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Abstract We discuss some unknown properties of p—Tribonacci numbers i.e. the Tribonacci
polynomials, as has been defined and studied by B. Rybotowicz and A. Tereszkiewicz [1]. We
also derive the Binet formula for p— Tribonacci numbers [1]. Finally we talk about some inter-
esting properties related to the congruence of p— Tribonacci numbers mod p*, for k = 1,2, 3.

1 Introduction

There is a rich history of Fibonacci numbers, defined by the recurrence relation F;, = F,,_; +
F,_2;n > 2, where F| = F, = 1. Many geometrical as well as algebraic properties of Fibonacci
numbers have been studied over the last few centuries [2, 3, 4, 5, 6, 7]. S. Falcon and A. Plaza
[8] studied the Fibonacci k—numbers which are defined as

Fyn =kFyn_1+ Fyn_2; k>1, provided Fro=0& F;; =1 (1.1)

S. Falcon and A. Plaza proved several interesting properties of Fibonacci k— numbers using
elementary linear algebra, which have applications in 4"triangle longest-edge (4TLE) partition
[8]. Many other interesting properties of Fibonacci k—numbers modulo m and derivatives of
Fibonacci k—numbers have been discussed in [9, 10].

Analogous to definition 1.1, given 7,, o = 0,71 = 1 & T,, » = p?, the p—Tribonacci numbers
can be defined as

Tp,n+3 - psz,n+2 + PT ;n+1 + Tp,n yn > 0. (12)

Here p is a positive integer throughout the discussion, and if we consider z instead of p, we
have the Tribonacci polynomials given as

Thi3(z) = 2*Tpin(2) + 2Ty (x) + Tp(z); n > 0. (1.3)

Here, To(z) = 0, T1(z) = 1 & Tr(z) = 2.

B. Rybotowicz & A. Tereszkiewicz [1] discussed Tribonacci polynomials and studied many
simple yet interesting properties. They discussed properties involving the Binet formula for
Tribonacci polynomials and also a few results related to its derivative.

In section 2 we prove some additive properties of p—Tribonacci numbers. While proving
them, we use concepts of matrix algebra. In section 3 we discuss on the generating function
for the p—Tribonacci numbers, using which we derive the Binet formula for the same. Then
in section 4 we prove some congruence properties of p—Tribonacci numbers modulo p*, for
k = 1,2,3, using induction. We conclude with section 5 making few remarks on some open
problems related to p—Tribonacci numbers.
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2 The p—Tribonacci Numbers & their Properties

‘We have Tribonacci numbers [11], 77 = 15 = 1, T5 = 2, defined as
Tn = Tn—] + Tn—2 + Tn—3 yn > 4.

Several interesting properties related to this sequence have been discussed in [12, 13]. As
given by 1.2, p—Tribonacci numbers are defined as T, 13 = p*Tp 2+ pTpni1 + Tpni n >0,
where T, o = 0,7, = 1 & T, » = p*. Correspondingly, by 1.3, the Tribonacci polynomials [1]
are given as T,,43(x) = 2*Tpi2(2) + 2Tpi1(x) + To(x) ; n > 0, where Tp(z) = 0,T1(z) =
1 & T»(z) = %. The first few p—Tribonacci numbers are given as

Tp1 = 1
Tp,2 = p2
T,3=p"+p

Tpa=p"+2p> + 1
T,s = +3p° +3p°
Tpe =p" +4p” + 6p* +2p
Tp7 =p'2 +5p° +10p° + 7p* + 1
Lemma 2.1.

k
;Tp,n = p(11+p) [Tyt + (4 )Ty + Ty — 1]
Proof:We have
Ty =1=1T,,
Tpo =p* =p" Ty,
Tps = p*Tpa + pTp1 + Tpo
Tpa = pZTpﬁ + T2+ Ty

Tps =p*Tpa+pTps+ Tpa

Ty =" T2+ 0Ty i3+ Tpr s
Ty = Tp i1+ pTpr—2 + Tpr3

Adding the above equations, we have

k k—1 k—2 k-3
STn =148 T +9Y Tpn+ D Ty
n=1 n=0

n=1 n=1
k k k k
ZT n = 1 erZZTp,n —p2T k +pZT n _pr7k71 —pT k + ZTP7" — Tp’k72
n=1 n=1 n=1

n=1

—Tpk—1 = Tpk
By simple evaluations we get

k
7p(1 +p) ZTp,n =1- [Tp,k+l + (1 +p)Tp,k + Tp,k—l]
n=I

k
1
: Ty n = ———|T, 1 T, T —1—1|. O
DT p(1+p)[ i1+ (1 +p) Ty + Tpp—1 — 1]

n=1
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We can verify the above result by considering £ = 9.

