Palestine Journal of Mathematics

Vol 13(Special Issue 11)(2024) , 38-44 © Palestine Polytechnic University-PPU 2024

On qclean and almost qclean Rings

R. G. Ghumde! and M. K. Patel?

Communicated by Mohammad Ashraf

Dedicated to Prof. B. M. Pandeya on his 78th birthday
MSC 2020 Classification: 16U99, 16E50, 16S34.
Keywords and phrases: Clean, almost clean, nil clean, qclean.

Acknowledgement: Authors would like to thank the referee for their valuable comments, which helps to improve the presen-
tation of the article. M. K. Patel wishes to thank National Board for higher Mathematics, with file No.: 02211/3/2019 NBHM
(R:P:) RDII/1439, for financial assistantship.

Abstract Nicholson introduced clean rings, where each element of ring is the sum of an
idempotent and unit element. Motivated by this structure we introduce here two classes of rings,
gclean and almost qclean ring. In this article we focus to study the fundamental properties of
both gclean and almost gclean rings, also proved that if a ring R is (almost) qclean, then power
series ring R|[[z]] is (almost) qclean. Apart from this we established for a commutative torsion-
less cancellative monoid T, a commutative graded ring R = P ., Tjs is almost qclean, if 7 is
almost qclean and each T is torsion-free 7 module.

1 Introduction

An element ¢ of ring is called gpotent if ¢* = ¢. From the definition of gpotent element it is clear
that every idempotent element is qpotent but the converse need not be true. A non-zero element
a € Ris called regular if ab = 0 implies b = 0 and ba = 0 implies b = 0. These are some special
elements of the rings, other than these special elements there are many special elements in the
ring like nilpotent elements, idempotent elements, unit elements, periodic elements, Jacobson
radicals etc. Many mathematicians used the properties of these special elements for studying
the various types of rings such as Boolean rings, clean rings, almost clean rings, nil-clean rings,
J-clean rings, r-clean rings etc. However, first such ring is studied by Nicholson [9] in his study
of lifting idempotents and exchange rings, where he introduces new class of ring known as
clean ring. A ring R is clean ring, if each element of ring can be expressed as sum of unit and
idempotent element. Nicholson also investigated the relationship between Boolean and clean
rings. Motivated by this work Ahn and Anderson [1] introduces two classes of rings known as
weakly clean rings and almost clean rings. In weakly clean ring, each element of ring can be
written as either sum or difference of a unit and an idempotent. While in almost clean ring, each
element of ring can be expressed as sum of regular element and an idempotent. On similar line
the notion of nil clean rings is introduced by A. J. Diesel [6], defined as if each element of ring
can be written as sum of an idempotent and nilpotent element. Most of the authors classify the
rings on the basis of properties of special elements of rings and studied their valuable properties.
Many authors have discussed such type of classifications in [[2], [3], [4], [7], [10]] and discussed
several important results of clean ring, r-clean ring, weakly clean ring, matrix ring over clean
ring and rings in which every element expressed as a sum of tripotents respectively.

In this paper we continue the study of such types of rings in which each element of ring can
be expressed by using qpotent elements. In this direction we study the qclean and almost qclean
rings. In section 2, we start by proving various properties of qclean rings. The main focus of
this section is to prove the class of gclean ring is closed under various fundamental structures of
rings like direct product, polynomial, homomorphic images etc. We discuss the matrix ring is
gclean whenever base ring is qclean and also discusses the results on ideal extensions in context
of gclean rings. In section 3, some similar type of things discusses for almost gclean rings.
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Throughout this paper, we consider R as an associative ring with unity. The set of regular ele-
ments, the set of gpotent elements, the set of unit elements, the set of zero divisors and Jacobson
radical are denoted by Reg (R), Q (R), U (R), Z(R) and J (R).

2 qclean Rings
We begin this section with the definition and example of qclean ring.

Definition 2.1. An element » € R is called qclean if r is a sum of unit element and gpotent
element. A ring R is said to be qclean if every element of R is qclean i.e. every element of R is
expressed as a sum of unit element and gpotent element of R.

From the above definition it is clear that every clean element is a gclean but the converse is not
true. This is clear by the following example.

