwn - w2
= B (14 R+ L)) i = w].

We deduce that F is locally Lipschitz.

Since the function w — N'(w) 4+ F(w) is locally Lipschitz on W. Then the system (2.4) admits a
unique mild solution defined on a maximal interval [0, s,,4.] (see [16], which is continuous with
respect to the initial state given by the following variation of constants formula:

w(s) = S(s)wo + /0 T S(s = NNw(A) + Fu(V]dA. @7

Since A and N are dissipatives, we have

1d ___ (Bu(s) T(w(s)))

S 2 . .
2= T B, Zw) 9

Integrating (2.8) over [0, s], we get :

()P - ol < -2 [ SRS o 29)

So for all wy € W, we have
||'lU(S)H < HU)()”7 Vs € [07 smaa:[c (2.10)

Hence for each wy € W, the solution w(s) is global (i.e. sy = +00).
Let us show the estimate (2.2)

Proof. For all wy € W and s > 0, we have

(BS(s)wo, Z(S(s)wo)) = <BS(S)wo—Bw(8),I(S(S)wo)>+<3w(5),I(S(S)wo)—I(w(S))>(ﬂ;<f’ll;1(8),I(w(S))>
From (2.11), and using (2.10), B is bounded, we deduce ‘

[(BS(s)wo, Z(S(s)wo))| < IIBII||w0||IIS(S)wofw(S)||+HBHHwo||III(S(S)wo)*I(w(S))||+|(<2511%()8),I(w(5))>|~
Using the fact that 7 is Lipshitz, we obtain ‘

[(BS (s)wo, (S (s)wo))| < [IB][|wollllS (s)wo—w(s)|+LIIBIllwol[[|S (s)wo—w(s)l|+[{Bw(s), Z(w(s)))I

(2.13)
From (2.7), we have
Buw(), Z(w(N)) ’
S(s)wo—w / S(s 1+ o) o Bw()\)d/\—/o S(s=NNw(A)dAr (2.14)
Using (2.10), Ay, (2.14) and the fact that ||S(s)|| < 1, Vs > 0, we obtain

2. Z(w ()| BN, Z(w(N))]
I8(s)wo = wis) '<”B””w°”/ 1+\ >,I<w<x>>>|d“/o T+ [{Bu(n), Zw))
(2.15)



Stabilization of semilinear systems in Banach space 83

Then

55, ZS(ywol)| < [ uoll1 + [Blanl) 1+ ) [ BTN
+1(Bu(s). Z(w(s)

Integrating (2.16) over [0, T'], which give:

(2.16)

" T {Bu(s), Z(w(s)))
|| 1B (<)o Z(S (s o) s < [Bllwol(1 + 1B unl) (1 + LT [ S

+ /0 |(Bu(s), T(w(s)))ld s

< |IBlllwoll (1 + 1B [lwoll) (1 + L)T /0 15?%50 %;i%jz?)l»lds

) [ S T

Using the Holder inequality, we obtain that

' L7 Bus) TP
| 1By TS (puoplas < [ anl(1+ (B ol (1 + DT [ LSS as)

VI 8ol (| e F )

T (Bu(s) Tw(=) N\
SC(/o T+ Bt ™)

3
Where C = ||B|||wol|(1 + ||B][[wo[) (1 + L)T* + VT [1 + || B|||wo]*]-
Which achieves the proof. O

3 Stabilization results

In this section, we will be interested in the stability results for (1.1).
Let us recall the definition of weak and strong stabilization.

Definition 3.1 ([2],[3]). The system (1.1) is strongly (resp. weakly ) partially stabilizable if there
exists a feedback control f(w(s)) such that the corresponding mild solution w(s) of the system
(1.1) satisfies the properties:

(1) if there exists a feedback control u(s) = u(w(s)) such that for all initial state wy in W,
the corresponding mild solution of (1.1) is defined on R, the origin is a Lyaponov stable
equilibrium point and w(s) — 0 as s — +o0.

(2) if there exists a feedback control u(s) = u(w(s)) such that for all initial state wgy in W,
the corresponding mild solution of (1.1) is defined on R*, the origin is a Lyaponov stable
equilibrium point and w(s) — 0 as s — +oo.

Theorem 3.2. Let A generate a semigroup S(s) of contractions on W, such as (Aj3) holds, then
the feedback (2.3) stabilizes (1.1).

