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Abstract Andrews (2010) investigated the Rogers-Ramanujan-Gordon partitions of positive
integers with some restrictions on even and odd parts, and introduced two partition functions,
W, s(n) and W, 5(n), where 7 and s are positive integers. Sang, Shi and Yee (2020) defined
two Rogers-Ramanujan-Gordon type overpartition functions, U,. s and U, 5, with similar parity
restrictions on even and odd parts. In this paper, we give partition-interpretations of U, ; and

U5 using the notion of colour partition of integers and prove some congruences for the partition
functions W, s(n), W, s(n), U, s(n) and U, s(n) for some particular values of r and s.

1 Introduction

For any complex numbers B and ¢, define

n—1
(B)n := (B;q)n = H(l — Bg¢"), forn > 1
k=0
and
(B)so := (B:q)os := [ [(1 = Bq")
k=0
For brevity, we write
k
[[(Bi:@)se = (B1, By, ..., Bii @)oo
i=0

and g; = (¢%; ¢*) for any integer ¢ > 1.

A partition of a positive integer n is a sequence of integers ; > dp > 63 > --- > 0, > 1 such
that Z?:] d; = n. The integers §; are called parts or summands of the partition. If p(n) denotes
the number of partitions of n, then its generating function satiesfies the identity

= 1
> p(n)gt = —.
ne0 g1

A summand in a partition of » has ¢ colours if there are ¢ copies of each summand available and
all of them are viewed as distinct objects. If a, b and ¢ are positive integers, then the coefficient
of ¢" in the expansion of (¢%; ¢*)~* enumerates the number of partitions n where summands are
congruent to ¢ modulo b with each summand having ¢ colours.

If the number of partitions of n with distinct even summands is denoted by ped(n), then

o0

3 ped(n)q" = %. (1.1)

n=0
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Andrews et al. [3] proved that

.32a
ped <32“+]n + 17381> =0 (mod 6) (1.2)
L 2a+1
and ped <3M+2n + W) =0 (mod 6) (1.3)

for all & > 1 and n > 0. Next we recall the following theorem of Gordon (see [8]).

Theorem 1.1. For r > s > 1, the number of partitions of n of the form & + & + - - - + & such
that § > &1, § — &j+r—1 > 2 and part 1 appears at most s — 1 times is denoted by B, s(n).
Let A, (n) represent the number of partitions of n into parts # 0,+s (mod 2r + 1). Then for
anyn >0, A, s(n) = B, s(n).

For r, s > 1, the Andrews-Gordon identity (see [1])

R R PR R M s 2rd+l—s 2r+l. 2r+1)

3 q - _ (¢°.q LR G R

ey >ko> >k >0 (q)kl—kz T (q)kr—Z_kr—l (q)kr—l (q)OC

generalizes Theorem 1.1. In [2] Andrews established analogous results for the function W, ;(n)
(resp. W, s(n)) which counts the partitions enumerated by B, ;(n) where even (resp. odd) parts
occur an even number of times.

Theorem 1.2. ([13, p. 39, Entry 24] & [2]) Forr > s > 1 withr =s (mod 2),

e 2 48 __2r42—s
S Wes(n)g" = Caig )7f§, qz)’ ), (1.5)
= 7 ¢%) oo
where § (x,y) [5, p. 34, 18.1] is given by
Z l_n(n—}—l)/Zyn(nfl)/Z' (1.6)
If r > s > 2 with r odd and s even, then
f(—qs, _q2r+2fs)
2 Wesln (6 P)x(g:9) 4D
n>0 9 o0 ] o0

An overpartition of a positive integer n is a partition of n such that the first occurence of any
part may be overlined. Let A\(n) denote the number of overpartitions of n, then its generating
function satiesfies the identity

D Al

n>0

Kursungdz [12] and Kim and Yee [13] studied the partition functions W, ;(n) and W,. s(n)
by considering different parities of r and s. Andrew [2] posted fifteen open problems, of which
the eleventh was related to the overpartition of integers. Chen et al. [6] investigated the eleventh
problem of Andrews and derived the overpartition analogies of Theorems 1.1 and (1.4).

For an overpartition A and for any integer ¢, the numbers of occurences of non-overlined and
overlined parts of size £ in A are denoted by M,(\) and M;()), respectively.

