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Abstract In this research, we show the existence of a weak periodic solution for nonlinear
variational parabolic problems having non linear boundary conditions and without sign condition
on the non-linearity.

1 Introduction

In this study, we show that a weak periodic solution for nonlinear variational parabolic of the
following type :
% —Aw + H(z,t,@, Vo) = [ inQ
@(z,0) = w(z,T) in Q (1.1)
~92 = B(z,t)w + h(z,t,)  ondQx]0, T

with Q ¢ RY(N > 2) bounded open with smooth boundary denoted by 9Q, T € R} is the
period, £ = 9Qx]0, T'[, v is the unit normal vector to 9Q, Q@ = Qx]0, T'[, A denote the Laplacian
operator, H is a Carathéodory function and f € L*(Q).

Many physical, chemical and biological phenomena can be modeled mathematically by the
problem (1.1). The existence of periodic solutions for problem (1.1) has been studied by many
researchers ([2, 3, 5, 16, 6, 18, 4, 10]). In [2], by using the method of sub, super-solution and
Schauder’s fixed point theorem, Amann prove the existence of classical solution for the equation
(1.1). In [16], Duel and Hess prove the existence results of a nonlinear parabolic problems. A
large number of papers was devoted to the study the existence results of parabolic problems or
elliptic problems under various assumptions and in different contexts: for a review on classical
results see [8, 9, 7, 12, 13, 14].

In [18], Pao also study a class of coupled systems of non-linear parabolic equations under
non-linear boundary conditions, including a combination of linear and non-linear conditions.
Alaa and al [1] prove the existence results for some quasi-linear parabolic equations with data
measures and the boundary condition is of Dirichlet type. In [5], the author studied the existence
and uniqueness result to a class of non-linear parabolic equations having p(x)-growth conditions
and L' data. In [3], Badii showed the existence of weak periodic solutions for the equation (1.1)
with H is independent of the gradient. In [6], the authors have demonstrated the existence of
weak periodic solution for problem (1.1) assuming that the non-linearity depends on the gradient
and satisfies the sign condition.

The goal of this paper is to prove the existence of periodic solutions for parabolic problems
of the form (1.1) without the sign condition:

H(z,t,s8,1)s>0

We have organized this paper as follows : Section 2, we start by making the structural as-
sumptions on 5, h, H and f and we present the functional framework that includes our work, at
the end of this section, we define the notion of a periodic weak solution. In Section 3, we prove
an existence result when the non-linearity is bounded. And in the fourth section, we establish
the existence of a weak periodic solution to (1.1).
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2 Assumptions and functional framework

2.1 Assumptions

Throughout this paper, we assume that :
Assumption (A1). f € L*(Q) is a periodic function such that.
Assumption (A2). 3 is a periodic continuous function such that

0 < fo <B(x,t) <P, V(x,t)eX

Assumption (A3). i : £ x R — R is a Carathéodory function periodic in time, s — h(z, ¢, s) is
non-decreasing with respect to s for a.e (x,¢) € X and

h(z,t,s)s >0 (2.1)

|h(t, @, s)| < &(x,t) + ] 22)
where ¢ € L*(X).
Assumption (A4). H : Q x R x RN — R is a Carathéodory function such that
H(z,t,5,6) € L'(Q) Vsec R, Ve cRY andae (z,t) € Q

Assumption (A5). For almost everywhere (z,t) € @ and for all s € R, ¢ € RY, the growth
condition

|H (x,t,5,6)] < g(s)|¢, (2.3)

is satisfied, where g : R — R*is a non-decreasing continuous function, g € L (R).

2.2 Functional framework and definition

In order to solve our problem, we must first introduce our functional framework for the periodic
solutions of problem (1.1), we set

V:=1L*(0,T; H(Q))
and

v =2 (0,7: (H'(Q)")

where (H'(Q))" is the topological dual space of H'(Q).We denote by < .,. > the duality
pairing between V and V*, we define the standard norm of L* (0, T; H'(Q)) as follows

1
2
I lsoana = | vt s+ [ ()t

In this paper, we use the following norm

1

l|v = (/Q |vw(t,x)|2dtdx+/Zﬁ(t,a)|w(t,a)thda>2

which is equivalent to the standard norm of L? (0,T; H'(Q)), we denote by c the trace of @ on
Y.. Consider the set

