Palestine Journal of Mathematics

Vol 13(Special Issue I11)(2024) , 99-104 © Palestine Polytechnic University-PPU 2024

ON SOME CLASSES OF n-BINORMAL OPERATORS IN
MINKOWSKI SPACE

Sindhuja .K and Krishnaswamy .D
Communicated by H Panackal

MSC 2010 Classifications: Primary 20M99, 13F10; Secondary 13A15, 13MO0S5.

Keywords and phrases: n-binormal, skew n-binormal, quasi n-binormal

Abstract In this article, we defined n-binormal operator, n-quasibinormal operator and skew
n-binormal operators to Minkowski space M from Hilbert space. And we stickout some con-
ditions for algebraic properties of these operators in Minkowski space M. Also we proved two
unitary equivalent binormal operators may belongs to the same class of operator in Minkowski
Space.

1 Introduction

In this article, we introduced n-binormal operator and also exteded the concept of n-quasibinormal
operator from n-quasinormal operator [4], as well as skew n-binormal operator from skew n-
normal operator in Minkowski Space.

Definition 1.1. An Operator P is said to be Binormal in M, if P~ PPP~ = PP~ P~ P.

Definition 1.2. An Operator P is called n-binormal in M, if P~ P P" P~ = PP~ P~ P".
Definition 1.3. An Operator P is called skew n-binormal in M, if [P~ P"P"P~|P = P[P"P~ P~ P"|.
Definition 1.4. An Operator P is called Quasi n-binormal in M, if P[P~ P"P"P~] = [P~ P"P"P~|P.

Definition 1.5. An operator P is called n-normal in M if P™ is a normal operator in M. This is
equivalent to P~ P"™ = P"P~.

2 n-Binormal in Minkowski space

In this section we have investigated some basic properties of n-binormal operator in M.

Theorem 2.1. If P is n-binormal in M and if P is unitarily equivalent to Q, Then Q is also
n-binormal in M.

Proof: Q =UPU~ = Q~ =UP~U".

And Q" =UP"U~

pP~pP"P"P~ = P"P~P~P"

RT"Q"Q~ =UP~U~UPU~UPU~UP~U™
=UP~P"P*"P~U™

RTQ~QTQT =UP"U~UP~U~UP~U~UPU™
=UP"P~P~P"U"™

=UP~P*"P*"P~U"™

= QTQ"Q"QT =Q"QTRTQ".
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Theorem 2.2. If P, ) are n-binormal in M and if P and Q are doubly commuting then PQ) is
n-binormal in M.

Proof: P is n-binormal = P~ P"P" P~ = P"P~P~P"

Q@ is n-binormal = Q~Q"Q"Q™~ = Q"Q~ Q™ Q™

Now, (PQ)"(PQ)~(PQ)~(PQ)" = Q"P"Q~P~Q~P~Q"P"
=Q"Q~Q~P"Q"P~ P~ P"

QQ~Q~Q PP~ P~P

RTQ"Q QTP PP P~

Q~R"P~Q"P"Q~ PP~

= (PQ)~(PQ)"(PQ)"(PQ)™.

= (PQ) is n-binormal in M

Theorem 2.3. Let P be decomposed as P = U + iV € M. Then P is binormal if and only if
())UV3 +V3U = U3V + VU3 and
(i)UVU +UVU? = VUV +VUV?,

Proof: Since P is binormal then P~ PPP~ = PP~ P~ P.
P~PPP~ & (U —iV)(U +iV)(U +iV)(U —iV)

S (U? +iUV —iVU + VA (U? — iUV +iVU + V?)

& U4 — iUV +4iUVU + UV2 +iUVU?

+UVUV —UVVU +iUV? —iVU? - VUUV + VUVU —iVUV?
+V2U?2 — VUV + V33U + V4

PP~P~P < (U +iV)(U —iV)(U —iV)(U +iV)

& (U? —iUV +iVU + VH(U? + iUV —iVU + V?)

o U +iU3V — iU VU + UV? — iUV U?

+UVUV —UVVU —iUV3 +iVU?