9
ST =p" 0+ p" + 7 4"+ 6p!t + 229" + 5p° + 16p° +34p7 + 1150 + 19p°
n=I

+26p* +9p* + 10p? + 6p + 3.

1 1
———[Tp10+ (1 +p)Tpo+Tps — 1] = ————[p'" +p'7 +p'* + 8p" + 8p'* + 7p"°
p(1+p)[ p,10 ( p) .9 8 ] p(1+p)[p p p D p p

+28p'2 +27p!'"! + 21p'0 4 50p° + 45p® + 30p” + 45p° + 35p° + 19p* + 16p* + 9p* + 3p)].
On simplification, it is observed that

9

1
[Tp,IO + (1 +p)Tp,9 + 1, 8 1] = ZTp,n-

p(1+p) —
Lemma 2.2.
b 1
(7) ZTp72n = o0+ P —p+2) [(1+p%) Tpoks1 + (L4 p)Tpok + (1 — p)Tp2k—1]
n=1
B (1+9%)
p(1+p) (P> —p+2)
k
.. 1
(ii) ZTpgn_l = 0 +0) (P —p12) (1= p)Tpor1 + (1 +p3) Tpor + (1 +p2) Tpok—1]
n=1
B (1-p)
p(1+p) (P> —p+2)
Proof:
(1)

Tp,Z - psz,l
Tpa =1"Tps+pTp2 + Ty
Tp,6 = psz,S + pr,4 + Tp,3

Tps = pszﬂ +pTpe+Tps

Tpok—2 = P*Tpor—3 + pTpok—a+ Tpok—s
Typor = " Tpok—1 + pTpok—2 + Tpok—3

Adding all the above equalities, we have

k k k—1 k—1
Z Tp,Zn = p2 Z Tp,Zn—l +p Z Tp,Zn + Z Tp,Zn—l
n=I n=1 n=1

n=I
k k
", (1 - p) Z Tp,Zn = (1 + pz) Z Tp,anl - TpA,Zkfl - pr,Zk
n=1

n=1

k 2k
2= Toon= (149> Tpn — Tpon—t — pTpon
n=1

n=1
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By lemma 2.1, we have

k
1
_ 2 — 2y | - _
(2 P+P)E Tpon (1+p)|:p(1+p)[Tp,2k+l+(1+p)Tp2k+Tp2k 1 1]] Tp2k—1

n=1
"pIth

On simplification we have

1
Tyan = -
Z P2 p(l+p) (PP —p+2

] [(l +p2) Tpokr1+ (1 +p) Ty + (1 — p)Tp,Zkfl}

(1+p)
p(1+p) (P —p+2)
(i1) We write

T,

p1 =1
Tp3 = pszJ +pTp1 +Tpo0
Tys =" Tpa +pTps + Tpo

jbﬂ ::pzjbﬁ +'p7;§ +'I¥A

Tpok—3 = 0*Tpok—a+ 0Tpon—s + Tpor_s
Tpoi—1 =D Tpor—2+ PTpok—3+ Tpon—4

Therefore, adding we get

Z ono1=1+4p Z 2n+pZT,2n 1+Z

k k
—p) ZTp,Zn—l =1—p*Tpon — Tpoi—2 — Tpok — PTpon—1 + (1 +p?) ZTp,Qn'

n=1 n=1

Z et =1 = p*Tpop — Tpok—s — Tp,Zk_pr,2k71+(]+p2>

1
[p(1+p) (P —p+2

(1+p%) ]
p(1+p) (pz—p+2) '