Example 2.2. Let [}, = {a + bala® = a+ 1,a,b € Z, }. One can note that F} is a field of order

. b . . .
4. Now, consider M,(Fy) = (<a J la,b,c,d € Fy). It is easy to see that M,(Fy) is a ring
c
with usual matrix addition and multiplication. In this ring ¢ YNisa gclean element as it can
a o«

be expressed as (3 O) + (O g) , where the first element is qpotent and the second element
«@ @

is invertible.
Now we discuss some elementary properties of qclean rings.

Proposition 2.3. Let R be a gclean ring with characteristic two. Then r € R is gclean if and
only if 1 — r is gclean.

Proof. Let r € R be a qclean element with characteristic 2, so we can express © = u + g, where
weU(R)andg € Q(R). Then 1 —r = —u+(1—q). But (1 — ¢)* = 1 —4q+ 32 +4¢4 —¢* =
1 —¢*=1-¢. Thisimply (1 — q) € Q(R), so 1 —r is qclean. Conversely, if 1 — r is qclean, so
l—r=wu+gq, whereu € U(R) and ¢ € Q(R). Hence r = —u+ (1 — ¢), so —u € U (R) and
l1-¢€Q(R). O

Corollary 2.4. If r € J (R) then r is qclean.

Proof. Asr € J(R) and hence 1 — r € U(R). This implies 1 — r is qclean. Therefore, by
Proposition 2.3, r is gclean. O

Proposition 2.5. A ring R is gclean if and only if any element r € R can be expressed as
r =u— q, where u € U(R) and q € Q(R).

Proof. Proof is a routine exercise and can be verified easily. O
Theorem 2.6. Every homomorphic image of gclean is gclean.

Proof. Let R be qclean ring and f : R — R’ be a homomorphism. Let 7’ € f(R) then for some
r € R, we have v’/ = f(r) . As Ris aqclean, r = u + ¢, where u € U(R),q € Q(R). Then

F(r)=f(u+aq) = f(u) + f(q). Here f () = f(¢*) = (f (¢))" and hence [ (q) is qpotent
element. Now we prove f(u) is invertible. For this consider v be the inverse of an element « in

R, hence f (u) f (v) = f (ww) = f (1) = 1 and similarly f (v) f (u) = 1. This shows, f(u) is an
invertible element and hence f(R) is gclean. O

Theorem 2.7. Let Ry, Ry, Rs... are rings and construct R = [
only if each R;:s are q clean.

;1 Ri. Then R is qclean if and

Proof. It is evident that Q(R) = [],c; Q(R,;) and U (R) = [],c; U(R;). Hence the result
follows. O
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Theorem 2.8. Let R be a ring, then the following statements are equivalent:
(i) R is gclean.
(ii) R[[z]] is gclean.

Proof. (i) = (ii) Let f = by + bjz + bya®? + .... € R[[z]] where b; € R. As R is qclean, so
bo = u+q where u € U (R) and ¢ € Q (R) then f = g+ u + bjz + byx? + . .. is qclean because
u+bjz +ba? +... € U(R[[z]]) . Hence the result follows.

(#4) = (i) As R is a homomorphic image of R[[z]], hence by Theorem 2.6, the result follows. O

However, the similar type of result is not true for the polynomial ring R [z]. It is followed from
the following proposition.

Proposition 2.9. Let R be commutative ring then R[z] is not gclean.

Proof. Consider z = u + ¢, where u € U(R[z]) and ¢ € Q(R][z]). Suppose ¢ = ap + a;x +
ax* + ... + a,x™ and R is commutative with ¢* = ¢, hence a; = 0,Vi € {1,2,...,n}. This
implies ¢ € R. Thus —g + = € U (R [z]). Itis easy to see that this is impossible. O

It is always interesting to classify the matrix ring on the basis of base ring. Now we prove,
whenever R is gclean then matrix ring M,, (R) is also gclean.

Proposition 2.10. If ¢* = ¢ € R and ¢’ Rq® and (1 — ¢*)R(1 — ¢*) are qclean rings, then R is
gclean.

