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Abstract Our paper delves into exploring skew cyclic codes over a generalized class of rings
denoted by 7 = T,.. We define T}, = F[uy, ua, ..., up] /(ud — wi, wjuj — ujui)j iy, q =p™and p
is some odd prime. Our study introduces a Gray map for the ring 7 and explores its properties.
Using a decomposition theorem, we analyze the structural features of skew cyclic codes over 7.
Additionally, we offer a formula to find the count of skew cyclic codes of length n over the ring
T under specific conditions. Further, we derive a criterion to get Linear Complementary Dual
(LCD) codes over T from skew cyclic codes. Moreover, we present a technique for deriving
quantum codes from a particular class of skew cyclic codes over 7 which contain their dual.

1 Introduction

The extensive algebraic features of cyclic codes make them one of the most intriguing families of
codes. Hammous et al. [14] showed the existence of many good non-linear binary codes under
the Gray map. Further many researchers studied cyclic codes over various chain and non-chain
rings. As a generalization of cyclic codes, Boucher et al. [5] developed the idea of skew-cyclic
codes or #-cyclic codes in 2007, where 6 is some automorphism of the finite field being used as
code algebra. They further extended their study in [6] We know that cyclic codes of length n
over I, can be identified as ideals of F,[y]/(y™ — 1). Skew cyclic codes of arbitrary length were
studied by Siap et al. [27]. It is interesting to observe that for an automorphism 6, skew 6-cyclic
codes of length n over F, can be identified as left submodules in F,[y : 6]/(y™ — 1). Here,
F,ly : 6] is a non-commutative ring in general and called a skew polynomial ring. In F [y : 6]
addition operation is the usual addition of polynomials and multiplication is defined using the
rule y * ay = 6(a)y?.

Motivated by the study of skew cyclic codes over a finite field, Abualrub, and Seneviratne [1]
provided a study of skew cyclic codes over the ring F, + vF,, where v?> = v. In 2014, Jin [19]
studied skew cyclic codes over F,, + vFF,, with v> = 1. Further, skew cyclic codes over F, + vF,
were investigated by Gao [11] and Gursoy et al. [13] using two different automorphisms. Dertli
at al. [9] studied skew cyclic and quasi-cyclic codes over Fy + ulF, + u*F,. Yao et al. [29]
described the structural properties of skew cyclic codes over F, + ulF, +vF, + uvlF,. Moreover,
they provided a formula for the number of skew cyclic codes under certain conditions. Shi et al.
[24] studied skew cyclic codes over F, + vIF, + szq and further Shi et al. [25] extended their
study over a more general non-chain ring. Ashraf et al. [2] provided a study of skew-cyclic codes
over F, + ulF, + vF,. Islam and Prakash [18] studied skew cyclic codes and skew constacyclic
codes over F, + uF, + vF, + wvF,. Irwansyah et al. [16] studied ®g-cyclic codes over a
class of non-chain rings Aj. Later, a more general class of non-chain rings By was taken into
consideration to study skew cyclic codes by Irwansyah et al. [17]. Recently, many researchers
studied skew cyclic and skew constacyclic codes over various non-chain rings and provided
many applications of them in the construction of LCD codes, quantum codes, DNA codes, etc.
Motivated by these studies, here in this article we choose a class of finite commutative rings
denoted by 7 and study skew cyclic codes over it.

Linear Complementary Dual(LCD) codes are an important class of linear codes that have
many applications including in cryptography for countermeasures against side-channel attacks,
fault injection attacks and in secret sharing, etc. They were first introduced by Massey [20] in
1992. A characterization of a cyclic code over a finite field to be an LCD code was discovered
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by Yang and Massey [30] in 1994. Recently, Boulanour et al. [7] provided a criterion for skew
constacyclic codes to be LCD. We use this criterion to characterize LCD codes from skew cyclic
codes over 7.

Quantum codes were first discovered by Shor [26] in 1995. In 1998, Calderbank et al. [8]
described a method to find quantum error-correcting codes (QEC) using the self-orthogonal clas-
sical linear codes over a finite field. Further many classes of quantum MDS codes over [, were
constructed by Grassl et al. [12]. Qian et al. introduced the initial method for constructing
quantum codes from cyclic codes of odd length over the finite chain ring F, + ulF, with u?> = 0
in their work [23]. Motivated by these studies many researchers obtained quantum codes using
cyclic codes which either contain their dual (dual-containing) or contained in their dual (self-
orthogonal) over various chain and non-chain rings. In 2019, Ozen et al. [22] derived the con-
ditions for a skew cyclic code over IF, to be self-orthogonal and dual-containing. Although their
criterion for dual-containing skew cyclic codes is incorrect and a correct version of the result is
mentioned in [10]. We use the method mentioned in [10] to obtain dual-containing skew cyclic
codes over 7 and find quantum codes from their Gray images.

In brief, the main accomplishments of this article can be summarized as::

(1) The establishment of a Gray map on 7 and an exploration of its characteristics are pre-
sented.