Sang et al. [14] proved the following results on restricted overpartition functions:

Theorem 1.3. [14] Suppose r > s > 1, { is any integer, and denote by U, ;(n) the number of
overpartitions A of n satisfying

(1) Mi(N) < s— 14 Mj(N);

(1) Mae—1(A) = Mayz=(\);

(idi) Ma(A) + Mze(/\) 0 (mod 2);

(iv) Me(A) + M(A) + Mpsr (A) < v — 14 Mz(A).

Ifr=s (mod 2) then

S0, L) = T ) (18)

= (4% q )oo
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Theorem 1.4. [14] Suppose r > s > 1, { is any integer, and denote by U, ;(n) the number of
overpartitions X\ of n satisfying

(1) Mi(N) < s— 14 Mj(N);

(i1) Mae(N) = Mzp(N);

(ZZZ) Mzg,]()\) + 30— 1( ) =0 (mod 2)

(i’U) M[(/\)—FMZ()\)-FMZJF]()\) <r-—1+ ZJF]()\)

Ifr > s > 2 and s = even, then

(1.9

= n (A P)2F (¢ —q
> Ursln)g" = )

= (¢%:q

__In this paper, we investigate some arithmetic properties of the partition functions W,.s(n),
W..s(n), Ups(n) and U, s(n). We establish congruences modulo 3, 4, 6 and 12 for Ws 3(n) and
W32 (n). For example, we prove for all « > 1 and n > 0,

C2a—1 _
W 3 (9“11 + 7341> =0 (mod 3),
.32 _
Wia (2 3%ty 4 17341) =0 (mod 6),
L 2a+1
Wia (2 S3%0t2y 4 W) =0 (mod 6).

In Sect. 3, we give colour partition interpretations of U, s(n) and U, s(n) which are analogues
of Theorem 1.1. In Sect. 4, we prove some particular and infinite families of congruences for
the partition functions Ws 3(n), W31(n) and Ws 4(n), and in Sect. 5, we prove congruences for
the partition functions Us 5(n), U3 2(n), Us2(n), and Ug»(n). In order to prove our results, we
will employ some g-identities collected in Sect. 2.

2 Preliminaries

Four important special cases of (1.6) considered by Ramanujan satisfy the identities [5, p. 36,
Entry 22 (i), (ii), (iii)]

o

— - _J2 2.1
¢(q) := flq,9) = t;mq P 2.1)
oo P
¥(q) = f(a.4) Zq““ 2 (2.2)
f(=q) =f(=a,-¢") = > (=1)'¢"C2 =g (2.3)
t=—o0
and [5, p. 37, Entry 22 (iv)]
2
x(q) == (—¢:¢*) = ﬁ. 2.4)
One can use elementary g-operations to show that
2
91 g1 9194
_ — =, _ — -, — = — 2.5
dg) =" x=a) =" v =7 (2.5)

We now collect some identities involving the theta-function f(z,y) defined in (1.6).

Lemma 2.1. /5, p. 35, Entry 19] We have

(2, 9) = (=235 2Y) oo (¥ 2Y ) 0o (Y5 7Y ) 0. (2.6)
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Lemma 2.2. [7, Theorem 2.2] Suppose p > 5 is any prime. Then we have

(p—1)/2
_ _1\k 3K k) 2¢ [ (Bp*+(6k+1)p)/2 _ (3p*—(6k+1)p)/2 _1\(£p—1)/6 (p*—1)/24
g (=1)"q fl—q ,—q +(-1) q Ips
k=—(p—1)/2
k#(+p—1)/6
where ( D
+p—1 p6 , ifp=1 (mod6)
T —p—1
6 (p6 ) ifp=—1 (mod6).
Furthermore, if
-(p-1) (p—1) (£p—1)
<k< S
5 <k< 5 and k # 3 ,

then

324+ k  p*P—1
5 % o (mod p).

Lemma 2.3. [7, Theorem 2.1] Suppose p > 3 is any prime. Then we have

(p=3)/2
)= > ¢TI (q<p2+<2z+1)p>/27 q<p2—<2z+1>p>/z)+q<p2—1>/8w(qp2)_

7=l

Furthermore, - 2+ ) (ng_ D (modp), when 0<i<® > 3
Lemma 2.4. [5, p. 49, Cor: (ii)] We have
¥(q) = §(q’, 4°) + av(d’). @2.7)
Lemma 2.5. [5, p. 51, Example (v)] We have
f(g,4°) = ¥(~a*)x(a)- (2.8)

