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Abstract Let D,, be dihedral group of order 2n with identity element e then its square power
graph is a undirected, finite, simple graph in which pair of distinct vertices a,b have edge iff
ab = ¢ or ba = ¢ for any ¢ € D,, where ¢ # e. In this research paper we have studied various
structural properties such as connectedness, vertex degree, girth, clique, chromatic number and
laplacian spectrum of square power graph of dihedral group D,, of order 2n for odd number 7.

1 Introduction

Studying graphs associated with groups is an growing and interesting topic among researchers.
Depending upon different group properties we have various types of graphs such as power graph,
co-prime graph, additive power graph, square element graph, square power graph, cubic power
graph, k"-power graph, etc. A. Sehgal and SN Singh researched the degree of a vertex in the
power graph of a finite abelian group [1]. L. Lu and others studied the Integral Cayley graphs
over dihedral groups [2]. R. S. Gupta and M. K. Sen studied square element graph in association
with ring in [3]. B. Biswas and other researchers studied connectedness of square element graph
of arbitrary rings in [4], properties of square element graph of square-subtract rings in [5] and
over semigroups in [6]. R. R. Prathap and T. T. Chelvam researched cubic power graph in [7] and
complement of square power graph in [8] for finite abelian group. P. Rana and others studied
degree of a vertex in k" —power graph of a finite abelian group [9]. A. Siwach and others
researched square power graph of Z, and 2 — group in [10]. A. Sehgal and others explored
the structural characteristics of Co-Prime Order graph for a finite abelian Group and Dihedral
Group in [11]. F. Ali and others studied the properties of commuting graph of dihedral group
[12]. Girth, diameter, completeness, bipartiteness, chromatic number and traversability of line
graphs associated to the unit graphs of rings are studied in [13]. In [14] laplacian spectra for
power graphs of abelian groups is studied.

In this paper we have studied square power graph of dihedral group. Square power graph of a
finite group G with identity element e, I'y,(G) is undirected, simple, finite graph with vertex set
G and two distinct vertices a,b € G are adjacent if and only if ab = ¢ or ba = ¢ forany ¢ € G
and ¢ # e.

2 Preliminaries

Let us recall some important results about graphs and dihedral group which are necessary and
used in our study. D,, be a dihedral group of order 2n, with n reflection elements and n rota-
tion elements i.e D,, = {2y’ : 2> = e,y = e,zy =y~ '2;i = 0,1;5 = 0,1,2,--- ,n — 1}.
Throughout this paper we have used

D, = {R()7R¥,RM,RSX736O,"'R(n—l)x}ﬁO,Fal,Faz,Faz,"' ,Fa, } here Rixso are rotation
elements for 0 < i < n—1and R3e0 = ﬁo; and F,; are reflection elements all with order 2 for
1 < j < n. We have two distinct rotation elements or two distinct reflection elements always
combine to form rotation element i.e Rixxo X Rjxso = Rrxso where 0 < 4,5,k < n —1
and F,, X Fy; = Rrce where 1 < Z,} < n and 0 < k"g n — 1. We also have one
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rotation and one reflection element combine to form reflection element i.e Rixeo X F,, =

F,, where 0 < i < n-—1and1 < j,k < n. When n is odd we have n number of ele-
ments of order 2 in D,,. D% = {R}, R%, R3.s0, R3xse0 R jsws P F2 F2 o JF2 ) =

a)’ T ax) T az?

{Ro, R¥,Rw,Rw, -+, Rn_1xa0 } When n is odd number.

Square power graph of a finite groﬁp G with identity element e, I's,(G) is undirected, simple,
finite graph with vertex set G and two distinct vertices a,b € G are adjacent if and only if
ab = ¢ or ba = ¢ for any ¢ € G and ¢* # e. It can be clearly seen that any pair of vertices
X,Y € D, are adjacent in square power graph I's,(D,,) if and only if XY € D2 \ {Ry} or
YX € D2\ {Ry}. When two distinct vertices are adjacent we say they have edge between
them. We have used d(X,Y) for distance between vertices X and Y vertices, shortest path
length between vertices X and Y. Girth gr(I's,(G)) of square power graph is the length of
shortest cycle in I'y,(G). Maximal complete subgraph of I'y,(G) is known as clique of I'y,(G)
and number of vertices in largest clique is denoted as w(I's;(G)) and known by clique num-
ber of square power graph. Number of vertices with which vertex X is adjacent in I'y,(G) is
known as degree of vertex X in square power graph I'y,(G), denoted as degr, (c)(X). Ky is
the complete graph with n vertices. If there are n disjoint components C, Ch, - - -, C,, of graph
C then we denote them as C' = [C}] U [C,] U --- U [C,,]. Complement of any component of
graph means pairs of vertices which were having edge in that component is not having edge in
its complement and pair of vertices which were not having edge in that component are having
edge in complement of that component. For complement of any component C; of C' we have
used Cj. So we have [K,] U [K,] U - U[K,] = nK,, [K,] = nK; We have two disjoint
components K U ”T’IKQ and K, in Fcpg(G) when G = D,, with odd number n. Thus we have

used [y (G) = [Ky U %L KG) U K.