)[(1+p) Tpori1 + (1 +p)Tpoe + (1 — p)Thoe—1] —

(14 p?)?
T —1—
Z p2n—1 Tpork+1 — Tpow + 1+ —p+2) Tp2k+1
I+p)(1+p°) .. ot (1-p(+r) e~ (1+p*)?
p(I+p) P> —p+2)" """ p(I+p)P*—p+2)"" p(L+p)(P*—p+2)

k

A+ —p(l+p)(p* —p+2)
P2 Toan-1 = [ p(1+p)(p* —p+2) }Tp’zm
N [(1+p)(1+p2)—p(1+p)(p2—p+2)

p(l+p)(P* —p+2)
(1-p(+r) . l+p(1+p)(p2—p+2)—(1+p2)2

p(1+p)(P?—p+2) """ p(1+p) (P> —p+2)
On simplification, we get the required result. O

}Tp,zk
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Lemma 2.3.

k
1 p
) E T3 = ——— T, + T 3p_1| — ——5.
(l) — p,3 p(1+p3) [p p,3k+1 p,3k 1] (1+p3)

k
1 1
1% Typan—1=—— Ipsk+1 — PLpsk—1] — —F——~-
( )HZ::I () [Pk T )
k . |
— 3 2
(i) D Ty n—2 = )] (=0T 341+ (1+9°) T3 + 0T 30—1] + e

n=I

Proof: In order to prove these results, we make use of some simple matrix algebra.
Now, we write

T3 = p*Tpa + Ty + Tpo

Tp6 = Tps + pTpas + Tp3

Tpo =0 Tps +0Tp7 + Tps
Tp12 =" Tp 11 + pTp10 + Tpo

Typsn—3 =" Tpsk—a+ pTp3e—s + Tp3r_s
Ty = 0" Ty k-1 + pTpak—2 + Tpsk—3

Therefore, adding them all, we get
k k k k—1
ZT 3n ZPZZT Bn—1 +pZT 3n-2 T ZT 3n
n=1 n=1 n=1 n=0

k k k
pZT 3n—2 +pZZTp,3n—1 +0-2Tp,3n = Tp,Sk: (21)
n=1 n=1 n=1

Again,

Tpo =p* =p* Ty,
Tp5 = p*Tpa + pTps + Ty
Tps =" Tp7 + pTps + Tps

To1 = p*Tpi0 +Tpo + Tps

Tpik—a = 0*Tpsk—s5 + Tpak—6 + Tp k7

Typsk—1 =" Tpsk—2+ pTpsk—3 + Tpsk-a

Therefore, addition gives
k k k—1 k—1
S Than1=0"Y Tpsn2+pY Tpan+ Y Tpan-i
n=1 n=1 n=1 n=1

k k k k
Z Tpsn—1 = p’ Z Tpsn—2+p Z Tp3n — PTp 3k + Z Tpan—1 — Tpak-1
n=1 n=1 n=1 n=1
k k k
p2 Z Tp,3n72 + 0. Z Tp,3n71 + p Z Tp,3n = 1Lp3k—1 + pr,3k (22)

n=1 n=1 n=1
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Lastly,

T,

p

=1

Tpa =0"Tps+ pTpa + Ty
Tp7 =0Ty + Tps + Tpa
Tp10 =" Tpo + pTps + Tp7

Tpsn-s = 0"Tpsr—6+ pTp3e—7 + Tp3n_s

Tpak—2 = P*Tpar—3 + pTpsk—a + Tpak—s

Therefore, adding we have

k k=1 k1 k=1
> Toan2=140"Y Tpsn+pY Tpsn-1+ Y Tpin2
n=1 n=1 n=1

n=1
k k k k
Z Tpan— = 1+p* Z Tpsn+p Z Tpan—1+ Z Ty an—2 — " Tp 3k
n=1 n=1 n=1 n=1
—pIp3e—1—Tp36-2

k k k
0. ZT 3n—2 +pZT Bno1 + D7 ZT 3n =Tp3kp1 — 1 (2.3)
n=1 n=1 n=1

Thus, we can consider equations 2.1, 2.2, 2.3 as linear equations in unknowns » | T}, 3,2,
k k
2onet Tpan—1& 3 Tpan-