Lemma 2.6. [11, Eqn. (3.2.7)] We have

1 1
— = — (AOBO + (AgBy + A1 By) + (A1 B + A, By) + A231> (mod 5),

g1 gs
where

> 2 i 2

A = Z (_1)mq5(15m +m)/2 | Z (_1)kq5(15k +11k+2)/2’
m=—oo k=—o0
A =—q Z (_1)mq25(3mz+m)/27
i 2 >0 2
Ay = _qz[ Z (_1)m+1q5(15m +13m+2)/2 4 Z (_1)k+1q5(15k +23k+8)/2 7
m=—o00 k=—o00

By = i (_l)mq(25m2—5m)/2
By = -3¢ Z (_l)mq(zsmz—lsm)/z_

Next lemma is a easy consequence of (1) and the binomial theorem.
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Lemma 2.7. Suppose k > 1, m > 1 are any integer, and p is any prime. Then we have

k—1 Kk
gb =gb,  (mod Pb). (2.9
Lemma 2.8. We have
1 9% 93976
— = =5 +2¢=572, (2.10)
g1 95916 9598
2 2 2
9 _ B _ 5 B8 2.11)
9 g18 9699
4 6 33 2.3
92 Y9699 9699 296913
g7 93913 93 93
9 _ 965 i (2.13)

g1 93918 99 ’

2 2
95 _ 949691692 9695948 (2.14)

g1 9%98912948 9%916924 ’

4
12
ot

g1 9393

2,3
9699936 +2q29691§936. (2.15)

4
939128 93

Proof. Using (2.1) and (2.2) in (1.9.4) of [11], we obtain

% _ % 9t
33 = 53 124>
9194 91916 gs
Now (2.10) follows from (2.16). (2.11) and (2.13) follow from (14.3.2) and (14.3.3) of [11],
respectively. (2.12) is from [9], (2.14) is from [15] and (2.15) is the Lemma 2.6 of [4]. O

(2.16)

3 Colour Partition Interpretations of U,. ,(n) and U, ,(n)

In this section, we give colour partition interpretations of the partition functions U, s(n) and
U, s(n).

Theorem 3.1. (a) Suppose r and s satisfy 1 < s < r and r = s (mod 2). Then U, s(n) is
equal to the number of partitions of n containing no summand congruent to 0, s or 2r — s
modulo 2r.

(b) Suppose r and s are positive integers such that s is even and 2 < s < r. Then, U, s(n)
is equal to the number of partitions of n into summands congruent to 2 modulo 4 in two

colours and even summands in a third color congruent to neither 0, s nor 2r — s modulo
2r.

Proof. Using (1.8) and (2.6), we obtain

S U, ()" = (=4 0)o0 (0% ) oo (@5 P ) oo (37 ) o (@507 ) oo (@550 )00 (P73 7 ) o
7,8 - -

2.2
= (4% ¢%)os (¢, 9)o0

(3.1)
from which our result (a) follows. Similarly, we can prove (b). O
4 Congruences for W, ,(n) and W,. ,(n)
In this section, we prove congruences for the partition functions Ws 3(n), W3 2(n) and Ws 4(n).
Theorem 4.1. Let p = 3 (mod 4) be prime, 1 < j <p—1anda, 3> 0. Then

5. 9a+1 28 1
> Wss (2 90 P 4 f) ¢" = v(g)P(q*) (mod 3), (4.1)
n>0

)
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and for all n > 0 we have

5. 9a+1p2ﬁ+2 -1
Ws 3 (2 LQFI 2642y 4 9 gatl 284l 5 1 ) =0 (mod 3). 4.2)
Proof. Setting r = 5 and s = 3 in (1.5), we obtain
a2 3 .9
>0 9
Simplifying (4.3) using (2.2), (2.4) and (2.5), we obtain
N Was(n)g" = 2892 (4.4)
>0 919496
Utilizing (2.14) in (4.4), we obtain
2 2
Z Ws,a(n)q” _ 916954 tq 93912948 (4.5)

n>0 9298948 9294916924

Collecting the terms involving odd powers of ¢ from both sides of (4.5) and simplifying, we
obtain