W = {w€V|8{;j € V* and w(0) :w(T)}

endowed with the norm
0w

ot

Il = llly + H
V*

We shall use the following definitions of a weak periodic solution for problem (1.1) in the fol-
lowing sense:
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Definition 2.1. An weak periodic solution of (1.1) is a function z such that

weV,H(z,t,,Vw) € L' (Q), H(x,t,w,Vw)w € L' (Q)

- < w,— > +/ Vch{)dxdﬁJr/ (x,t,w,Vw)quwdtJr/B(m,t)w¢dazdt+/h(x,t,w)qbdmdt
Q z z

= / fodadt.
Q
Vo e WNL®(Q).

24)
Throughout the rest of this paper, C;,i = 1,2, ... denotes a positive constant.
3 An existence result when H is bounded
In this section, our aim is to show prove an existence result when H is bounded i.e.
|H (2, t,5,7)] < F(z,1). 3.1

ae(t,r) €Q,Vs € R,and ¥r € RV,
where F' € L? (Q) a nonnegative function

Theorem 3.1. Assume that (Al)-(A4) and (3.1) hold true. Then the problem (1.1) has at least
one solution w in the sense of de Definition 2.1.

Proof. To show the existence of a weak solution of (1.1), we show that the following nonlinear
mapping has a fixed point
K:V—V

wr— K(w) =w
where w is the unique weak periodic solution of
—Aw + H(z,t,w,Vw) =f inQ

@=(0) = w(T) inQ (3.2)
—92 = B(z,t)w + h(z,t, @) onX

By using Badii’s theorem (see [3]), we get that there exists © € W C V a unique weak periodic
solution of (3.2) such that

— < w, —>+/ Vngodsrdt—l—/hx t w)gpda:dt—i—/ﬁx t)wedrdt

+/ H(x,t,w,Vw)cpda:dt:/ fpdxdt (3.3)
Q Q

Yo € W.

This mean that the mapping K is well defined.
In order to apply Schauder’s fixed point theorem to prove the existence of a fixed point of /C,
let’s check the conditions of Schauder’s theorem.

+ Continuity of . Let w,, € V be a sequence such that
w,, — w strongly in V

and let w,, the weak periodic solution of the problem

)
—<w,, s +/ anVgodxdt—l—/
ot o

h(z,t,w,) pdrdt + / Bz, t)w,pdzdt
T

. (3.4)

—1—/ H($7t,wn,an)g0dxdt:/ fodzdt.
Q Q
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Choosing ¢ = w,, as a test function in (3.4), we obtain

had) >+/ |vwn|2dxdt+/h(x,t,wn)wndmdwr/B(x,t)widxdt
ot Q Y X

— < Wh,
(3.5)
+/ H (z,t,wy, Vwy,) wypdxdt = / foopdrdt
Q Q

By using (A2), (A3), (3.1), the periodicity and the Young’s inequality ,we get

/|an|2da:dt+/,8(x,t) |wn|2dxdt</ |fwn|dxdt+/ |Feo,| dadt
Q z Q Q

1 2 2 1 2
< E”fHLZ(Q) + € ll@nllz20) + Z”FHLZ(Q)'

1 2 2 2
< 52 [19B2) + I1F 1)) +<Ct lmnlly
By using the equivalence of norms in V/, we have

||wn||L2(Q) < Cillwallv,

then

/|an|2dxdt+/ﬁ(x,t) |wn\2dxdt</ |fwn|dxdt+/ |Fo, | dedt

Q z Q Q )
< o= (11 + I1F1xgy| + €Ci 1l
S 2z (W22 2(Q) nllv

1
By choosing ¢ < —, we get

O
[wnlly < Ca (3.6)
By using (3.4) and (3.6) we conclude that (agt") is bounded in the V*.