(i) The examination of the attributes of linear codes over 7 is conducted using the decompo-
sition method.

(i) We discuss automorphisms on 7 and study skew cyclic codes over them.
(iv) A technique for deriving quantum codes from skew cyclic codes over 7T is provided by us.

(v) The skew cyclic LCD codes over T are characterized by us.

2 Preliminaries

Suppose that ¥, is a finite field with ¢ elements, where ¢ = p™, p is an odd prime and m is a
positive integer. A subspace of Fy/ with dimension k is referred to as a linear code of length n
and dimension k over IF, and denoted as [n, k],. Let 6 be an automorphism of F,,. Skew 6-cyclic

shift of a vector v = (vp, vi, ..., v,) is defined as o¢(v) = (0(v,—1),0(vg),0v1,...,0(vp—2). A
linear code C of length n over F, is said to skew §-cyclic if o¢(v) € C,Vv € C. Note that if 6 is
the identity map then C'is cyclic code. For a vector v = (vo, vy, ...,vn) € FI', v = Z?:_Ol vy

is an isomorphism between F;' and F,[y; 0]/(y™ — 1). Under this isomorphism, a linear code
C is a skew cyclic code of length n if and only if it (its image) is a left submodule of A4, =
F,ly;0]/(y™ — 1). If the order of # divides n then A,, is a ring and a linear code C'is a skew
f-cyclic code of length n if and only if it (its image) is a left ideal of A,,. The monic generator
polynomial f(y) = Z;:Ok*l fiy® of this ideal is called the generator polynomial of this code and
a generator matrix (consisting of basis vectors in rows) of this code is given as:

fo fi frn—k_1 0 0
B 0 6(fo) 6(f1) O(fr-t—-1) --. 0
0 0 s N f) 0N () 0 (k)

The skew reciprocal polynomial of a polynomial f(y) = Zi’c:o fiyt € Fyla; 0] (ym — 1) is
defined as fT(y) = Zﬁ) 0 (fr—i)y' € Fylx; 0] (y™ — 1). For two vectors v = (vp, vy, .. ., v,) and
w = (wo, w1, ..., wy) € IFZ, their Euclidean inner product is defined as:

n—1
V.pW = E VyWj.
=0
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2 is an even power of some prime then Hermitian inner product of v and w is defined as:

n—1
V.gW = E viu_m
=0

where w; = w; . The Euclidean dual and Hermitian dual of a linear code C' C T/ are respectively
given as:

Ifg=r

CtP ={weF! :vpw=0,¥eC}
CH ={weF}:vgw=0YveC}

These definitions and concepts can be obtained in detail in any standard book of coding theory
like [15]. Consider Fy[uy, ua, .., u,] /(u? — u;, ujuj — uju;), which is a finite commutative ring.
LetT) = Fq[ul](uf — U1> and Tj+1 =T} [Uj_;,_lKu;Jrl — Uj+1> then 7 = T,.. Let

2 2
B ] 2 ] J i J
J { jl 3 j2 2 71{]‘3 2 }

Now let
— T .
niﬂz...ir — I_Ij:]’k‘-’jlj .

Then we can verify that

2 _
Nivig..ip = Mirin..ir

Niviy...in M1y 0, = 0 (2 1)
Z Nivig...in, = 1,
IR
where >, ., = Zi:l . 213'7\:1' Thus by a decomposition theorem of ring theory
T=B miniT= P i Fo
1120 T 1120 T

Thus any v € T can be expressed as

V= g Nivig...ir Virin.. iy

152250005 r

in a unique way, where v;,;, .,

el

€Fgandi; € {1,2,3} forj =1,2,...,7.

3 Gray Map
We define a Gray map ¢ : 7 — IE‘?; as
O(V) = (Viriyewci, Jirsinsennin M
= (V111 VL V205 -+ - V)M

forallv =137, . %y i, Visiy..i, € C, where M € GLs-(IFy) is such that MM" = M-, for
some A € 7. The Lee-weight of an element v € T is defined as

wr,(v) = wr(é(v)),

where wy denotes the Hamming weight.
We can extend pto T" as D : T — FZT” as

P(v) = (6(v"), (v'), ..., s(v" 1)),
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forallv= (VO,v!,..,v"~1) € R™.

Forany v = (v, v!,....v?»~1) € T, we define its Lee-weight as

wr () = 3wy (oF)
k=0

And for any two v,w € R", their Lee distance is define as
dr(v,w) =wp(v—w).
Theorem 3.1. The Gray map P is a bijective, linear map and it preserves the distance between

(T".dr) and (F¥™, dp).

Proof. Since ¢ is bijective and linear, @ is also bijective and linear. For the proof of later part,
letr and t € 7™ be such that

where

i g i g
r= E NivigeoinTiyig..ipr © = E Mivig...inbiyiy. i

i1i0..0p i1ig..ip

Now,

Hence, @ is distance preserving between (7", d.) and (F3' ", dpr). o

Theorem 3.2. For any two ¢,d € T", ¢ L d if and only if ®(c) L ®(d). In other words, ®
preserves orthogonality.