Proof. Let w(s) denote the corresponding solution of (2.4). For s > 0 we define the function
= / S(o = NuN)Buw(\) + S(0 — NN w(A)dr

Applying the variation of constant formula with w(s) as the initial state, we get

w(o) = 8(o — s)w(s) +v(o), Vo € [s,s+T).
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Since S(s) is a semigroup of contractions, then

lw(@)ll < [lw(s)[ + [[v(o)]

Furthermore: " "

o@l <81 [ Twlar+ [ Iw() - Auo)dx
<1181 [ fwllar+ & [ fu(llar
<181+ 5) [ JwOllax

Thus

o)) < o)l + (181 + K) [ ol
Using the Gronwall inequality, we get
lw(o)ll < lw(s)l exp[(|B]| + K)T], Vo € [s,s +T]. 3.1

From the expression:
(BS(0 = s)w(s), Z(S(o — s)w(s))) = (Bw(o) — Bw(c),Z(S(c — s)w(s)))

= —(Bw(0),Z(S(0 = s)u(s)))

+ (Bw(0), Z(8(0 — s)w(s)) — Z(w(0))) + (Bw (o), Z(w(c)))
It follows that

[(BS(0 = s)w(s), Z(S(o — s)w(s)))| < [|Bll[|w(o)|Z(S(o = s)w(s))
+ 1Blllw(o)1Z(S(o = s)w(s)) — Z(w(o))]|
)

+ [(Bw(o), Z(w(0)))|
)=

Using the fact that Z is Lipschitz and Z(S(o — s)w(s)

[(BS (o — s)w(s), Z(S(o — s)w(s)))| < [[Bl/[[w(o)[lw(s
+ [(Bw(o), Z(w(0)))|
< 1Bllllw(o) Hws)I + [1Blllw(e) | Llw(o)]
)
(

S(o — s)w(s), we deduce that

I+ 1Bllllw(o)ILIS (o = s)w(s) —w(o)]]

 — =

+ [(Bw(o), Z(w(0)))]
= ||Bl[[[w(o)l[lw(s)ll + Lllw(o)[[] + [(Bw(o), Z(w(e)))]
Using (3.1) we deduce that

[(BS (o — s)w(s), Z(S(o — s)uw(s)))

< 18] (IIBII + K)an(s)nz

1+ Lexp | (18]+ 5 )7

v pewp | (187 + )7

(3.2)

+ [(Bw(9), Z(w(0)))|

< (||B||2+K||B|>T||w<s>2

+ [(Bw(o), Z(w(0)))|-

By integrating (3.2) over [s, s + 1] we obtain:

[ B8t - uts). 265t ~ sputeias < [ (I8 + KI5 ) 7)1+

S

Lexp <||B|| + K) T} + [(Bw(0), Z(w(0)))|do.
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Remarking that
s+T
/ |{Bw (o), Z(w(o)))|do — 0 as s — +oo.

which give:
lw(s)]| =0 as s — +oo.

3.1 Weak stabilization

In this section, we discuss the weak stabilization for system (1.1).

Theorem 3.3. Assume that A generates a Cy-semigroup S(s) of contractions, B be a linear
bounded operator and for all sequence (w,) C W such that w,, — w in W, we have

[(BS(s)wn,Z(S(s)wy)) = 0, as n— 400 for all s> 0] = [w=0]. (3.3)
Then, the system (1.1) is weakly stabilisable by the feedback (2.3) .

Proof. Let (s,) be a sequence of real numbers such that s,, — +oo as n — +oc. It follows from
(2.10), that ||w(s,)|| is bounded, then there exists a subsequence (s4(,,)) of (s,,) such that

w(sy(n)) = w' €W, as n — +oo. 3.4
By (2.2) and using the superposition property, we obtain for any 7" > 0,

T T+84(n) %
S¢(n)
Remarking that

T+s¢(n)
/ [(Bw()\), Z(w(\)))|?d\ — 0, as n — +oc.

#(n)

Then .
/ | < BS(M\)w(s4(n)), Z(S(N)w(spm)))dX = 0, as n — +oo.
0

Hence, by the dominated convergence theorem, we have

/0 lim | < BS(\)w(so(n)) Z(SA)w(s90m)}|dA = 0.

n—-+0o0o
We conclude that

lim | < BS(A)w(s¢(n)),I(S(A)w(s¢(n))>| =0, Vi>0.

n—-+oo

Since T' > 0 is arbitrary, this implies from (3.3) that w’ = 0. Moreover by proceeding similarly,
we can show that 0 is the unique weak limit point of the sequence w(s,). Consequently, the
control u(s) stabilises the system (1.1) in the sense of the weak topology. O

Theorem 3.4. (Strong Stabilization) Assume that A generates a Cy-semigroup S(s) of contrac-
tions, and B be a linear bounded operator, and there exist T > 0 and § > 0 such that

T
| 1BS () (S (swplas = sl v e W, (3.5)

then control (2.3) strongly stabilises system (1.1), and we have the decay estimate:

lw(s)|| = O(s%), as s — +oo.
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Proof. Using theorem (2.2), we have

4 T (Buw(s), Z(w(s)))? :
/0 (BS(s)wo, (S(t)w0)>|ds§0(/0 1+\<Bw(s),1(w(s)))|d8) .

This inequality together with (3.5), gives

T |(Buls), T(w(s)
‘5”“’0"SC</0 [+ [(Bu(s).Z <<s>>|d>

The last inequality holds for any wy, then replacing wq by w(s), we deduce

T (Buls + A, Zw(s T NP o\
TN = (| T3 B 3, Tt 1 >>>|C”)'