Writing this linear system of equations in matrix form, we have

p P O] [ShiiTosna] [ Tom
P 0 p Zﬁ:l Tosn—1| = | Tpsk—1 + pTp 3k
0 p p Zi:l Tp3n | Dok — 1
p p* 0 Ty 3k
Therefore, we solve the augmented matrix [p> 0 p Ty 361 + pTp 3k
0 p p*| Tpari1—1

Applying elementary row operations and converting above matrix system into row-echelon form,
we get

p P 0 Ty 3k
0 p P T 3041 — 1
0 0 p+p* T3k + Tpse—1 — P

k
s(p+ P4) Z Tyin = P T3kt + Tpsk—1 — p*

n=I
k 1 p
Y Tpsn = s [P Tpakn + Tpsect] — e
LT (T4 p?) [P Tpanet + Tpai-i] (1+4p%)

By back substitution and simplification, we get the required identities. O
The above results can also be proved or verified using the principle of mathematical induc-
tion.
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3 The Binet Formula for p—Tribonacci Numbers

B. Rybolowicz & A. Tereszkiewicz [1] have discussed the Binet formula for the generalized
Tribonacci polynomials. They have expressed it in terms of the roots of the characteristic equa-
tion for generalized Tribonacci polynomials. Here we particularly discuss the Binet formula for
p—Tribonacci numbers defined by 1.2 for the given initial terms. In fact we obtain the Binet
formula for p—Tribonacci numbers by detailed discussion regarding the characteristic equation
for the same.

Now, let P(x) be the generating function for the sequence {7}, ,,},~ .

Therefore, we can write

P(z) =Y Tpna" =Tpo+ Tpaz + Tpor® + Tpaz’ + ...+ Tppa® + ..
n=0

o0
p*eP(z) = p? Z Ty = p?Tp oz + P?Tp 2% + pP*Tpaa® + p*Tpaa* + .o+ p* Ty p12”
n=0
+p°T, JCJ:’“H e
o0
pr’P(z) = pz Ty "% = pTy02® + pTp12° + pTpox* + pTysa® + ...+ pTp 22"
n=0
+ T, ’kilkarl + pr)kl‘k+2 + ...
o0
LE3P(.’E) = ZTp7n$n+3 = py()1'3 + Tp’l.’b4 + Tp12x5 + Tp731'6 + ...+ Tp_’k,3l'k + Tp’k,2$k+1
n=0

k42 k
+Tp7k,1$ + *I»Tp)]g.%‘ +3 + ...

o P(z) — 2*P(z) — p2*P(z) — p*aP(2) = (Tpo + Tpax + Tpox® + Tpsa® + ...
+ Tyt +..) = (Tpoa® + Tpaa* 4+ Tpoad + Tpaa® + ...+ T, p 32k
+ Tp 2™+ Ty g 122+ T 2™ L) — (0T 022 + pTp2° + pTy 02
+pTp32° + .o+ Ty 2”4+ pTy 12" + pTy g™ 4 ..)
— (pszyox + p2Tp,1m2 —0—p2Tp72x3 + psz73x4 +...+ pszJf_lxk —I—psz,kx’”l c)e
S (1 =pPx —pa? — 23)P(x) = 0+ x + p*a® — p*a® + (Tps — Tpo — pTpa — p*Tpa)a?
+ (Tpa = Tpy = pTp2 — P’ Tp3)a* + o+ (Tpk — Typ—s — pTp i
—p*T ,k,l)xk + ...

' P(z) = .

(1 —p?x — p2? —23)
Lemma 3.1. The generating function for p—Tribonacci numbers is

X

Plz) = (1 —p?x —pa? —23)

Mehta D.A. [11], discussed extensively the roots of the characteristic equation for Tribonacci
numbers defined in section 2. Here we obtain the roots of the characteristic equation for p—
Tribonacci numbers and hence derive the Binet formula for the same in terms of these roots.