Proof. Let ¢,d € T" such that ¢ = (%, c!',...,c" ) andd = (d°d!,...,d"" "), where ¢! =
Ziliz...ir Ch iy i Miriy...i, and d’ = Ziliz...ir di iy i Miriy...ips fOri =0,1,2,...,n—1. Now, using

the definition of Euclidean inner product and properties of primitive orthogonal idempotents, we
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get

n—1
cd=) c.d
=0
n—1
=30 dpiivinin)- (Y iy i)

i=0 1%2...0r L. 1y

n—I1

=D (D chiyi iy i Mirin i) 3.1)

=0 2193...%p
n—1
_ i i
= E: (E ciliz...irdiliz,__ir)niliz...ir' (3.2)
i1iair =0

and

=3 (Chitse s MMy yseenidy, )T

s trr.r s Yrr.r
%

n—1
:)‘Z( Z Czlig.‘.i,.dz}liz...i,v)

=0 i192...7,

n—1
=A Z Zcﬁﬂz...udﬁm...ir 3.3)

91920 =0

Since, {1;,i,...i, : ; € {1,2,3}} is a linearly independent set and A € F}, from (3.1) and (3.3),
we conclude that c¢.d = 0 if and only if ®(¢).®(d) = 0,i.e. ¢ L difandonlyif ®(c) L ®(d). O

4 Linear Codes over T

An T -submodule of 7™ is called a linear code over 7 having length n. For a linear code C C 7™
and for (i1, 12, ...,%,) € {1,2,3}", we define

Ci]iz...iT = {wiliz...ir S ]FZ : El wl]lz...lr € ]FZ, (i17i27 "'7i7") # (l17l27 ---7l7">

such that Z Myl 1, Wiiy..1,. € C}.
ll~,127~--alT

Then C;,4,..;, C Fy are also linear Vi; € {1,2,3}, C = @iliz...z‘r Miiy...irCiyiy...i,, and |C| =
i, 0, |Ciyiy. i, |-
For a linear code C of length n over T, its dual code C* is defined as

Ctr={weT":wv=0YvecC}

where w.v denotes the usual Euclidean inner product. The code C is called self-orthogonal if
C1 C C and self-dual if C+ = C.

Theorem 4.1. Let C = ®ili2---ir Niyiy...irCiriy..i, be an (n,q*, dy) linear code over T then
(i) ®(C) is a [3"n, k,dy] linear code over Fy, where dy = dy,

(ii) ®(C)*+ = d(Ch),

(iii) C* =@, i, i Miria...iCiriy i
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(iv) C is a self-orthogonal code if and only if ®(C) is a self-orthogonal code over F,
(v) C is a dual containing code if and only if ®(C) is a dual containing code over F,

(vi) C is a self-dual code if and only if ®(C) is a self-dual code over F,

Proof. Proof of part (a), follows from Theorem 3.1. Part (b) follows from Theorems 3.1 and 3.2.
Part (c) follows from Theorem 3.1. Part (d), (e) and (f) can be proved using the fact @ is bijective
and linear from Theorem 3.1. O

Theorem 4.2. If G,,;,...;, is some generator matrix of C; s, ., i; € {1,2,3} then

M1.1G1..1
Mmi..2G11..1

Mi..rGii..r
G= ni]iz...iTGi]iz...iT} =

1112 0y

Nrr...1 Grr...l

_nrr...rGrr...r

and

P(mi1..1Ghi.1)
D®(ni1.2Ghi.1)

®(n1..»Gir..r)
[(D(nili2-~»irGili2-~»’ir):| = .

%2

cD(nrr...lGrr...l)

_qj(nrr.“rGrr..47-)_

are the generator matrices of C and ®(C) respectively.

Proof. The proof of the above results follows from the fact that ® is bijective and linear proved
in Theorem 3.1. O

5 Skew cyclic Codes over T~

This section focuses on the characteristics of skew cyclic codes over 7. We will first look at the
automorphisms of 7.
Let ® : 7 — 7 be an automorphism. Then Ol , the restriction map over F, is an F-

automorphism. Therefore ®|Fq =0; :ar— a?" for some ¢ such that 0 <t < m — 1 where
g=p"anda € F,. Thus for ) i Mivin.ip Vigig...i. € T, we have

01,8250,

t
O( Y MiiinVisisin) = D OWiyizi, V-

U] 322 yeeny ? U1 522 500ey K2

From eq. 2.1, we conclude that the set {n;,;,..., : ¢; € {1,2,3} for j =1,2,...,r} is a complete
set in 7. Therefore, the set {O(n;,4,..;,) : i; € {1,2,3} for j = 1,2,...,r} is permutation of
the set {n;,4,...i, : ¢; € {1,2,3} for j =1,2,...,r}. Hence, 3 ; € S3, the permutation group of

7 ~a(i)..7» (i) Therefore

t

®( Z niliz---irvili2~~ir) = Z n’Yl(il)Vz(iz)---’Yr(ir>U’giz...i,,»'

01,22, 50r 01,82, 00
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Whenever +; are identity permutation for all j = 1,2,...,7 and ®|r, = ¢; then we denote ® by
O;. For any element a = (o, a!,... a"~!) € T, its O-cyclic shift is defined as:

ge(a) = (O(an_1),0(a0), ..., 0y 2).