Proof. As ¢* = ¢, so it is easy to see that ¢° is an idempotent element. Now, by Pierce decom-
position of the ring, we have

¢’ Rg® CR(1 - ¢%)
(1-¢)Re (1-¢)R(1-¢")]
l = f+u, where u € U(¢*°R¢®) and f € Q (¢’R ¢*). Suppose v’ is an inverse of u then
yu's € (1 — q3) RPPRAPPR (1 — q3) C (1 — q3) R(l — q3), and m € (1 — q3) R(l — q3)
gives

x

R = Let P = € R, as | € ¢®Rq® implying

y m

m—yu'z € (1 —¢*) R (1 —¢*), sowe canwrite m—yu'z = f'+v, where f' € Q (1 - ¢*) R (1 — ¢’

andv € U ((1 —¢*) R (1 — ¢*)) with inverse v’. This implies

4
4
= U v = S0 +u . . Clearly, ;0 = ! (?4 =
y ff+ov+yuzx 0o f y v+yu'z 0o f 0o f
f fo T . N
and hence € Q (R). Now, we prove is a unit. For this consider
o f o f y v+yu'z
[ 7 0 u T ¢ —uz| cu Cx
—yu' 1= |ly vtyda| [0 1-¢| |—y+(1-¢)y —y'z+(1-¢)(v+yu'z)
i 3 /
¢ -

01 “ x3 . But ¢*u = u because u € ¢°Uq® and as x € ¢*R(1 — ¢*) this implies ¢’z = z.
—q

—yu' 1 =@ |y v+yux

Also, —y+ (1-¢*)y=—¢’y =0because y € (1 — ¢*) Rg* . On similar line we can show that
But, ug® = u, —x¢> = 0and v (1 —¢*) = v. Hence,
i i 173

—yu'z + (1 — ¢*) (v + yu'z) = v. Hence,
¢ —uz| [up -z
0 1-¢| |0 o=
q 0 u T q x| B

3
[ 3
u 0 . Since u 0 , a 0 and
y v+ydz| |0 1—-¢° 0 v 0 vl |-yu 1-¢

q 0 u T 7 x| u
' 0 1-¢*] |0
x :
5| all are in U(R). Hence
0 1—g¢

<

is unit and the result follows. O

y vtyu'z

Proposition 2.11. Let q1, @2, . . . .qn, be gpotents with ¢} and q;' are mutually orthogonal for i # j
and g\ + ¢ + ... + g, = 1 then for each i, if ¢; Rq} is qclean then R is qclean.
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Proof. This follows from Proposition 2.10 . O

The following result is a direct consequence of above proposition.
Corollary 2.12. Let R be a gclean ring, then matrix ring M, (R) is gclean.

Proposition 2.13. Let X and Y are rings and M be Y — X module with formal triangular ring

X
0] is gclean, then X and Y are gclean.
MY
X 0 . . z 0
Proof. Let S = be a qclean ring, consider an element s € S such that s = =
MY m y
ho 0 + w0 , where U € Q(S5) and w0 e U (S). Thus, z = f1 +u; and
2 f3 uz U3 Lof3 uy U3
4
y = f3+us. But hoOp |0 this implies f} = fi and £ = f» and hence f; € Q(X)
L [ 2 f3
/ /
1
and f, € Q (Y). Also there exist u,l such that | 0] [u} 0, = [ 0 . Hence
Uy  Ug uy uz| |u, uj 0 1

u; € X and u3 € Y. Therefore, x and y are qclean elements. Hence X and Y are qclean. O

Let V be an R — R bimodule over a ring R. This bimodule is also a ring with (v1v2) 7 = v; (vor),
(viT)va = vi(rva) and (rv;)w = 7 (vjw), where r € R and v;,v; € V. Then the ideal
extension I (R;V) = {(x,v) :z € R,v € V} is a ring with multiplication (z,v;) (y,v2) =
(zy, zv2 + v1y + viv2) and usual addition.

Now, we discuss some results on ideal extension.

Proposition 2.14. Let I(R;V) be an ideal extension as defined above. Then the following state-
ments hold:

(i) If I(R; V) is gclean, then R is gclean.