2
3 Wss(2n+ 1)gn = Ja96924 (4.6)
>0 919298912

Utilizing (2.9) in (4.6) and then applying (2.2), we obtain

2.2
S Wsa@n+ et = 295 = y(g)e(g*)  (mod 3). 4.7
>0 9194

Substituting (2.13) in (4.7) and simplifying, we get

2. 2 2 2 2.2 2 2
Z Ws3(2n+1)¢" = 9699924936 + qglggz4g36 +¢* 9695972 +¢ 918972 (mod 3). (4.8)
93912918972 99912972 93918936 99936

n>0
Collecting the terms involving powers of ¢ that are congruent to 2 modulo 3 from both sides of

(4.8) and simplifying the resulting equality yields

99
> Wss(6n+5)q" = ¢ (mod 3). (4.9)
>0 93912

Collecting the terms involving powers of ¢ that are congruent to 1 modulo 3 from both sides of

(4.9) and simplifying the resulting equality and then applying (2.2) yields

2.2
S Wsa(18n + 11)g" = 295 = y(g)y(g*) (mod 3). (4.10)
7>0 9194

From (4.7) and (4.10), we see that
Ws3(18n+11) = Ws3(2n+1) (mod 3), 4.11)
and iterating (4.11) yields

5,9a+171

W5,3 <2' 9a+ln+ 4

>:W5,3(zn+1) (mod 3), forall a>1. (4.12)

By substituting (4.7) in (4.12), we obtain

.9at+l _ 1
Z Ws.3 <2 S9otly 4 594> q"

n>0

¥(q)¥(¢*) (mod 3), 4.13)
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which is the 8 = 0 case of (4.1). Now suppose that (4.1) holds for some 5 > 0. Lemma 2.3 then
yields

> Wss <2 -9, 4

5. 9a+1p2ﬁ -1
)i
n>0

4

2 2 2 ? ’
q(m +m)/2f <q(ZD +(2m+1)p)/2, q(P —(2m+l)p)/2> + q(p _l>/8'(/)(qp ):l

(p—
x { gk /25 (q2<p2+<2k+1)p>, q2<p2—(2k+1)p>) n q(p2—1>/z¢(q4p2)} (mod 3).
k=0
(4.14)

Next consider the congruence

2 2 >
(m ;m>+4<k ;k>55<” - 1) (mod p), for 0<km<p—1, (415

which is equivalent to
2m+1)" + (4k+2)>=0 (mod p). (4.16)
Since <1) = —1, the only solution of (4.16) is k = m = (p — 1)/2. Therefore, collecting
p

the terms involving powers of ¢ that are congruent to 5(p? — 1)/8 modulo p from both sides of
(4.14) and simplifying the resulting equality yields

Z W5’3 (2 . 9a+1p2[3+1n +

5. 9a+1p2[3+2 _ 1) .
n>0

1 " = ¢(¢)¥(q™) (mod3).  (4.17)

Collecting the terms involving powers of ¢ that are congruent to 0 modulo p from both sides of
(4.17) and simplifying the resulting equality yields

= ¢(q)w(q4) (mod 3), 4.18)

Z W5)3 (2 . 9a+1p25+2n +

n>0

5. 90¢+1p25+2 -1 .
4 q

which is the 8 4 1 case of (4.1). Finally, collecting the terms involving powers of ¢ that are
congruent to j modulo p from both sides of (4.17) yields (4.2). O

Corollary 4.2. Nothing that the power of q in every term on the right hand side of (4.9) is
congruent to 1 modulo 3 immediately yields the following:

Ws3(18n+5) = Ws3(18n+17) =0 (mod 3).

Theorem 4.3. For any integer o > 1, we have

> —1
W5,3 (9071 + ? ) = W573(n) (mod 3), 4.19)
7-3%-1 1
Wsa | 9% + — =0 (mod 3), (4.20)
11-3%-1 -1
Wss |99 + 7 =0 (mod 3). 4.21)

Proof. Simplifying (4.4) using (2.9) and employing (2.5), we obtain

Z Wss(n)g™ = <g‘g4) =9y*(—q) (mod 3). (4.22)

>0 92
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Then (2.7) yields

> Wss(n)g" =P (-2, ¢%) = 20 f(—*, (") + ¢*(—¢°)  (mod 3).  (4.23)
n>0

Collecting the terms involving powers of ¢ that are congruent to 2 modulo 3 from both sides of
(4.23) and simplifying the resulting equality yields

> Wss(3n+2)¢" =¢*(—¢') (mod 3). (4.24)

n>0

Collecting the terms involving powers of ¢ that are congruent to 0 modulo 3 from both sides of
(4.24) and simplifying the resulting equality yields