Definition 5.1. For an automorphism ® of 7, C C 7™ is called a skew ®-cyclic code of length
n, if it is linear and og(«v) € C whenever a € C.

For an automorphism ® of 7, 7[y; ®] is a non-commutative ring(in general) under usual
addition of polynomials and multiplication defined as y * ay = ®(a)y? and it is called skew-
© polynomial ring. Moreover, for a vector v .= (VO,vl,....v?=l) € T v — S0 01 viy® is
an isomorphism between 7" and 7 [y; ®]/(y™ — 1). Under this isomorphism, a linear code C
is a skew ®-cyclic code of length n if and only if it (its image) is a left submodule of A4, =
Tly; ®]/(y™ — 1). If the order of ® divides n then A,, is a ring and a linear code C' is a skew
®-cyclic code of length n if and only if it (its image) is a left ideal of A,,.

Theorem 5.2. Suppose that C = @iliz...ir Niria...iCiyiy...i. 1S @ linear code of length n over T.
Then C is a ©-skew cyclic code over T if and only if C;,4,.. 4, are 8-skew cyclic code over F,
foralli; € {1,2,3}.
Proof. LetC,y,...;, be skew 0,-cyclic codes for all i; € {1,2,3}. Lete = (0, c!,c2,...,c" 1) e
C. Suppose that for L € {0, 1,...,n — 1}, " =37, ¢, iy, Then

(CQA . Cl~ . cﬂfl . ) (= Ci|i2~~ir'

%200 T 0. 0y 3 M1

Since C;,;,...4, is a 04-skew cyclic code for all i; € {1,2,3}, we have

O'Qt ((Cgﬂz...ir’ C;]iz...i,-’ Tt CZ;I’LT)) = (0(02’7211,4)7 e(cgliz...i,.)’ 9(07!]1;2...1,-)’ Tt Q(CZZZZ,LT))

€ Ciiy..in, Vi € {1,2,3}.

1 -2
Thus Ezlm Ay (9(0122 17) (C?]zz zr) 9(621112 ZT) "'70(6212 zr))nlllz lr
—1

= (Zzlzz...zr Czlzz 1,]71112 ZMZzlzz Sy 6?112 ’LTT]'LIZZ lr""’Zz,zz Ay 1112 zrnlllz Zr)
= (O(c"1),0(c"),0(c!),0(c?),...,0(c" %)) = oe(c) € C . This proves that C is skew ©;-
cyclic.

Next, let us assume that C is skew @;-cyclic. Let (¢), , ,ci. .| ,cfﬂ_zll) € Ciyiy..i s
fori; € {1,2,3} then

-1
Ziliz.i.ir(cgliz.“ir?Czlliz...irv"'7C;L]iz,,.i,,)niliz---h
n—1

_ 0 L 1 S
= (Zilig...ir Ciliz...irnlliz.mlr?Zilig...ir Civiy..iphiria. ir ..‘,Z“” dr Ciyig.iy Mivia.. i,) €C.
Since C is skew O;-cyclic,

—1 -2
(G)t(ziliz.“ir CZZZ 27177112 W)G)t(zuzz 1, C?,iz i Thivia.. H) : '7®t(Zili2...iT C;Lliz...irmlizmir))

= Eiliz...ir(at(cuzz Zr) et( 1112 zr) gt( 1112 17) at( 1[12 'LT))niliz---ir
eC= @i]iz...l,. Ciyiy...i,Miyiy...i,- This implies that

(et( 117,2 zr) et( 1112...2,.) et( 1127 7.T)) = 0y, (C?]iz...i,,dczl’lig...i,ﬁ ’cxzzlzr) € Ciliz...i,,,;

for all i; € {1,2,3} which proves that they all are skew 6;-cyclic. |

Corollary 5.3. If the order of ®, divides n, the dual code of a skew O;-cyclic code of length n
over T is also a skew O,-cyclic code.

Theorem 5.4. Suppose that C = @i]izmir Miyia...i,.Ciyiy...i,. 18 a skew @y-cyclic code of length n
over T. Let Ciiy...i,, = (firir...ir.(y)), where f; i, i (y) are monic right divisors of y™ — 1 and
i; € {1,2,3}, for j = 1,2,...,r. Then 3 a polynomial f(y) in T y; 6] such that

(i) €= (f(y))

(ii) f(y) is right divisor of y™ —
(iii) |C| = q3Tn72i1vi2,---,ir deg(fiyiy...ir (v))
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Proof. Since Cyi, i, = (fiyiy...i, (y)), fori; € {1,2,3yand C = @, ;. ; Miiy...i,Ciriy...i,» then

C= {C(’y) = > DiinisTivinein () firinnin ) P i, (y) € Fq[y;Gt]}-

i1ig.. i
Hence C C (1.1 f11..1(Y)s - -+, err frr..r(y)). Conversely, for any

D MiisinKigis i (W) fivinin (9) € i fri 1 (®)s e fror 2 (9)),

iig.ir
where ki, . (y) € Foly; 0,]/(y™ — 1), there exist 75,4, i, (y) € Fyly; 6] such that
Nivin.oin Kiyin. i (Y) = Nirin.iy Tigin...i (Y)
Thus (111 fii 1Y)y s Do frr.r(y)) € C. Hence
i afi 1)y e Grr . (y)) =C.