Which implies that w,, is bounded in W, i.e.
lnlly < Cs,
As aresult, there exists a subsequence still denoted by w,, such that
w, — w weakly in V

By using Aubin’s Theorem [19], we have

w, — win L?(Q) and a.e. in Q
Moreover, the trace theorem, see Morrey [15], implies that

w, — win L* (L) and a.e. in L

Now we prove that the sequence Vo, converges strongly to Voo in L? (Q).
From (3.5), one has

/ \Veo,|* dedt = / foondrdt — / h(z,t,@,) wndrdt — / B(z, t)ww?idrdt
Q Q z )

3.7
—/ H (z,t, wy, Vwy,) wydzdt,
Q
by passing to the limit in (3.7), we get
lim / Voo, |* dedt = / faodrdt — / h(z,t, @) wdrdt — / B(x, t) P dadt
n+——+0o00 Q Q ¥ ¥ (3 8)

—/ H(z,t,w, Vw)wdzdt
Q
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On the other hand, Taking ¢ = w as a test function in (3.4), we obtain
0
— < wp, RN +/ Vw,Vwdrdt = / foodzdt — / h(x,t,wy,)wdzdt — /5(;v,t)wnwd;vdt

—/ H (z,t,wy, Vw,) wdxdt
Q

3.9
When we pass to the limit n — +o00,, we get

/|Vw|2da:dt:/ fwda:dt—/h(x,t,w)wdxdt—/ﬂ(x,t)wzdxdt
N N - - (3.10)
—/ H(z,t,w, Vw)wdzdt
Q

By comparing (3.8) and (3.10), we obtain

lim /|an|2da:dt:/ |Veo|*dxdt
Q Q

n—-+oo

which implies that the mapping /C is continuous.
Compactness of IC. Let (w,,) be a bounded sequence in V' and we denote w,, = K (wy),
as above, we have (up to a subsequence)

w,, — w weakly in V|

w, — w weakly in V,

O@n _, 0=
ot ot

w, — w strongly in L? (Q) and a.e in Q,

weakly in V",

@, — w strongly in L? (£) and a.e in X.

To show compactness of K, it suffices to prove the strong convergence of (V,,) in L? (Q).
Let us first note that

/ V@, — Vo dedt = / Vw, (Vw, — Vw) dzdt — / Vw (Vw, — Vw) dzdt
Q Q Q
Using the weak convergence of (z,,) in V, we get

lim Vw (Vw, — Vw) =0

n—-+o0o Q

On the other hand, Taking ¢ = w as a test function in (3.4), we obtain

/ Ve, Vedrdt = / fodrdt— < %,w > / h(z,t, w,) wdzdt
? @ * 3.11)
—/ﬁ(x,t)wnwd:vdt—/ H (z,t,wy, Vw,) wdzdt
) Q

Tanks to (3.5) and (3.11), we have

0w,
ot
/h (2,1, ) (@ — ) ddt — /ﬂ(x,t)wn (wn — ) dadt
)M x
— fQ H (x,t,wy, Vw,) (w, — w) dzdt

, Wp — W >

/ Vo, (Vwo, — Vo)dzdt = / [ (wy, —w)dedt— <
Q Q

(3.12)
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By using (3.1), we have

/Q |H (2, t,wn, Vwn) (wn — @)|dadt < ||F|12q) llon — @l 12g) -

Hence
lim / |H (z,t, wy,, Vwy,) (w, —w)| =0.
n——+00 Q
On the other hand, since (%) converge to (%—f’) weakly in V*, we have
lim <% —w >= lim <8ﬂ >—<a—w >
n—4o0o 8t » @n w o n——+o0o 8t » @n at @

By using the periodicity of w,, and the periodicity of w, we obtain

ow
—tn,wn —w>=0

Now, we can pass to the limit in (3.12) to get

lim Vo, (Vw, — Vw)dzdt =0

n—+o0o Q

Then (Vw,,) converges strongly in L? (Q). Which implies that the mapping K is compact.

» K send the ball of V' of R radius to itself. Our objective in this step is to find a constant
R > 0 such that £(B(0, R)) C B(0, R) where B(0, R) is the ball of V' with radius R.
Let w € V and @ = K(w). By taking w as test function in (3.3),we get

=y < (HFHLZ(Q) + ||f||L2(Q)) = R.

Finally, by applying Schauder’s fixed, there exists @ € V such that w = K (). i

4 Main result

Before presenting our main result, we recall that for all £ > 0, the truncation function
Ty : R — R is defined as follows

k if s>k
Te(s) =1 s if |s| <k
-k if s< —k.

Now, let’s present our main result.