3 Properties of 'y, (D,,)

Theorem 3.1. Let I, (G) be square power graph of D,, and n is odd number then Ts,(G) is
disconnected graph.

Proof. For G = D,,, I';,(G) be square power graph. We have X,Y € D, if and only if
XY € D2 orYX € D?. We have D2 = {Rixan : 0 < i < n — 1} when n is odd number.
When one of X, Y is rotation element and another is reflection element then we have XY and
Y X both are reflection elements. Thus we have XY ¢ D2 and Y X ¢ D?. So we have no edge
between any reflection element and rotation element vertex in square power graph of dihedral
group. We have no path between reflection and rotation vertices. Hence square power graph of
dihedral group I'y,(D,,) for odd n is disconnected graph. O

Theorem 3.2 ([6]). Let Iy, (G) be square power graph of D,, then T's,(G) = [K; U ”T’IKQ] U
[K,] if n is odd number.

Proof. When n is odd number, we have DfL = {Rixe : 0 < i < n—1}and we have two vertices

X,Y € D, are adjacent in s, (D,,) if and only if XY € D2\ {Ro} or YX € D2\ {Ro}. When
X and Y both are rotation elements and X ~! # Y then we have XY and Y X both belongs to
D2\ {Ry} and so are adjacent. In this case we have only Ry element which is self inverse so we
have R, element vertex having edge with all other rotation vertices in I's;(D,,).

When both of X and Y are both are reflection elements then we have XY and Y X both belongs
to D2. So we have edge between every pair of reflection element vertices in square power graph.
When one of X and Y is reflection element and another is rotation element then we have both
XY and Y X reflection elements and so we have both XY and Y X does not belong to D?.
Thus we have no edge between any reflection element vertex and rotation element vertex. Hence
we have two components in I's,(D,,), one with n rotation element vertices and another with
n reflection element vertices. In component with rotation element vertices we have Ry having
edge with every other rotation element vertex and every rotation element other than Ry having

edge with every other rotation other than its inverse. Hence we have [K; U "T_IKQ} structure of
this component. In second component with n reflection element vertices we have edge between



170 Ajay Siwach®, Vinod Bhatia, Amit Sehgal and Pankaj Rana

every pair of distinct reflection vertices and so we have K, structure of this component. Hence
we have I'y,(D,,) = [K; U %Kz] U [K,,] when n is odd number. O

Corollary 3.3. Let Iy, (G) be square power graph of D,, then number of components in I's;(G)
is two when n is odd number.

Proof. From Theorem 3.2 we have two disjoint components in I'y,(G) when n is odd number.0

Corollary 3.4. Let I's,(G) be square power graph of D,, and n is odd number then
Lif 7' # R,

2ifR;' = R;

(ii)d(F,,, F,)) = 1

(i)d(R;, R;) = {

Proof. Using Theorem 3.2 we have the required result. O

Theorem 3.5. Let T's,(G) be square power graph of D,, and n is odd number then girth

97(Tea(G)) = 3 otherwise

oo whenn =1

Proof. When n = 1 then by using Theorem 3.2 we have I';,(G) = [K,] U [K;] = K; U K.
Hence we have no cycle in I';,(G) and so gr(I'sq(G)) = co when n = 1.

When n is odd number other than 1 then by using Theorem 3.2 we have one component K, of
I';,(G). Hence we have cycle of length three in I'y,(G) for odd number n other than 1. Hence
gr(Tsq(G)) = 3 when n is odd number other than 1. O

Theorem 3.6. Let Iy, (G) be square power graph of D,, then cliqgue number w(I's4(G)) = n
when n is odd number.

Proof. When n = 1 then by using Theorem 3.2 we have I'y,(G) = [K;|U[K,] = K, UK. Thus
we have K| complete subgraph of 'y, (G) with maximum vertices. Hence w(I's;(G)) = 1 when
n=1.