Now let f(y) = 32, ., i Miris..ir firin..i, (y) then (f(y)) C C. Also since 1.4, firis...i,
Nivi..ir firi..in» forall i; € {1,2,3} so C C (f(y)). Hence C C (f(y)). Further as f;;, .. (y
divides y" — 1 € F,[y : 6;] and are monic as well for all ¢; € {1,2,3}. Thus y™ — 1
Giria...ir (Y) [irin...i, (y) for some g;,i,..5,. (y) € Fyly : 6;]. Therefore,

( Z niliz---irgilizn-ir(y))f(y) :( Z niliz---irgilizu-ir(y))( Z nilizu-irfiliz---ﬂ(y))

~—

i1in.. iy i1in.. iy i1in.. iy
= E niliz...i,«giliz‘..ir(y)filiz‘..ir(y)
g iy
= § 771112~-lr(y 1)
g iy

= yn —1le T[y,@t]
Hence f(y) divides y™ — 1 from right. Since |C| = I1;,4,..4.|Ci 4.1, |, We get

|C| — q3Tnfzil,1‘2,,_,,ir deg(filigmir (y))

O

Example 5.5. Let ¢ = 5% then F, = GF[5]/(X? +4X + 2) and let s be a root of X2 +4X + 2.
Consider the ring F/(u3 — uy,u3 — uz, ujus — upuy). Let § = 6; be the Frobenius map i.e.

a'—>a5.

Then the order of 6 is 2. Now consider the factorization of z* — 1 in F,[; §].

Y —1=(y+2s+1)(y+25+2)(y+4s+4)(y +4s+2)
=W+4y+Dy+2)y+3)
=W+2s+ D)y +25+2)(y+3)(y+2)
=425+ Dy+2s+2)(y+s+1D(y+s+3)

Let f(y) = (y +4s+4)(y+4s+2) =9° (s+1)y+1whichisarightdivisorofy“—1.
Then for all i; € {1,2,3}, let C; .5, = (f(x )> is a skew cyclic code. A generator matrix of
Ciyi,...i, 1s given as:

1 s+1 1 0
0 1 48242 1

Ciyiy...i, are [4,2, 3] skew cyclic codes over IF, which is MDS. Hence, C = D, ;, ;. Mivis...i.Ciis. i,
is a skew cyclic code of length 4 over 7 with minimum Lee distance dj, = 3.
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Theorem 5.6. A skew @-cyclic code C C T" is a quasi cyclic code of index v, where v = X IO

Proof. Suppose that ng = (n,0(®)) and n = nel. By extended Euclidean algorithm, we
find two integers ¢’ and d’ satisfying ng = O(®) + d'n. If d > 0, find e € N satisfying
O(®)e — d > 0. Then (¢’ + ne)O(®) = ne + (O(®)e — d')n. In this case, take ¢ = ¢’ + ne
and d = O(®)e — d'. Otherwise if d’ < 0, then simply take ¢ = ¢/ and d = —d’. Thus we have
cO(®) = ne + dn. Let

W = (wo,o,wo,l, s Wong—1,W1,0, W11+ -+ s Wing—1y-- -, Wi—1,0, Wi—1,15- - - ,wl—l,nrl) eC.
Say w= (w’,w! ... w!=!), where w! = (w; 0, wi1,...,win,—1). Now since C is a skew cyclic
code, oo (W), 03 (W), ..., 008 (W),...,o8 4" (w),... € C. Since ne + dn is divisible by O(®),
we have

Ug®+dn _ (®n®+dn (Wl_l), ®n@+dn(W0)’ ®n@+dn(wl )’ o ®n@+dn (Wl—2))
=W hwl . w2
= Tid,l(w) eC

This shows that V w € C, 7;4,(W) € C. Hence, C is a quasi-cyclic code of index . In particular,
if ng = 1, then n = [ and so C is cyclic. O

Corollary 5.7. Let (n,O(®;)) = 1 and y* — 1 = IT;_, fr(y)"*, where fi(y) are irreducible
factors. Then the number of skew 0;-cyclic codes of length n over T is IT; _, (ny, + 13,