Theorem 4.1. Assume that (Al)-(A5) hold true. Then, there exists at least one weak periodic
solution u of problem (1.1)

Proof. The proof of theorem 4.1 is divided into four steps.
Step 1. A priori estimates. For n > 0, let H,, be a sequence such that :

H(z,t,5,¢)
1+ %|H($,t,s,§)|

Hy,(z,t,s,&) =

it is easy to verify that

[H(2,t,5,8)] < H(x,t,5,€) and |H,(z,,5,)] <n.
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Consider the approximate problem:
w, €W
Own,
/ “ odx dt+/anV¢da:dt+/H x,t, @y, Vo, ) ¢pdrdt

[ o= |
+ | Bz, t)wppdzdt + [ h(z,t,@,) pdadt = | fodzdt

) z Q
Vo e W,

Since H,, is bounded, by applying Theorem 3.1, there exists w,, a weak periodic solution of the
approximate problem (4.1).
Now, consider the function G such that

G(s) = /Sg(f)dr
0

where the function g appears in (2.3).
Then, by choosing ¢ = exp (G (w,,)) @, as a test function in (4.1), one has

Ow;
/ T (G (@) w,t dadt + /Vw,fv (exp (G (w;))) @)}) ddt
Q
/ Bz, 1) (w? ) exp (G (w})) durdt + / Bt =) (@) exp (G (7)) dadt (42

X
- / H, (2.1, Voo ) exp (G (w)) w dardt + / fexp (G (7)) w) dadt
Q

The periodicity of @’ leads to

/ g &P (G (@) @ dedt = / O (7 (2, T))d — / 0, (w7 (2,0))dz = 0

where

Thanks to (2.1) and (2.3) we have

/ Vet Po(e) exp (G (7)) i dedt + / Vet Pexp (G (w)) dudt + / Bla,t) () exp (G (@
Q z

< / g (@) [V Pexp (G () |t |dudt

The fact that exp(G(zw;;)) > 1 implies that

/\Vw,ﬂzdxdt + /B(x,t)( Vdadt < /fexp @) @t dadt
Q b3
Using the inequality G(w@,) < ||| i(r) the Young inequality, give us

/|Vw+|2dxdt+/6 x,t)|w; [*dzdt

<exp(llgllL ) ( /|w+| dedt + — /|f\ dxdt)
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Since
@il 22(0) < Cilloy llv,

then
I 1B < L exp(lllie) / \FPdzdt + <Cywt |
Q

1 .
We choose ¢ < — to obtain
Cy

@t llv < Cs 4.3)

Now, we choose ¢ = exp (—G (w,)) w,, as a test function in (4.1) . We get

/ aawtﬁ exp (=G (= )) @y dwdt — / V@,V (exp (-G (w,)) u, ) dadt
Q

Q
+ / B(a,t)(wy ) exp (~G (7)) dudt + / h (.t ) @ exp (~G (7)) dedt (4.
x z

+/Hn (z,t,@,,Vw, )exp (-G (=, )) @, dedt = /fexp (-G (w,,)) =, dzdt
Q Q

By using th periodicity of @, and (2.3), the equality (4.4) can be written as follows
/ |V, |exp (-G (w;, ) dzdt
Q

+ / Bz, t)(w; ) exp (—C (wy ) dadt + / h (2.t w7) wy exp (G (wy)) dadt
z z
z/fexp (=G (w,,)) @, dzdt

By using the same technique which we have followed to show (4.3), we prove that

@, llv < Cs 4.5)
Combining (4.3) and (4.5) we conclude that

[wnllv < Cq (4.6)
By using (2.3), we have

IN

/|Hn(z,t,wn,Vw")\dxdt ||g||oo/\Vw"\2dxdt
Q Q

4.7
< Cg

Which proves that H,,(z,t, @y, V@,) is boubded in L' (Q).

From (4.1) and (4.6) we get that aé”t" is bounded in the V* + L!(Q) . Therefore w,, in is bounded
W.

By using the compactness result of of [19], we conclude that the sequence (w,,) is relatively
compact in L?(Q), which implies that there exists a subsequence still denoted by (z,,) , such
that

w,, — w strongly in L?(Q) and a.e in Q.
Furthermore, by using the trace theorem (see [15] Theorem 3.4.1)we have
w@,, — w strongly in L?(X) and a.e in X.