When n is odd number > 3 then from Theorem 3.2 we have two components each with n
vertices and one of them is K,,. Thus K, is maximal complete subgraph of I'y,(G). Hence
w([sq(G)) = n when n is odd number > 3.

Hence the required result. O

Theorem 3.7 ([6]). Let T's,(G) be square power graph of D,, then chromatic number x(I's;(G)) =
n when n is odd number.

Proof. Using Theorem 3.2 and Corollary 3.3 we have two components in I's,(G), one of which
is of form K,,. Assign n different colours to n vertices in K,, component. Now using the 1+ an
colours out of n colours already used in K,, component, we get the proper colouring i.e adjacent
vertices assigned different colours. Hence x(I's;(G)) = n. O

Theorem 3.8. Let Iy, (G) be square power graph of D,, and n is odd number then Ty (G) is
weakly perfect.

Proof. Using Theorem 3.6 and Theorem 3.7 we get w(I'sy(G)) = n = x(I'sq(G)). Thus I'yy(G)
is weakly perfect. O

Theorem 3.9. Let Iy, (G) be square power graph of D,, and n is odd number then degree of any
vertex X
n—1 le - R()
degr,,(c)(X) = § n— 2 if X is any rotation element vertex other than Ry
n — 1 if X is any reflection element vertex

Proof. From Theorem 3.2 we have two components in I's,(G). In one component with n rotation
element vertices, Ry is adjacent with all other n — 1 rotation element vertices. Any rotation ele-
ment other than Ry is not self inverse in D,, when n is odd number. Every rotation element vertex
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in this component other than Ry is adjacent with n — 2 rotation element vertices which excludes
only their inverse rotation element vertex. So degr, (¢)(Ro) = n — 1 and degr, (¢)(X) =n —2
if X is any rotation element vertex other than Ry.

In second component of I';,(G), we have n reflection elements vertices with every pair of dis-
tinct vertices having edge. Hence degr, (¢)(X) = n — 1if X is any reflection element vertex.O

Theorem 3.10. Let Iy, (G) be square power graph of D,,, dihedral group of order 2n and n is
2ifn=1,

odd number then independent number, B(I's,(G)) = 3 otherwi
otherwise.

Proof. Let I',,(G) be square power graph of D,,, dihedral group of order 2n and n is odd num-
ber. Then by using Theorem 3.2 we have two disjoint components in I's;(G), one of which is
K, and another is [K U "1 K]

Case 1. Whenn =1

In this case we have I'y,(G) = 2K. Hence 5(T's,(G)) = 2.

Case 2. When n is odd number other than 1

In this case we have one vertex from K, component and two vertices of a,a”! type from

[K U %51 K,] component forming the maximal independent set. Thus 3(Is,(G)) = 3. O

Theorem 3.11. Let Iy, (G) be square power graph of D,,, dihedral group of order 2n and n is
odd number then matching number, ji(Tsq(G)) =n — 1.

Proof. Let I';,(G) be square power graph of D,,, dihedral group of order 2n and n is odd number.
Then using Theorem 3.2 we have two disjoint components in I'y,(G), one of which is K,, and
another is [K; U 251 K5]. So 251 edges from K,, component and "5 edges from [K; U 51 K]

component forms the maximal independent edge set. Thus pu(I'yo(G)) = %5 + 25 =n— 1.0

4 Laplacian Spectrum of Iy, (D,,)

Theorem 4.1. Let Iy, (G) be square power graph of D,, where n is odd number then we have

Laplacian matrix L = g ‘O/ Characteristic polynomial of L is C(z) = 2*(n —
2nx2n
x)u (n—2-— .’E)% having laplacian spectrum 0 with multiplicity 2, n — 2 with multiplicity
% and n with multiplicity w
-1 -1 -1 - -1 -1 -1
-1 n-2 -1 - -1 -1 0
where U — -1 -1 n-2 - -1 0 -1 ’
-1 -1 0 oo =1 n=2 -1
| -1 0 -1 =1 =1 n=2]
m—1 -1 -1 . -1 -1 -1
-1 n-1 -1 - -1 -1 -1
-1 -1 n-1 .- =1 -1 -1
V=
-1 -1 -1 - n-1 -1 -1
-1 -1 -1 -~ =1 n-1 -1
| —1 -1 -1 - =1 -1 n-1

- nXn
and O is n X n zero matrix.