Example 5.8. Let ¢ = 3% then F, = GF[3]/(X* 4+ 2X? + 2) = F;3(B) where 3 is a root of
X*+4+2X3+2. Further, letr = 3. Then T = T3 = Fgl/(u? — ul,u% — Uy, v — Uz, ujuy —
UpUy, U U3 — U3UL, Upuz — uzup). Let @1 be an automorphism of 7 such that Oy (1;,4,:,) =
Doy (i) (ia)ya (i) Where 1 = (23),72 = (123) and »3 = (132) € S5 the permutation group of
{1,2,3} and O |p,, = 0, the Frobenius map i.e. #; : a — a>. Then the order of ¢; is 4 and that
of @1, 0(0) = lem(2,3,3,4) = 12. Now let n = 24 and then from the factorization of >+ — 1
in Fg; [;6,] we observe that u(y) = y'7 + (8 + B+ 1)y'® + 2y + (287 + 28+ 2)y"* +° +
(B2 + B+ 1)y* +2y + 2% + 28 + 2 is a right divisor of y** — 1. Let C;,4,;, = (u(y)) for all
i; € {1,2,3}. Thus C;,;,s, is a skew 8;-cyclic code of length 24 and minimum distance 6. Since
ged(24,12) = 12 > 1. Hence by Theorem 5 skew ©;-cyclic code C = €D, ;.;, Mi1irisCiinis 15 @
quasi-cyclic code of index 2(= 24/12) and dy, = 6.

Again Let ®; be another automorphism of 7~ such that @2(;,iyi;) = 7y, (i;),(ia)s (i) Where
v = Y2 = 73 = id, the identity permutation and ®,|p, = 6, the Frobenius map i.e. 6; :
a — a. Then O(®;) = lem(1,1,1,4) = 4. Suppose that n = 15 then gcd(15,4) = 1 and
hence by Theorem 5 any skew ©,-cyclic code is cyclic. Thus y™ —1 has a unique factorization as:

Yy 1= Py Y1)y +2)%

Hence by Corollary 5.7, there are (3 + 1)?7 x (3 + 1)*’ = 4°* skew @,-cyclic codes over T in
total.

Finally Let ®; be an automorphism of 7 where v, = (12),72 = (13) and 3 = (23) € S;
and Oslg, = b ie. 6 :a — a® = a®. Now o(y1) = o(72) = o(y3) = 0(6,) = 2 and so
0(03) =1lem(2,2,2,2) = 2. If we take n = 8 then by Theorem 5, any skew @;-cyclic code is
a quasi-cyclic code of index 4 and any skew @3-cyclic code over 7 of odd length is cyclic.

Example 5.9. Let ¢ = 5% then F, = GF[5]/(X? + 3X + 3) = F3() where ¢ is a root of
X3 +3X + 3. Further, let 7 = 2. Then T = T5 = Fips5/(u3 — uy,u3 — uz, ujuz — upup). Let ©;
be an automorphism of 7" such that ©; (17i,4,i3) = 7y, (i, )7 (i) s (i) Where 1 = (123), 72 = (132)
and v3 = (123) € S5 the permutation group of {1,2,3} and ®|r,,;, = 6, the Frobenius map
ie. 0 : a — a®. Then the order of #; is 3 and that of ®, O(®,) = lem(3,3,3,3) = 3.
Now let n = 18 and then from the factorization of y'® — 1 in Fy5[z; 0] we observe that u(y) =
y'? +9° + 49> + 4 is aright divisor of y'® — 1. Let C; 4,5, = (u(y)) for all i; € {1,2,3}. Thus
Ci iyiy 18 a skew 0;-cyclic code of length 18 and minimum distance 4. Since gcd(18,3) =3 > 1.
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Hence by Theorem 5, the skew ®,-cyclic code C = €D; ;. Miii;Ciyiri 18 @ quasi-cyclic code of
index 6(= 18/3) and d;, = 4.

Again Let ®, be another automorphism of 7 such that @ (7;,:,i,) = Ty (i) (i )3 (i5) Where
Y1 = 72 = 73 = id, the identity permutation and @,|p,,, = 6 i.e. 6, : a — a!®. Then
0(0;) = lem(1,1,1,3) = 3. Suppose that n = 20 then ged(20,3) = 1 and hence by Theorem
5, any skew @,-cyclic code is cyclic. Thus ™ — 1 has a unique factorization as:

0 —1=(y+4°@y+2°@y+3°H+1)].

Hence by Corollary 5.7, there are (5+1)° x (5+1)? x (5+1)° x (5+1)° = 6°° skew @,-cyclic
codes over 7 in total.

6 Construction of Quantum Codes

The focus of this section is on building quantum codes from skew cyclic codes over 7. We begin
by revisiting the definition of quantum codes and the CSS construction. We also revisit a criterion
for identifying dual-containing skew cyclic codes over IF,, which we leverage to characterize
dual-containing skew cyclic codes over 7. We then present an approach to generate quantum
codes from dual-containing skew cyclic codes over 7, and we use this method to construct a
novel quantum code.

Definition 6.1. (Quantum Codes) Let H be a ¢-dimensional Hilbert space over the field of
complex numbers C. Then n-fold tensor product of H defined as H®" = HQ H ® ... ®
H (n times) is a ¢"-dimensional Hilbert space. A k- dimensional subspace of H®" is called an
[[n, k]]; quantum code.