Suppose (1 — p?z — pz? — 2*) = (1 — ax)(1 — Bz)(1 — yx), where a, 3, 7 are in terms of
the parameter p. Clearly L, é &% are the roots of (say) q(z) = 1 — p*x — pz*> — x>, Therefore,

1y =
xr

1 —p*L — p-L — L. Therefore, equating to zero, we can say

3

o, B, & = are the roots of g (
that o, 8, & +y are the roots of

2 —p*at —pr—1=0. (3.1)
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Equation 3.1 is the characteristic equation for p—Tribonacci numbers. It should be observed that
3.1 is an equation in one variable ‘z’ with ‘p’ as the parameter.
The solutions of 3.1 are obtained using WolframAlpha [14] and are given as

p? N /268 + 99 + 3V/3\/3p° + 1ap? + 27 + 27

~3 372
N Vap (p* + 3)
3\3/2p6 +9p3 + 3v/3/3p5 + 14p3 + 27 +27
. (1 - \/52) /205 + 9p° +3V3y/3p° 1 Uap + 27 + 27
3 62

(14 V3i)p (r +3)
- 3 % 2%\3/2p6+9p3+3\/§x/3p6+ 14p3 + 27 + 27

(1 + \@z) \72p6 + 9p% + 3v/3+/3p0 + 14p3> + 27 + 27
6v2
(1 - \/51') p (P +3)

- 2
3% 2§\3/2p6+9p3 +3/3/3p% + 14p> + 27 + 27

e
3

If we assume w = (/ 2p5 + 9p3 + 3v/3+/3p5 + 14p3 + 27 + 27, then above roots can be written
as

_p2 w ﬁp(p3+3)
a_?+3\ﬁ+ 3w
1—+/3i 14++/3i 343
B:pz_( ’ ’)“_( Z>pz(p ) (3.2)
3 6v2 3x 25w
2 <1+\/§i)w (1—\/§i>P(p3+3)
T3 2 3 % 2%

It should be observed that o + 3 + v = p* & affy = 1.
Coming to generating function P(z) = W we can write
T B x
(1 —p2r—pz2—23) (1 —ax)(1 - Bz)(1 —2)
A B C

:l—ax+l—ﬁx+l—'yx

P(z) =

o P(z) = A(l — Bz)(1 —vx) + B(1 — azx)(l —~yz) + C(1 — azx)(1 — Bz)

111 — B —
a5 o5 we getthe values A = . B = =557, C =

Therefore by taking x =

m, respectively.
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o Lo 8 1
(a=pB)a=7y) 1-az  (B-a)(B-v)1-pz
v 1
(v—a)(y =) 1=~z

= az" 5 3 el
@A) Z M CEry POt

o P(x) =

T -8) Bzvnn

B e antl 5n+] ,er+1 o
‘Z <<a Ba-7  G-aE-1 " (v@(vﬂ))

But P(z) =Y Tpna™.
Therefore, on comparison we have

n+1 n+1 n+1
o p gl

B )Ty Rl (T ey Rl ey ey

Thus we have the following result.

Theorem 3.2. The Binet formula for the p— Tribonacci numbers is given as

an+1 6n+l ,Yn+1 .
E Rl Py P L ) Sl oy oy &

where o, B, -y are given by 3.2.

4 p—Tribonacci Numbers Modulo p*, for k = 1,2, 3.

B. Rybotowicz & A. Tereszkiewicz [1] have discussed about the degree of generalized Tri-
bonacci polynomials. We can say that for p—Tribonacci numbers, which can be considered
as polynomials in parameter ‘p’, we have deg (7}, ,,) = 2(n — 1), n > 0. This result is easily es-
tablished by the principle of mathematical induction. We prove some basic and important results
for p—Tribonacci numbers modulo p, using congruence relation [15].

Lemma 4.1.

Tp3n—2 =1 (mod p)

Tp,3n—1 =0 (mOdp)

Ty 3n =0 (mod p)

Proof: These results can be proved by mathematical induction.
We prove T}, 3, =0 (mod p).
Let n = 1. Therefore, T}, 31y = T3 = p*Tp2 + pTp1 + Tpo = p* +p =0 (mod p).
Hence the result is true for n = 1. Assume this is true for n = k i.e., we have T}, 3, = 0 (mod p).
Let n = k + 1. Therefore, Tp,3(k+l) = 1p3k+3 = psz73k+2 + pTp 3k41 + T 3k This gives,
Tp3k+3 = Tp 3k (mod p). By induction hypothesis, we have T}, 3, = 0 (mod p). Using this we

get T, 3x41) = 0 (mod p). Hence result is true for all n > 1.
The remaining results can be proved in a similar manner. O

Corollary 4.2.