Proof. Using Theorem 3.9 and Corollary 3.4 we get the 2n x 2n laplacian matrix,
u O
oV

L= and so we have Characteristic polynomial of L,

2nx2n
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Cla) = det(L — D) = |V =% O | S0, C(a) = det(U — 21)det(V — zI). We have
0] V —al
[(n—1—= —1 —1 s —1 —1 —1
-1 n—2—x —1 | -1 0
U— o] — -1 -1 n—2—-—x --- —1 0 -1 and
-1 -1 0 e =1 n—-2-—2x -1
| 1 0 -1 | -1 n—2—m_nm
- l-az 1 . -1 .
L | -1 -1
1 L [ . -1 -1
V- 2l —
1 . A (. -1
-1 -1 e 2l n—l-z -1
1 . . | 1 n-1-g

nxn

Applying Ry — Y. | R; and then taking out —z common from first row in det(U — zI), we get
det(U — xI) = —xdet(Uy)

1 1 1 1 1 1
-1 n-2-=x -1 e =1 -1 0
-1 -1 -2- e =1 -1
where U; = " . 0
-1 -1 0 v =1 n—-2-x -1
| -1 0 -1 e =1 -1 n—2—x

- nXxn
Applying R; — R; + Ry for 2 < ¢ < non det(U;), we get
det(U — xI) = —xdet(Uy) = —zdet(U,) where

1 1 1 R | 1 1
0 n—-1-= 0 o 0 0 1
U, = 0 0 n—1-x --- 0 1 0
0 0 1 o 0 o n—1-2 0
| 0 1 0 o 0 0 n—l—a:_nxn
Solving U, along first coloumn we get
det(U — zI) = —xdet(U,) = —zdet(U,) = —xdet(Us) where
(n—1—-x 0 0 0 0 1]
0 n—1—x 0 -0 1 0
Uy = 0 0 n—1—x 1 0 0
0 1 0 o 0 n—-1-x 0
i 1 0 0 e 0 0 n—1-z|

(n—1)x(n—1)
Now applying R — ZZL:_II R;, and taking (n—x) common from first row we get, det(U —xl) =
—xdet(U,) = —xdet(U,) = —xdet(Uz) = —x(n — x)det(Us)

[ 1 1 1 1 1 1

0 n—-1—=z 0 o 0 1 0
where Us — 0 0 n—1l—-z - 1 0 0

0 1 0 e 0 n—1l-=x 0

B! 0 0 e 0 0 n—1-az]

(n—1)x(n—1)
Now applying R,,—1 — R,—1 — Ry, on det(Us) and then solving it along first coloumn we get,
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det(U — zI) = —adet(Uy) = —adet(U,) = —zdet(Us) = —x(n — x)det(Us) = —z(n —
x)det(Us)

(n—1-2 0 0 0 1 0
0 n—1—x 0 1 0 0
[
where Us = 0 0 n x 0 0 0
1 0 0 0 n—-1-z 0
! -1 -1 -1 -1 on-2-a]
Now solving det(Us) along (n — 2)*" column we get,
det(U — xI) = —z(n — z)det(Us) = —x(n — x)(n — 2 — z)det(Us)
n—1-2 0 0 0 0 1]
0 n—1—-x 0 - 0 1 0
—l—z - 1
where Us — 0 0 n T 0 0
0 1 0 e 0 n—1-uz 0
L 1 0 0 - 0 0 n—1-—uzx] (n—3)x (n—3)
On repeating the same process in last we get,
det(U — zI) = —x(n — 2)"T (n — 2 — )"
Now let us find det( — ), applying Ry — Y " R; on det(V — xI), then taking out —
common from first row, we get det(V — zI) = —xzdet(V;)
[ 1 1 1 S 1 1]
-1 n—-1-=x -1 | —1 -1
where Vi — -1 -1 n—1—-z - -1 -1 -1
-1 -1 -1 e =1 n—1-2 -1
. T L B

Applying R; — R; + R, for 2 < i < n on det(V}), and then solving along first column we get
det(V — xI) = —zdet(V}) = —xdet(V) where

n—xz 0 0o - 0 0 0
0 n—zx 0 - 0 0 0
v, = 0 0 n—x --- 0 0 0
0 0 0 o 0 o n—z 0
| 0 0 0 - 0 0 =2 (a1
Thus we get, det(V — zI) = —xdet(V) = —xdet(V2) = —x(n — x)" !
We get C(z) = det(U — zI)det(V — zI) = —x(n — x) L271 (n—2—2)7 (—2)(n —z)"! =

22 (n— x>3<n271> (n—2—2) ey

Hence Characteristic polynomial of L is C(z) = 2*(n — )

3(n—1) n—1
7 (n—2—x) 7 and so laplacian

nl

spectrum 0 with multiplicity 2, n — 2 with multiplicity and n with multiplicity M a
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