Lemma 6.2. (CSS Construction) ([8], Theorem 3) Let C be an [n, k, d| linear code over F, such
that C+ C C, then there exists a [[n,2k — n,d]], QECC (quantum error correcting code).

Lemma 6.3. ([10], Corollary 5.7) Let C be skew 0-cyclic code of length n over F, such that
ord(9) | n. If f(y) is the generator polynomial of C such that g(y)f(y) = y™ — 1. Then C
contains its dual if and only if gt (y)g(y) is divisible by y™ — 1 from the right.

that ord(®;) | nand f;,;,. ;. (y) is the generator polynomial of C;,s, . ;. and gi iy i, fisin..i, (y) =
y" —1,Vi; € {1,2,3}.

(i) C contains its dual if and only ifgjlizv__ir(y)giliz,,,i? (y) is divisible by y™ — 1 from right,
Vi € {1,2,3}.

(ii) Ifggliz,__u (Y)Giyis...i. (y) is divisible by y™ — 1 from right, ¥/ i; € {1,2,3} then there exist a
quantum code of dimension [N, K, d|],, where K = 3"n=2%, , . deg(fii,..i,(y)), N =
3"n and D = dy, the Lee distance of C.

Proof. Proof of part(i) follows from part(iii) of Theorem 4.1 and Lemma 6.3. Combining part
(i) and Lemma 6.2, part(ii) follows. O

Example 6.5. Let ¢ = 25 and r = 1 then 7 = Fys/(u3 — uy). Let 6; be the Frobenius automor-
phism and v, = id the identity permutation. So ® : 7 — T defined as

winy + wanp + wynz — wing +win + win

is an automorphism. Let n = 8. Consider two factorisations of y™ — 1 € Fos[y; 6;] as:

y8—1 = (y+3w+3)(y+3w+4)(y+w+2)*(y+4w+2)(y+4w+4)(y+4w+1)(y +4w) =
(y+2w+1)(y+2w+2)(y +2w)(y + 2w+ 3)(y + 4w + 1) (y + v+ 1)(y + 2w +4)(y + 3),
where w is a primitive of [Fs.

Letus take fi(y) = y+4w, fo(y) = land f3(y) = (y+2w+4)(y+3) = >+ Qu+2)y+w+2
and y" — 1 = g;(y) fi(y). Then g7 (y)g:(y) is divisible by y™ — 1 for all ¢ = 1,2, 3. Take

M:

N = W
B W W
N W =
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then MM7T = 4I;. Let C; = (fi(y)) and C = @f:] n;C; then ®(C) is a dual-containing
[24,21,3),5 code. Hence by Theorem 6.4, there exists a [[24, 18, 3]],5 quantum code which
is a new code as per database [4].

7 LCD Codes

In this section, our focus is on LCD codes over 7. We begin by reviewing essential criteria
established by Boulanour et al. [7] that identify when a skew cyclic code over a finite field is
LCD. We then present a technique for deriving LCD codes from skew cyclic codes over 7, based
on these criteria and a decomposition method for skew cyclic codes. The section concludes with
illustrative examples.

Definition 7.1. ([20]) A linear code C whose Hull is trivial, is called a Linear Complementary
Dual (LCD) code.

In [7], Boulanour et al. provided a criterion for skew constacyclic codes to be LCD. We state
a particular case (A = 1) of Theorem 2 from [7].

Lemma 7.2. ([7]) Let 0; be an automorphism of F, and C be an skew 6.-cyclic code of length n
over By such that f € F,[y; 04| is generator polynomial of C. Further assume that g € F,[y; 0]
is such that 07 (g).f = y" — 1.

(i) C is Euclidean LCD if and only if GCRD(f,g") = 1.
(ii) C is Hermitian LCD if and only if GORD(f,§') = 1.

Theorem 7.3. Let C = @ili%ir Miyiy...ir.Ciyiy..i. D€ a linear code of length n over T then C is an
LCD code if and only if C;,,..;, are LCD codes of length n over Fy Vi; € {1,2,3}.

iy WE have

cnet=( @ Niriy...ir Ciriy...i) N ( @ Miiowsir Cirigoriy )
gy gy
=( @ Nivig...irCirin...in) N ( @ niliz-uircilliz...u)

110, iy i1dn..iy

= @ niliz..‘ir(ciliz..‘irmCiLliz...ir>

%2

. 1 1
Proof. Since, C~ =B, ;,. ;. Miir...iC

Thus Hull(C) = {0} if and only if Hull(C;,;,..;,) = {0} Vi; € {1,2,3}. Hence the result
follows. O

Theorem 7.4. Let order of O divides n and C = ®i1i2...ir Niriy...iCiyiy...i. D€ a skew Oy-cyclic
code of length n over T and f;,,.. .. (y) be the generator polynomial of C; ;, ;. fori; € {1,2,3}.
Further assume that g;,;,. ;. € Fgly;0:] is such that g; i, i, (y)-firir...i.(y) = y™ — 1.