(ii) If R is gclean and for any vy € V, if there exist vo € V such that vi + vy + viv, = 0, then
I(R; V) is gclean.

Proof. (i) Let (r,0) € I(R;V) where r € R. Since I (R;V) is qclean, (r,0) = (ui,u2) +
(41,42). where (q1.2) € Q(I (R:;V)) and (uy,uz) € U (I (R:V)). But (qi, q2 )*

this gives (qi‘, Ao+ den + 46 +aed + ef + dq + (ae + ea + a) ) = (q1,q).
Therefore, ¢ = ¢ and hence ¢; € Q(R). Similarly we can prove that u; € U (R). Hence,
r = uj + q is a qclean.

(ii) Since R is qclean, for r € R we have r = u + ¢, where ¢ € Q(R) and u € U (R).
Therefore for (r,v) € I (R;V) can be written as (r,v) = (¢ + u,v) = (u,v) + (¢,0). Clearly,
(¢,0)* = (¢*,0) = (¢,0) and hence (¢,0) € Q(I(R;V)). Now to prove (u,v) is invertible
in I(R; V), consider (u,v) = (u,0) (1,v'), where v/ = u~'v. Clearly, (u,0) is invertible in
I(R;V). Since for v' € V there exist vj € V such that v + v} + v'v5 = 0, this implies
(1,v") (1,v5) = 1. Therefore (1,v’) is invertible in I(R; V') and hence (u,v) is invertible in
I (R;V). This completes the proof. O

3 Almost gclean rings
We start this section by giving the definition and example of an almost qclean rings.
Definition 3.1. An element r € R is called almost qclean ring if r is a sum of regular element and

gpotent element. If every element of a ring R is almost gclean, then ring R is called as almost
gclean ring. Clearly, qclean ring is almost qclean but the converse need not be true.
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Now, we discuss some properties of almost gclean rings.

In previous section we proved that If R is gclean then each of its homomorpic image is also
gclean. But similar type of result need not be true for almost qclean rings. An example in this
direction is given below:

Example 3.2. Let R = R[a,b] and R’ = R/(a—1)N(a)N(a + 1)N(b). Clearly Q (R') = {0', 1'}.
Here o/, (a — 1)’and (a + 1)" are zero divisor elements of R’ and which are not almost qclean,
hence R’ is not almost qclean.

Proposition 3.3. Let R be a ring with characteristic 2, then r € R is almost gclean if and only if
1 — r is almost gclean.

Proof. Proof is similar to the proof of Proposition 2.3. O

Now, we prove the direct product preserves the property of an almost qclean.

Proposition 3.4. Let Ry, Ry, R3... are rings and construct R = []
gclean if and only if each R; is an almost gclean.

se1 Ri. Then R is almost

Proof. Let r = (ry,72,....74,...) Where r; € R; for each ¢ € I, can be expressed as r = = + ¢
where z € Reg (R) and ¢ € Q (R). But [],.; Reg(R,) = Reg (R) this implies z; € Reg(R,)
foreach: € I. Similarly if ¢ = (¢1,¢2,.--..,4;) € Q (R) then g; € Q (R;) foreach i € I. Hence,
we get r; = z; + ¢;, where z; € Reg(R;) and ¢; € Q (R;) for each ¢ € I. So R; is almost
gclean. Conversely, letr = (r;) € R = Hiel R;. For each i € I, we can write a; = 7; + ¢;
where r; € Reg(R;) and ¢; € Q(R;). Since r; € Reg(R;), so there exist s; # 0 € R; such that
sir; = 0. Hence r = (r;) € Reg (R). Clearly ¢ = (¢;) € @ (R). Hence r is an almost qclean. O

Proposition 3.5. If ring R is almost gclean, then R|[z]] is almost gclean.