Thus

T Bw(N), ZwMW)P \
T <0( [ T aty 2™

Setting uy, = ||w(kT)|? k € N, we get:

BT |(Buw(N), T(w(\)) P
duy < C(/kT 1+ |<Bw()\)yl(w(>‘))>|d/\) . o

=

Using (2.9), we obtain:
DT (Bw (M), Z(w(N))?
2 d\ < uy, — . 3.7
Lo T BaOn T < v~ e G7
Hence, (3.6) and (3.7) yield

26%uz < C*(up, — upt1) Yk > 0.
Since uy, is a positive and decreasing sequence, we deduce that:
i1 + B 4y < u, Wk >0, (3.8)

52
with 8 =2— o2 . We now apply the following lemma from [14]

Lemma 3.5. Let h denote a positive increasing function such that h(0) = 0 and set
W) =v—(I+n)7' () velo+od

where I denotes the identity function. Let {uk}’,gzgo be a sequence of positive numbers such that

Vi+1 + h(l/k+1> < v, k>0.
Then vy, < x(k), where x is the solution of:
z'(s)+ 1 (z(s)) =0 s>0, (3.9)
3’)(0) = .

It follows from equation (3.1) and lemma (3.5), applied to the sequence v, = uy, and h(v) =
Bv? that:
up < z(k), k>0
Since z(s) decreases, we get z:(s) > 0, Vs > 0. Furthermore, it is easy to see that i’ is an
increasing function such that

0 <h'(v) <h(v), Yv > 0.
Then —Bz(s)? < 2’(s) < 0, which implies that
1
z(s) :O(g), as s — +oo.

1
Thus from lemma (3.5), we obtain that uy = O(E)' This implies, since ||w(s)]|| decreases, that

1
||w(s)H2 :O(;)7 as s — +oo.

Which achieves the proof. O
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4 Application
In this section, we present examples illustrating the efficiency of the obtained results.

Example 4.1. Let us consider the following semilinear equation, and Q =]0, 2].

9w (., s) = Aw(z,s) + Nw(z, s) +v(s)Bw(z,s) in Qx]0,+oc],
)=0eW, s €]0, +o0], @.1)
,0) = wo in Q,

(Bw, Z(w))

where W = {U} S LZ(Q)/”'UJ” S 1}, Aw = —w, Bw = w, Nw = _W’I(W
W
The operator A generates a semigroup of contractions on L?(Q) given by S(s)wy = e~ wy.

The operator A is dissipative inded

w, Yw €

(Aw,w) = —||w|*> <0 Yw € W.

For all w € W, we have

_ (wI) o el
and
ol = BeZ) L JBeIE)] |G Iw)]
Vel == 158w, 2 ! = T4 (B, 2] 1= T4 [ Bu 2(w)]

Then the condition 4, holds.
For w € W, and T' = 2, we obtain

/02|<Bs(s)w,z(5(s)w)>|ds_/026zsds/gm(x)'zdx
2

= A 672SdSHwniz(Q)

> Bllwll72(q)-

Where § = [ e ds > 0.
Then the condition (3.5) is verified. According to theorem (3.4), the control

w1
L Jw(s) [

v(s) =
strongly stabilises the system (4.1) with the decay estimate
lw(s)]| = O(s%), 5 — +o0.

Example 4.2. We consider the following semilinear :

%('7 5) = 38722117(55, s) + Nw(z,s) + v(s)w(z,s) in Qx]0,+o0],
0,-)=0eW, s €0, +-o00], (4.2)
(fE,O) = Wo in Q.

Where W = {w € L2(Q)/lw] < 1}, A = Z; and S(s)w(z) = TZ7 exp(Xis) (w, &)€i(2),
where

w
w

\ = —itn? and &(z) = V2sin(irz).
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Then A generates a semigroup of contractions {S(s)} on W, so that A is dissipative.

7
The operator N'w = —%w is lipshitz and dissiptive, and
Bw,T
[Nw| < [(Bu, Z(w))] ., YweW.
1+ [(Bw,Z(w))]

Moreover, we have
(BS(s)w, Z(S(s)w)) = |S(s)w|]* Vs>0 and we W.
Thus using the fact that S(s) is compact, we deduce that the (3.3) is satisfied. Then by using

(Buw, Z(w)) _ _ Juw(s)|?

theorem (3.3), the control u(s) = T Be Tw)] ~ T+ Jws)

system (4.2) in W.

weakly stabilizes the

5 Conclusion

This work has proposed a feedback control that ensures the weak and strong stability of an
infinite-dimensional semilinear systems evolving in a reflexive Banach space. This work gives
an openinig to others questions, this is the case of establishing similar results for semilinears
systems in a non reflexive Banach space.
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