—VUUV +VUVU +iVUV? + V2U? +iV2UV —iV3U + V4
It is easy to observe that P is binormal in M

Theorem 2.4. Let P and Q) be commuting n-binormal operator in M such that (P + Q)™ com-

mute with Y nCy P"~*QF. Then (P + Q) is n-binormal in M.
k=0

Proof: (P + Q)~(P+ Q)"(P+ Q)" (P + Q)~
= <(P +Q)~ i anP"—ka> ( i nCp PP kQF (P + Q)~>

k=0 k=0

<(P +Q)"P"+ (P+ Q)™ nil nCp P FQF + (P + Q)NQ")

k=1

<P"(P +Q)~ + nf nCy PP FQF (P + Q)~ + Q™ (P + Q)N)
k=1

= ((P~ £ Q)P+ (P+Q) S nCLPrQH

P QTR (P + Q)
S nCP QR (P + Q) + QM (P~ + Q~>)
j—-

1

n—1
= (PNP“ +Q P+ (P+Q) Y nCPm Q"
k=1

+PNQ7L + QNQH) (PTLPN + PTLQN

+5 nO PP Q) QP Q"Q~)
k=1

Since P and @Q are commuting n-binormal operator in M such that (P + Q)™ commutes with
n—1

Z nokpnkak

k=1
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= (P”PN + PrQ™ + nfjl nCy P FQF(P 4+ Q)™ + Q" P~ + Q”QN)
k=1

n—1
<P~Pn +Q P" + (P+Q)~ Y. nCp P"FQF + P~Q" + QNQ">
k=1

= (P”(PN +Q7)+ nf nCy PP kQ* (P + Q)™
k=1
+Q" (P~ + QN))
((P~ +Q™)P"+ (P + Q)™ nfjl nCp PP FQF 4+ (P~ + QN)Q")

k=1

= ((P + 5 e PrRQh + Q") (P + Q)N>
k=1
(P+ar (P ncir i+ @) )
k=1

L

— 3 RGP FQH(P 4+ Q)™ (P + Q) 3" nCy PP+ QF
k=0

= (P+Q)"(P+Q)*(P+ Q)™ (P+Q)"
Hence (P + Q) is n-binormal in M.

Theorem 2.5. If P is n-normal in M, then P is n-binormal in M.

Proof: P is a n-normal operator in M = P~P" = P" P~
Postmultiply by P™ P~ on both sides, we get
p"p~pP~P"* = PrpPYpPrP~

= P~pP"pP"pP~

Hence P is n-binomal in M.

3 Quasi n-Binormal in Minkowski space

In this section we have investigated some basic properties of quasi n-binormal operator in

M.

Theorem 3.1. If Pis quasi n-binormal in M and if Q = UPU"™, Then Q is also quasi n-binormal
in M.

Proof: Q=UPU~ = Q~”=UP~U"~

And Q" =UP"U™

[P~ P"P"P~|P = P[P~ P"P"P"~]

[QR~Q"Q"Q~]Q = [UP~U~UP"U~UP"U~UP~U~|UPU~
= [UP~P"P"P~U~|UPU"™

= U[P~P"P"P~P|U~

QR~Q"Q"Q~| =UPU~[UP~U~UPU~UP"U~UP~U"]
= UP[P~P"P"P~ U~

= U[P~P"P"P~|PU~

= QQ~Q"Q"Q~] = [Q~Q"Q"Q™Q

Hence, @ is quasi n-binormal in M.

Theorem 3.2. If P, Q) are quasi n-binormal in M and if P and Q) are doubly commuting then
PQ is quasi n-binormal in M.

Proof: P is Quasi n-binormal = P[P~ P"P"P~] = [P~ P"P"P~|P
@ is Quasi n-binormal = Q[Q~Q"Q"Q~] = [Q~Q"Q"Q~]Q

Now,

(PQ)(PQ)~(PQ)"(PQ)"(PQ)~] = PQQ™P~Q"P Q" P"Q~ P~]
= PQP~Q™P"Q"P"Q"P~Q~

= PP™QP"Q™P"Q"P~Q"Q~

— PPNP7LP7LPNQNQnQnQN
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= PP~P"P"P~QQ~Q"Q"Q~
= P[P~P"P"P~|Q[Q~Q"Q" Q"]

= [PYP"P"PIP[Q™Q"Q"Q™]Q
=PYP"P"PTQTPQ"Q"Q™Q

— PNPHPHQNPNQTLPQTLQNQ

= PYP"Q~P"Q"P~Q"PQ~Q
=PrQTP"Q"P"Q"P~Q™PQ

= Q~P~Q"P"Q"P"Q~P~QP

= [(PQ)~(PQ)™(PQ)"(PQ)~|(PQ).

Theorem 3.3. Let P and Q be commuting Quasi n-binormal operator in M such that (P + Q)"

n

commute with (Y nCyP"=*Q"). And if (P + Q) is quasi n-normal, then (P + Q) is Quasi
k=0
n-binormal in M.