> Wsa(9n+2)¢" =¢*(—q) (mod 3). (4.25)

n>0
Combining (4.22) and (4.25), we find
W3 (9TL + 2) = W5’3(TL) (mod 3), (4.26)

and iterating (4.26) yields (4.19). Next note that since the right hand side of (4.24) is a series in
¢, we have

Ws3(9n+5)=0 (mod3) and Ws3(9n+8)=0 (mod 3), (4.27)

which are the o« = 1 cases of (4.20) and (4.21). Finally, replacing n by 9n + 5 and 9n + 8 in
(4.19) yields (4.20) and (4.21) for a > 2. O

Theorem 4.4. For any integers o > 1 and n > 0, we have

_ a_ _

W3 (2 -9% + 2 7 ) =Wsp (Zn) (mod 4), (4.28)
.32a _

Wsa (2 3%ty 4 17341> =0 (mod 6), (4.29)

. 19. 32a+1 -1

Wi (2 L322y 4 4> =0 (mod 6). (4.30)

Proof. Setting r = 3 and s = 2 in (1.7) and simplifying using (2.2) and (2.4) and then applying
(2.5), we obtain

Y Wialn)g" = 2. (4.31)
7>0 92

Since the right hand side of (4.31) is a series in g2, it follows that

S Wian)g" = 2. 4.32)
>0 g1
Next, using (2.15), we obtain
N 91294 9%93936 96918936
D Wia(2n)q" = 5 + 775 + 205 (4.33)
0 93936 93918 93

Collecting the terms involving powers of ¢ that are congruent to 1 modulo 3 from both sides of
(4.33) and simplifying the resulting equality yields

o) 23 2 3
> Wan(6n+2)" = 2292 = <92> 9912 (434)

4 2 2 2
=0 919 g1 96
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Employing (2.12) then yields

SN 9895%912 |, 9e95912 9595912 9939129} 99129}
ZW372(6H+2)q"= 613? = +4q 61293 +12q2 6 911 +16q3 6 9]0 18+16q4 6 = 18.
n=0 937918 937918 93 93 93
(4.35)
Collecting the terms involving powers of ¢ that are congruent to 0 modulo 3 from both sides of

(4.35) and simplifying the resulting equality yields

o0 6,12
N Wia(18n+2)q" = 2B (mod 16). (4.36)
n=0 gl 96
Using (2.9), we obtain
N Wia(18n+2)¢" = % (mod 4), 4.37)
1
n=0
which by (4.32) yields
Wi32(18n+2) = W3,(2n)  (mod 4). (4.38)

Iterating (4.38), we acquire (4.28).
Combining (1.1) and (4.32), we obtain

W32(2n) = ped(n). (4.39)

Employing (1.2) and (1.3) in (4.39), we arrive at (4.29) and (4.30), respectively. O
Corollary 4.5. For any integer n > 0, we have

Ws,(18n+8) =0 (mod 4), (4.40)

W3o(18n+14) =0 (mod 12). (4.41)

Proof. Collecting the terms involving powers of ¢ that are congruent to 1 modulo 3 and con-
gruent to 2 modulo 3 from both sides of (4.35), we complete the proof of (4.40) and (4.41),
respectively. O

-3
Theorem 4.6. Suppose p is an odd prime such that <p) =—-L1<j<p—1landa >0.
Then

2(—1)2EP=D/0g,4(¢*)  (mod 8), (4.42)

— 13p2 — 1
Z W574 (4p2°‘n + p6) q"

n>0
and for all n > 0 we have

13p2a+2 -1

WS.A (4p2a+2n + 4p20¢+lj + g

) =0 (mod 8). (4.43)

Proof. Setting r = 5 and s = 4 in (1.7) and employing (2.3) and (2.4), we obtain

W n f(_q47 _q8) gé%
v - = 4.44
nzz;) saln)a (6P G (4.44)

Since the right hand side of (4.44) is a series in g2, it follows that

> Wsa(n)g" = 2. (4.45)
n>0 91
Employing (2.10) then yields
5 2.2
S Wsa(n)q = —E 4 2% (4.46)

3.2 3 :
7>0 953916 9598
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Collecting the terms involving odd powers of ¢ from both sides of (4.46) and simplifying, we
obtain

— B9
D> Wsa(dn+2)q" =222 (4.47)
n>0 9194

Employing (2.9) in (4.47) and then applying (2.2), we obtain

ZW5,4(4n +2)¢" =2g19(¢*) (mod 8), (4.48)

n>0

which is the a = 0 case of (4.42). Now suppose that (4.42) holds for some a > 0. Lemmas 2.2
and 2.3 then yields