Proof. Let f = ap+ajx+... € R[[X]]. Since R is an almost qclean, we can write ag = 79+ qo
where 79 € Reg (R) and qy € Q (R). Therefore, f = 79 + qo + a1z + apx®> + ... = qo + 70 +
a1 + axx® + ... = qo + h(z), where h (z) = ro + a1z + az* + .. .. If h(x) is not regular then
there exist g (z) = by + byx + byx? + ... such that h (z) g (x) = 0. Therefore rog (z) = 0 and
hence rog; = OV, and this gives g; = O for all <. This is not possible. So  (z) € reg(R [[z]]).
Also, g € Q (R) € Q(R[[z]]). Hence R [[z]] is an almost gclean. O

Proposition 3.6. Let R be a ring which embedded in a ring P, also R and P has the same gpotent,
then R is almost gclean.

Proof. Let R be a ring which embeds in a ring P and has the same gpotent as R. Therefore
for z € R, we have 2z € P and hence © = u + ¢ where ¢ € Q(P) and u € U (P). By given
condition ¢ € Q(R) and this implies u =  — ¢ € R. Now to prove u € Reg(R), we start with
the assumption that u is not regular and therefore there exist y € R such that yu = 0, y # 0.
Since y and u € R, so y,u € P, and hence yu € P. Also as u € U (P), this implies there exist
u’ € P such that uu’ = 1. Therefore, yu = 0 gives (yu) v’ = 0,y = 0 is a contradiction. Hence
R is almost gclean. O

Proposition 3.7. Let R be a ring. Then the following statements are equivalent:
(i) R is almost gclean.
(ii) R[[z]]/((«™)) is an almost gclean.

Proof. (i) = (ii) For aring R, consider S = R][[z]]/((z")). First we start by assuming R is
almost qclean and will prove S is an almost qclean . Let f = fo + fiz + ...+ fr_12" "' + (2™)
be an element of S. Since R is qclean, f = (ro + fiz + ... + fo_12" ' + (2™)) + (g0 +
(x™), where 7o € Reg(R), qo € Q(R). Suppose that (ro + fiz + frz® + ... + fu_12" ' +
(@) (go + 1x+ gz + ...+ g1+ (2")) = 0+ (z"). This gives rogo = 0, 7091 + fi1g90 =
0, ....9n_170+ 9gn_o2fi +... +gofn_1 = 0. This gives go=¢g1 = ... = gp_1 = 0. Therefore
(ro+ fix + e’ + ...+ fu12™ 1) + (z") € Reg(S). Clearly, g0 + (") € Q(S). Hence S is
a qclean.

(ii) = (i) Let S be an almost qclean and hence for r € R, we have r + (z™) = (f + (™)) +
(¢ + (™)), clearly r = fo + qo and it is easy to see that ¢ € Q(R). Now we prove fy is an
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regular element of R. Assume fy is not regular element of R then there exist go # 0 € R such
that fogo = 0. Let g = goa™~ ! € R[[z]], then (f + (z™))(g + (2™)) = 0 + (2™), which is a
contradiction because f + (z™) € Reg(S). Hence R is an almost qclean. O

It is well known that if ring R is commutative clean ring, then R/nil(R) is also clean. However,
we can prove that if R is almost gclean, then R/nil(R) is also qclean.

Proposition 3.8. If R is a commutative almost qclean, then R/nil(R) is almost gclean.

Proof. Since R is almost qclean, then each element x in R can be expressed as x = r + ¢ where
r € Reg(R) and ¢ € Q(R). Hence ' € R’ where R’ = R/nil (R) can be expressed as r' +¢’. It
is easy to see that ¢’ € Q (R’). So, now we prove r’ € Reg (R’). Consider r’a’ = (', this implies
ra € nil(R). Therefore there exists a natural number n such that (ra)” = 0. But r € Reg(R) so
a" = 0, this implies a € nil(R). Hence ' = 0/ in R and therefore ' € Reg (R’). O

Let (T, +) be a torsion-less commutative cancellative monoid ( torsion-less mean if nt; = nt, —
ty =ty where t1,t, € T, n € N). It is easy to see that R[x;T] = {Z?:l ai:cfi| t;€T,a; € R}
is the monoid ring of R over T'. Note that if T is a torsion-less cancellative commutative monoid
and R is an integral domain then R[z;T] is also an integral domain. Also the map R[z;T] —
R defined by ag + >, aiz" — ag is a ring homomorphism whenever 7' is a cancellative
commutative monoid with 7' (—7") = 0.