Z n =k (modp)

ZT =0 (mod p)
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Proof: Adding the three results of lemma 4.1, we have
Tp,3n—2 + Tp,3n—l + Tp,3n =1 (mOdp)

Taking summation from 1 to k& on both sides, we get by properties of modulo function and on
simplification, Y | T,, ,, = k (mod p).
Moreover, considering k = p in the above result, we get

3p

ZTP»” =p = 0(mod p)

n=1
Hence proved. O

Lemma 4.3.

Tyan—2 =1 (mod p?)
Tp3n—1=0 (mod pz)

Tp3n =np (mod p*)

Proof: We prove T}, 3,—> = 1 (mod p?) by induction on n.

For n = 1, we have T), 31y = Tp1 = 1 = 1 (mod p?). Hence the result is true for n = 1.
Assume that it is true for n = k i.e., we have T}, 3,2 = 1 (mod p*). Now let n = k + 1. This
gives

Ty atei1)—2 = Tpsnet = 0 Tpsk + pTp3k—1 + Tpse—2 = pTp3k—1 + Tpak—2 (mod p*). By
lemma 4.1, we have T}, 341 = 0 (mod p) = pT, 3,1 =0 (mod p*). Using this, we have

Tpakr1)—2 = Tpsk+1 = Tpsk—2 (mOd PZ)

By induction hypothesis, we have T}, 3,2 = 1 (mod p*) = T), 3511)-2 = Tp k41 = 1 (mod p?).
Therefore the result is true for n = k + 1, and hence for all n > 1.
The remaining results are proved in a similar manner. O

Corollary 4.4.
3k
> Tpn = k(1 +np) (mod p*)
n=1
3p
Z Ty =p(1+np)=p (modpz)
n=1
Lemma 4.5.
Tpan—2 =1 (mod p?)
n(n+1
Tpin—1 = %pz (modpS)
Tp3n =np (mod p3)
Proof: We prove T}, 3,1 = M%H)pZ (mod p*) by using induction on n. The remaining results
follow similarly.
_ _ _ 2 — 1(+1) 2 3 : _
Forn =1, T,51)-1 = Tp2 = p* = =5-p* (mod p*). Hence the result is true for n = 1. Let

it be true for n = k. Thus, we have T}, 3,1 = k(kgl)pz (mod p*). Let n = k + 1. This gives

Ty 301)—1 = Tpsksz = 0Ty ket + 0T 36 + Tp3k—1-
Now, by lemma 4.1, we have T}, 31 = 1 (mod p) = p*Tp 3141 = p* (mod p?).
Also, by lemma 4.3, we have T}, 3, = kp (mod p*) = pT, 3, = kp* (mod p?).
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Therefore, T, 35+1)—1 = Tprt2 = p* + kp* + Tp3—1 (mod p*). Moreover, by induction
hypothesis, we get

k(k+1
( 5 )p2 (modp3)

= (1 +k+ Wﬂ;”) p*(mod p*)

(k+1)((E+1)+1)
2

Lokt —1 = Tp3k+2 = p* + kp* +

(mod p*).

Thus the result is true for n = k£ + 1, and hence foralln > 1. O

Corollary 4.6.

3k
k 1

E Tpon=k+ 7’1(”2_'— )pz + knp (modp3)

n=I1

3p
Z Ty = p(1 4 np) (mod p3)

n=I

5 Conclusion

We have derived many interesting relations related to the finite addition of p— Tribonacci num-
bers. We also derived congruence properties for p— Tribonacci numbers modulo p” and talked
about an important identity called the Binet formula. Many more interesting results can be
derived using the Binet Formula, like, the identity for (n — 1) or (n + 1)*" term in the p— Tri-
bonacci sequence, provided we already know the n'” term. Also, we can obtain results pertaining
to the congruence of p— Tribonacci numbers mod p"”, for r > 3.
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