S 13p%* — 1
Z Wsa <4P2an + e —— 3 ) q"

n=0
(p—1)/2
52(_1)a(:tpl)/6|: Z (_l)kq(3k2+k)/2f (_q(3p2+(6k+l)p)/2,_q(3p27(6k+l)p)/2)
k=—(p—1)/2
k#(£p—1)/6
+ (_1)(ip1)/6q(p21)/24gp2]
(p—3)/2
% [ Z q4(m2+m)/2f (q2(p2+(2m+l)p)’q2(p2—(2m+l)p))
m=0

+ q(PZ_l)/zw(q4p2):| (mod 8) (449)

Next, consider the congruence

2 2 2 _
<3k +k>+4<m —l—m>:13(p 1) (mod p), for 0<km<p-—1, (4.50)

2 2 24

which is equivalent to
6k +1)>+3(4m+2)>=0 (mod p). (4.51)

-3

Since (> = —1, the only solution of (4.51) is k = (£p — 1)/6 and m = (p — 1)/2. There-
p

fore, collecting the terms involving powers of ¢ that are congruent to 13(p? — 1)/24 modulo p

from both sides of (4.49) and simplifying the resulting equality yields

. 13 20042 1
ZW574 (4p2a+ln+ p >qn
n=0

< 2(—1)ltNE=D/g,4(g)  (mod 8).  (4.52)

Collecting the terms involving powers of ¢ that are congruent to 0 modulo p from both sides of
(4.52) and simplifying the resulting equality yields

- 2042 13p22 —1 n (a+1)(£p—1)/6 4
D Wsa (47 Pt e ) " = 2(-1) TN, (¢Y) (mod 8),  (4.53)

n=0

which is the o + 1 case of (4.42). Finally, collecting the terms involving powers of ¢ that are
congruent to j modulo p from both sides of (4.52) yields (4.43). O
5 Congruences for U, ,(n) and U, ,(n)

Theorem 5.1. For any integer n > 0, we have

Us s (5n + 4) =0 (IllOd 5)
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Proof. Setting r = s = 5 in (1.8) and using (2.1) and Lemma 2.6, we obtain

s
Z U5’5(n)q” = ¢(g5q ) (A()B()+(A031+AIBQ)+(AIBI+A230)+A231> (mod 5) (51)
n>0

Our result follows by observing that the series on the right hand side of (5.1) has no term whose
exponent is congruent to 4 modulo 5. O

Remark 5.2. Setting » = 3 and s = 2 in (1.9) and simplifying (2.3), we obtain

o _ 2; 2 go _ 2, _ A4 1 2
Z U372(n)qn — ( q q )2‘ fg q q ) — — 5 — g%, (52)
n>0 (4% 6%)oo (*¢Y), 9

where we also used the well-known result,

(@) = (@) (5.3)
Combining (4.44) and (5.2), we find

Usa(n) = Wsa(n). (5.4)

As a consequence, Us; »(n) satisfies the congruences given in Theorem 4.6.

—6
Theorem 5.3. Suppose p is an odd prime such that <p) =-L1<j<p—1landa > 0.
Then

o 7 200 1
S Tss (Spmn + 1’3) ¢ = 2(—1)°EP=D/6g1(g%)  (mod 8), (5.5)
n>0

and for all n > 0 we have

200+2 1
3

Tp

Uin <8p20‘+2n + 8p¥tlj + > =0 (mod 8). (5.6)

Proof. Setting r =4 and s = 2 in (1.9), we have

2.0 ,.2)\2 2 _ .6 2. ,.2)\2 2 _ 6
n>0 ’ o0

Simplifying (5.7) using (5.3), (2.2) and (2.5), we obtain

77 n V(—q) 9498
U, - = % (5.8)
n%% 4 2(n)q (q2; q4)292 g%

Collecting the terms involving even powers of ¢ from (5.8) and then applying (2.10) in the
resulting equation, we obtain

5 3.2
= gag 919

> Uan(2n)q" = 55 + 207271, (5.9)
>0 92916 9,98

Collecting the terms involving odd powers of ¢ from both sides of (5.9) and simplifying, we
obtain