Step 2. Almost everywhere convergence of the gradients
To show that Vw,, — Vw almost everywhere in Q, it suffices to show that (Vw,,) is a Cauchy
sequence in measure. This consists in showing that

V4§ > 0,Ve > 0,3ng such that Vm,n > ng meas {(z,t)/|Vo, — Vo,,| > §} <e.
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Let V6 > 0 and Ve > 0. For k > 0 and > 0 we have
{(x,t)/\an — Vwm| > (5} cliulh,uIzuly
where

Uy ={(z,t)/I[Van| 2k}, To={(z,t)/|Von| 2k}, T3={(z,t)/|on —@n| =0}

Since (Vw,,) is bounded in L*(Q), then

kmeas(I';) < /|an|dxdt < /|an|d:cdt < (meas(Q))%HanHLZ(Q) < Cy
I Q

hence for & large enough, we have

<e (4.8)

meas((I') < %

and by the same way we have

meas((I;) < ¢ 4.9)
Let us fix k such that meas((I';) < ¢ and meas((I;) < e
For meas(I';), we have
nmeas(I's) /|wn W |dzdt < /|wn W |dzdt < (meas(Q))%Hwn — @mll 2 Q)

I3

Since (w,) converge strongly in L?*(Q), the sequence (w,) is a Cauchy sequence in L?(Q)
hence for a given 7, there exists is ng such that for n, m > ngy, we have

meas([';) <e (4.10)
Now it suffices to bound meas(I's), and to choose 7. we consider the map
A: QxRYN — RV
(@,1,8) = &

Remark we have

[A(m7t7£l) - A(xataé-Z)] (51 - 52) - |£l - £2|2 > 0 for fl 7é 52
Since the set F' = {(&;,&) such that |£]| <k, |&| < k, and |& — &]| > §)} is compact and A is
continuous with respect to £ for almost all (z,t) € @, then there exists A(z,t) > 0 such that

Az, t) = (51{rglj)neF [A(z,t,&1) — Az, 1,8)] (& — &).

Since A(z,t) > 0 then to bound meas(I's), it is sufficient to show that ther existe ¢’ > 0 such
that

/A(x,t)dxdt <

Iy

By definition of A , A and ~4, we have

/ dxdt
Iy

IN

/ IV, — Vo | {|m, -, | <npdadt

IN

/|T n — @) Pdadt
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From (4.1) , we have

/ aw%d dt + / Vo, Vedrdt + / H, (2,t,@n, Vo, ) pdrdt

Q Q
+/B(m,t)wn¢d1:dt+/h(m,t,wn)¢dxdt:/f(bdacdt
Q

) )
and 5
w’" TEm Sdwdt + / Vo Vodrdt + / Hy (2,1, @, Vo) ¢dudt
/ﬁ x,t wmd)dxdt—i—/h T, t, @) pdxdt = /f¢dxdt
) z Q
Hence

/W¢dxdt+/V(wn fwm)Vquxdt—i—/B(m,t)(wn — @) bdzdt
Q )

+/ x t wn,an) - H,, (;U,t7wm,Vwm)]¢dirdt 4.11)
Q
—|—/ (2, t,20n) — h(x,t, )] ddxdt =0
x
By choosing ¢ = T,,(w,, —w,,) € VNL>®(Q) in (4.11) and we use the periodicity of (w,, — @, ),

we get

/|VT Wn — @m)| da:dt—i—/,@ z,t)(wn — @m) Ty (wn — ©@m)dadt
< 77/ |Hy, (2,6, @00, Vo) — Hp, (2,t, @m, Voo,)| dedt
—H}/ |h (2, t, ) — h(z,t, @) |dedt.

By combining (2.2), (4.7) and the fact sT;,(s) > 0, we obtain

/|VTn(wn — @) |Pdedt < 2nCs + n/(Zf(x,t) + |@n| + (@) dedt

Q )

According to Holder’s inequality, we have

/ VT, (wn — Wm)|2d$dt < 2nCs + n(meas(E))% [HfHLZ(z) + [l@n 2 + HanHLZ(Z)]

< nCp
Hence for 7 small enough, one has
/A(x,t)da:dt <
I

which implies
meas(I'y) <e

We combine (4.8), (4.9), (4.10) and (4.12), we conclude that Vn, m > ng, we have

meas({(x,t)/|Vw, — Vo,| >} < 4e

4.12)
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which implies that the sequence (Vw,,) converge in measure to Vw, and therfore The sequence
(Vw,,) converges almost everywhere to (V) (up to a subsequence).