Proposition 3.9. If g0 + 3°, o qiz" € Q(R[z;T]), where T is commutative torsion-less can-
cellative monoid with T N (=T) = 0, then qo € Q(R) and q; € nil(R), for i # 0.

Proof. Consider a mapping f : R[z;T] — R such that f(ao + 3, 4 a;zt) — ap. Butas T'N
(=T) = 0, this implies f is a ring homomorphism. Thus, if go + >, _ @iz" € Q(R[z;T]), then
q € Q(R). Now, consider a map from R[z;T| — R[z;T] such that ap + 3, @t — dy +
Dot 40 a;xt, where R = R/P and P is a prime ideal. Clearly, the kernel of this map is
ap + Zti 20 a;xt ag,a; € P. As R is an integral domain and T is torsion-less cancellative
monoid, this gives Q(R[z;T]) = Q(R). This implies ¢; = 0 for i # 0,¢; € P. Hence
g €N P =nil(R). O

Theorem 3.10. Let T' be commutative torsion-less cancellative monoid with R = @ g1 T be
a commutative graded ring. If Ty is almost gclean and each Ty is torsion-free Ty module, then
R is almost gclean.

Proof. Let z € R, x = ) 3, where xg € T3. Since Tj is almost qclean, o = a + ¢, where
a € Reg(Ty) and q € Q(Ty). Therefore, v = a + 35 475 +¢. Clearly ¢ € Q (R). Now it
suffices to prove that a + > 525 € Reg (R). Lety = a+ 3 5 25 and assume y € Z (R),
so there exists non zero element 5 € T3 with y3 = 0 but then a8 = 0 [7, Theorem 8&.4], this
contradict to T is a torsion free 7p-module. O

Theorem 3.11. Let R [z : T| be an almost gclean, where R is a commutative ring and T be a
commutative torsion-less cancellative monoid with T N (=T') # 0, then R is an almost gclean.

Proof. Since R is an almost qclean, so fory € R,y = a+q, where a = ap+3_, o a;x" € Reg (R [x;T])
and ¢ = go + 3,4 ¢ir" € Q (R [2;T]). By Proposition 3.9, g € Q (R) and ¢; € nil (R), for

i # 0. Hence a; = —¢; € nil (R) for i # 0. Now to prove agp € Reg(R), assume that

ap ¢ Reg(R)ie. ap € Z(R|z;T]). This says there exists a prime ideal P of R([z;T]) such

that ap € P C Z (R [x;T]) and a; € nil (R), i # 0. This implies a;,2" € nil (R[z;T]) C P.
Hence a € P. But P C Z (R[z : T)), this gives a € Z (R[z;T]) but this is not possible as

a € Reg (R[z;T]). Thus, ap € Reg (R) and hence R is almost qclean. O

Theorem 3.12. Let R = Sy P S1 PSP ...... be a commutative graded ring and if for 1 <
i < n—1,8; is torsion free Sy module with Sy is almost qclean, then (R/Sn, @ Sn+1 €D . ..) is
gclean.

Proof. Leta € R, a =ap+ a1+ ...+ an_1 + S P Snt1P....., where a; € S;. As Sy
is almost qclean, so ap = r + ¢, where r € Reg (Sp) and ¢ € Q (Sp). It is easy to see that



44 R. G. Ghumde' and M. K. Patel?

g+ S, P S 1P...€QUR/SnPSnt1P...)). Nowweprovey =r+aj; +....+an_1 +
S0 @ St @ oo € Reg (R) S @ S @ ...)). Suppose thaty ¢ Reg(R/Sn @ St - )
ieye Z(R/S,@PSnt1D-..).

But (R/S, @ Sn+1 P ...) is a graded ring, by [7, Theorem 8.4], there is a non-zero element
T D Sn @ Snt1D-...,z; #0 € S; forsome 0 < 5 < n—1such that (y+S, P Sn+1 P ....) (i +

Sn @ St @ ....) = 0+S, D St D ...... This gives yz;+Sp B Sni1 D ... = 04+, D Sni1 D ...

hence yx; = 0 which is not possible as S; is torsion-free Sy module. Hence the result follows.
O
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