— B9
D Uap(dn+2)q" =222, (5.10)
n>0 9194

Using (2.9) in (5.10), we obtain

2
N Tialdn+2)q" =225 (mod 8). (5.11)
>0 g4
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Collecting the terms involving powers of ¢ that are congruent to 0 modulo 2 from both sides of
(5.11) and simplifying the resulting equality and then applying (2.2) yields

> Uio(8n+2)¢" =2g19(q°) (mod 8), (5.12)

n>0

which is the & = 0 case of (5.5). As one can now proceed via the same argument used in our
proof of Theorem 4.6, we omit the remaining details. O

Theorem 5.4. Suppose p is an odd prime such that <_2) =—-1L1<j<p—1landa > 0.
p

Then
— 99p** — 3
> Usa <54p2an + p4) 0" = 200(¢°)  (mod 4), (5.13)
n>0
_ 11p2 -3
3 Ts. <6p20‘n + ]”4) ¢" = 2(—1)°EPD/6g0(g3)  (mod 8), (5.14)
n>0

and for all n > 0, we have

77 2042 il | 99p*T2 =3

Usp | 54p n+ 54p "5 + — )= 0 (mod 4), (5.15)
o 11 200+2

Us,2 <6p2°‘+2n + 6p*tlj + p43> =0 (mod 8). (5.16)

Proof. Setting r = 6, s =2 in (1.9), we obtain

S Tsaln)q" = (CHO)af(a —d) (5.17)

>0 9

Simplifying (5.17) using (5.3) and (2.8), we obtain

= n (@®)x(—¢)
%%Uﬁ,z(n)q = m. (5.18)

Collecting the terms involving powers of ¢ that are congruent to 0 modulo 2 from both sides of
(5.18) and simplifying the resulting equality and then applying (2.2) and (2.5) yields

_ Ulg 3)x(—q) Y
Usa(2n) . (5.19)
T;) s2(2n) (@) g 919

Employing (2.12) then yields

S Tea(n)g” = %65 | 9,968 | 4067k (5.20)
n>0 93918 93 9%

Collecting the terms involving powers of ¢ that are congruent to 0 modulo 3 from both sides of
(5.20) and simplifying the resulting equality yields

3" Tsa(6n)g 9293. (5.21)
n>0 g g

Employing (2.9) in (5.21), we obtain

Y Tea(6n)g" = 9293 (mod 8). (5.22)
7>0 9196
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Next, using (2.13) we obtain

5.2 6 2
N Tsalon)g = B8 1 B8 (mod 8). (5.23)
>0 96918 9699

Collecting the terms involving powers of ¢ that are congruent to 1 modulo 3 from both sides of
(5.23) and simplifying the resulting equality yields

7 902
S " TUs2(18n+6)¢" = 21%  (mod 8). (5.24)
n>0 9593
Using (2.9) in (5.24), we obtain
_ g
3" Tsa(18n +6)¢" = 2% (mod 4). (5.25)
e 9293
Substituting (2.11) in (5.25), we obtain
77 9% 9693
Z Usa2(18n + 6)¢" = 22 —2¢F718  (mod 4). (5.26)
93918 99

n>0

Collecting the terms involving powers of ¢ that are congruent to 1 modulo 3 from both sides of
(5.26) and simplifying the resulting equality and then applying (2.2) yields

> " Uso(54n +24)¢" = 2929(¢°)  (mod 4), (5.27)

n>0

which is the a = 0 case of (5.13). As one can now proceed via the same argument used in our
proof of Theorem 4.6, we omit the remaining details. Collecting the terms involving powers of ¢
that are congruent to 1 modulo 3 from both sides of (5.20) and simplifying the resulting equality
yields

53 4 4
3 Toalon +2)q" = 225 = 22025 (5.28)
n>0 g1 9193

Employing (2.9) in (5.28) and then applying (2.2), we obtain
> Tsa(6n+2)q" = 2920(¢*) (mod 8), (5.29)
n>0

which is the o = 0 case of (5.14). As one can now proceed via the same argument used in our
proof of Theorem 4.6, we omit the remaining details. O

Corollary 5.5. For any integer n > 0,

UG,Q (54n + 24) = UG)Q (6TL -+ 2) (mod 4), (5.30)
Ter (180 +12) =0 (mod 8). (5.31)

Proof. Combining (5.27) and (5.29), we arrive at (5.30). Collecting the terms involving powers
of ¢ that are congruent to 2 modulo 3 from both sides of (5.23), we complete the proof of
(5.31). |
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