Step 3. Strong convergence of w,,.

To prove that (w,,) converges strongly in V/, it suffices to show that

V@, — Vw strongly in (L*(Q))".
First we recall the following lemma.
Lemma 4.2. Let 0(s) = sexp(6s?), we have

0(0)=0 .  6(s)>OforallseR.

Moreover if 6 > 4 L then

|8

z0'(s) — y|0(s)| > (4.13)

¢ = 0(w, — @) as a test function,

(VSR \S]

Now,coming back to the equation (4.11) and choosin
we obtain

/W(w — ) exp(8(wy — wm)?)dzdt + / IV (@ — @) 20 (@ — o )dadt
/ B, 1) (@ — ) (@ — ) eXp(6(n — i )2)dadlt
[H,, (2,t, %0, Vo) — Hy, (2,t, @, Vo) (@ — @m) exp(§(w, — @m)?)dedt

+ [ [h(z,t,,) — h(z,t,@m)](wn — ©m) exp(6(w, — wm)z)dxdt =0

M\@\

Since (z,t) > 0 and s — h(z,t,s) is nondecreasing, then by using the periodicity of (=
@m ), we have

/|V(wn — @) ?0 (@, — @y )dxdt

< /|Hn (2, @, Vo, ) — Hp (2,1, @y, Vo, )| |on — @m| exp(6(w, — @ )?)dzdt .

We use the growth condition (2.3),we get

/|V(wn — @) 20 (@, — @ )dadt < / (9(@n)|IVEnl* + g(@m)|[Vom|?) 0(wn — @ )|dadt
Q
HQHOO/ (|an|2 + |vwm|2) 0(con — @) |dzdt

Q

IN

Wich gives us

/(al(wn - WM) - H.‘JHOOW(W?L - wm)|) Ve, — Vwm|2dzdt < 2|9l / |an|.|Vme9(wn - wm)
Q Q

By choosing § > lg ﬂ“’ , the inequality (4.13) implies that

%/|an—Vwm|2dxdt < 2||g||oo/\an|.|Vwm||6‘(wn—wm)\dxdt .
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Since Vu,, — Vu a.e in Q and Vu,, — Vu weakly in V, by using Fatou’s lemma, we can pass
to the limit when m tends to co, we obtain

%/len—Vdea:dt < 2||g||oo/|an|.|VwH0(wn—w)|dmdt |
Q Q

So, by applying Lebesgue’s convergence theorem, we get

n—+oo

lim / |V, — V|’ dzdt =0
Q

Hence
Vw, — Vw strongly in (L*(Q))V. (4.14)

Step 4. equi-integrability of H,(z,t, @,, Vw,).
We shall prove that H,,(x,t,w@,, Vw,) — H(z,t,@, Vo) strongly in L' (Q) by using Vitali’s
theorem.
Since w,, — w a.e in @ and Vw,, — Vw a.e in Q, then

H,(z,t,wy, Vo) — H(z,t,w, Vw) a.ein Q,

hence it suffies to prove that H,,(z,t,w,, Vw,) is equi-integrable in L'(Q). Let E C Q be a
measurable subset of Q. Lete > 0
From (2.3), one has

/|Hn(x,t,wn,an)|dxdt < /g(wn)|an|2dxdt
E

E (4.15)

= ||9||oo/g|vwn|2dxdt
E

A

From (4.14),we have (|Vw,|?) is equi-integrable in L'(Q),then there exists n > 0 such as ,

Bl <5 = llglloe / Voo Pdadt < <
E

which implies that
|E|<n = /|Hn(x,t,wn,an)|dxdt <e.
B

Hence H,,(z,t,w@,, Vw,) is equi-integrable in L'(Q). Hence passing to the limit as n +— +o0
we obtain that u is a solution of the problem (2.4). The proof of Theorem 4.1 is now complete.
|

5 Conclusion

In this paper, we have shown the existence of a weak periodic solution for nonlinear variational
parabolic problems having non linear boundary conditions and without sign condition on the
non-linearity taking into account the assumptions A1-AS5. We used Schauder’s fixed point theo-
rem to prove an auxiliary result when the non-linearity is bounded. By applying to the auxiliary
result and using the method of truncation, we proved our main result .

At the end, we point out that this result can be developed in future works by reducing the number
of assumptions.
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