(i) C is Euclidean LCD if and only if GCRD(f;,4,. 4., g;-rlizmir) =1.

(ii) C is Hermitian LCD if and only ifGCRD(filizmiMgglizmir) =1
Proof. Combining Lemma 7.2 and Theorem 7.3, the proof follows. O
Lemma 7.5. For a linear code C of length n over T, ®(Hull(C)) = Hull(®(C)).

Proof. Letw € ®(Hull(C)). Since @ is onto, 3 v € Hull(C) such that (v) = w). Asv €
Hull(C), v € Cand v € C*+. Therefore, w € ®(C), and w € ®(C1) and so w € ®(C) N ®(C).
Since, w € ®(C N C) is arbitrary, we have, ®(Hull(C)) C Hull(®(C)).

Again let w € Hull(®(C)), i.e. w € ®(C), and w € ®(C*). Then3u € Cand Iv € C*+
such that ®(u) = w) and ®(v) = w). Since, ® is one-one as well, we have, u = v and so
u(=v) € CNC*. Therefore, w € ®(C N C). Since, w € ®(C) N P(CL) is arbitrary, we have,
Hull(®(C)) € ®(Hull(C)). Hence, ®(Hull(C)) = Hull(®(C)).. o
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Theorem 7.6. A linear code of length n over T is LCD code if and only if its Gray image is a
q-ary LCD code of length 3"n.

Proof. Suppose that C is an LCD code of length n over the ring 7. Then by definition, Hull(C =
{0}. By Lemma 7.5, we get Hull(®(C)) = ®(Hull(C)) = ®({0}) = {0} which concludes that
®(C) is an LCD of length 3"n over 7. Conversely, suppose that ®(C) is an LCD of length
3"n over F, then Hull(®(C)) = {0}. Therefore, by Lemma 7.5, we have ®(Hull(C)) =
Hull(®(C)) = {0} which implies that C N CL = {0}, as @ is one-one. Hence, C is an LCD code
of length n over 7. O

Now, we utilize the results obtained in this section to provide some examples of LCD codes
over 7. For computation purposes, SageMath [28] and MAGMA [3] software are used.

Example 7.7. Let ¢ = 25 and r = 2 then 7 = Fas5/(u — uy,u3 — up, ujus — ujuz). Let 6 be
the Frobenius automorphism and +; = id the identity permutation. So ®, : 7 — 7 defined as

Z WiyigMiyig = Z wf, in Miria
1112 1192
is an automorphism. Let n = 4. Factorisation of y™ — 1 € Fp5[y; 6] is given as:
y" 1=+ Dy+4y+3)(y+2)

Let us take f“(ly) =y+ land fi;,(y) = Lif (41,42) # (1,1) and y™ — 1 = g4,4,(y) fi,5,(¥)-
Then GCRD(g, ;,(y), fi,i,(y)) = 1. Take

=

|
A= WD WA~ DN
W= A DA WD A~
W N = = K~ D= B~
WA W~ W= = W=
— N W N A= NN RN~
A= W= RN NN WA
O T NG U S T Y
W o= AN R =R WD

N O R N\ R e U U B

then MMT = Iy. Let C; = (fi(y)) and C = @;] 1;C; then C is an LCD code of length n = 4
and dy, = 2 over 7. Hence ®(C) is a [36, 35, 2] LCD code over F,s which is optimal.

Example 7.8. Let ¢ = 9 then Fy = F3[X]/(X? — X — 1) = F3(a), where o> = a + 1. Let
6, : b+~ b, which is Frobenius automorphism. Further take = 1 so that 7 = Fy [ur]/ (u? —up).
Then ®; : 7 — 7T defined as:

01 (mwi + 1wz + mws) = moi(wi) + mbi (w2) + 36 (ws)
is an automorphism of 7. Take n = 6 and consider the factorisation in Fy[y] as
Yo —1=(y+2a+2)(y+2)(y+2a+2)(y+2a+2)(y + 1)(y + 2a +2).
Take
hly) =Ry = fHy) = Y +2a+2)(y+ 1)y +2a+2)
=y’ +(a+2)y* +y+2
so that
9(y) = n(y) =9(y) = (y+2a+2)(y +2)(y + 22 +2)
=y’ +ay*+y+1
Then g/ (y) = y*+y* +a’y+1and §/ (y) = y* +y* + ay + 1. Since GORD(fi(y), 3! (y)) = 1,

for all i = 1,2,3. Hence by Theroem 7.2, C = @13.:1 n;C; is a Hermitian LCD code of length 6
with d;, = 4 over 7.
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8 Conclusion

We discussed the structural properties of skew cyclic codes over a class of finite commutative
rings 7 = T,.. We provided a Gray map on 7 and used the decomposition method to study skew
cyclic codes. Moreover, we provided a formula to find the number of skew-cyclic codes under
a particular situation. We derived methods to obtain LCD codes and quantum codes from skew
cyclic codes over 7.
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