Proof: (P +Q)(P +Q)~(P+Q)"(P+ Q)" (P +Q)~

n

~(P+Q)((P+Q( neiPah)

k=0

< 3> nCLPmF QNP + Q)N>
k=0
n—I1

- (P+Q)((P+ QP+ (P + Q) (S nCLP +QF)

k=1

=P (Prrr o

+ nf nCp P FQF(P + Q)™ + Q™ (P + Q)N>
k=1

=+ Q7+ QP+ (P @ (5 nupr Y

k=1

P QN)Qn) <P PN+ Q)+ S nCLPTRQR(P 4+ Q)
k=1
+Q (P~ + QN))

n—1

=(P+Q) (P~P” +QVP" + (P +Q)~ (X nCpP"*Q")
k=1

+PQ" + QNQ") (P”PN + P"Q~ + nf nCy P"*Q*(P + Q)™
k=1

QP+ Q)

As P and ) are commuting Quasi n-binormal operators such that (P + Q)~ commute with
n—1

Z nckpnkak

k=1

=(P+Q) (P"PN + P+ (5 nCL PR QR (P4 Q) + QP + Q"QN)
k=1
(PNP” +Q~P"+ (P + Q)™ nf nCp P" Q% + P~Q" + Q’“Q")
k=1

= P(P”P” + PrQ~ + ("fjl nCy PP FQF) (P + Q)™ + Q" P~ + Q"QN)

k=1

+Q <P”P~ + P"Q~ + (nfjl nCpP"*Q")(P 4+ Q)~ + Q"P~ + QnQ~)
k=1
<P“P” +Q P+ (P+ Q) nf nCy P *Q¥F + P~Q" + Q~Qn)
k=1

_ (pnp~ + PO~ + (S nCL P RQR) (P 4+ Q) + QrP~ + Q"Q~)

k=1
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k=1

(P+Q) (PNP” +Q~P "+ (P+ Q)™ nfjl nCL P *QF + P~Q™ + QNQ”)

= (PP @) + (S nep Q) (P @ + (P +Q))

n—1

<P+Q>(<P~+Q VP (P Q)Y nckpn—ka+<P~+Q~>Qn)

k=1

= (PP + Q)+ (S nOP QP+ @ + QP+ Q))

(P+Q) (<P+ Q)P+ (P+Q)~ S nCLP *QF + (P + Qan)

s

(S0P 4 Q") (P4 QP Q)
(P+Q) (P anP”‘ka + Q”)

- (P" (5 anP”‘kQ’“) T Q") (P+Q)
k=1
(P+Q)~ (Pn + nf nCLP"kQk + Q”) (P+Q)
k=1
_ ( D nc,gpn—ka> (P+Q)*(P+Q)~ ( S nCy P ka) (P+ Q)
k=

—(PEQI(P+QM(P+Q(P+ Q" (P Q).

Hence (P + Q) is quasi n-binormal operator in M.

Theorem 3.4. Let P be decomposed as P = U + iV in M. Then P is quasi binormal in M if
and only if UV3 +V3U = UV + VU3 and U*VU + UVU? = VUV + VUV,

Proof: P(P~PPP~) & (U +iV)(U —iV)(U +iV)(U +iV)(U —iV)
& (U+iV)(U?+ V(U +V?)

e (U+iV)(U? +V?)?

& (U +iV)(U*+ V*+ UV? + V20?)

& U + V22U +iUV +iV3U? + UV + UV + VAU +4iUV3 4 iV
(P~PPP™)P = (U —iV)(U +iV)(U +iV)(U —iV)(U +iV)

& U2+ V2)(U?+ V(U +iV)

& (U + V22U +iV)

& (U + VA4 UV + V2U?) (U +4V)

& U+ UV +iU +iUV3 + VU3 + UV + V203 + iV
P(P~PPP™) = (P~PPP™)P if and only if

UV + V33U =03 +VvU?

and U*VU +UVU? = VAUV + VUV? is true.

4 Skew n-Binormal in Minkowski space
In this section we have investigated some basic properties of skew n-binormal operator in M.

Theorem 4.1. If P is skew n-binormal in M and if P is unitarily equivalent to ), Then Q) is also
skew n-binormal in M.

Proof: Q=UPU~ =Q~=UP~U".
And Q" =UP"U™

[P~ P"P"P~|P = P[P"P~P~P"]

[QR~Q"Q"Q~]Q = [UP~U~UP"U~UP"U~UP~U~|UPU~
= [UP~P"P"P~U~|UPU"™

= UP~P"P"P~PU~

QR"Q~Q~Q"| = UPU~[UP"U~UP~U~UP~U~UP"U"]
= UPU~[UP"P~P~P"U"]

= UP[P"P~P~P"|U™
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=U[pP~P"P"P~|PU~
= QTQ"Q"QT =Q"QTQTQ"
Hence, @ is skew n-binormal in M.

Theorem 4.2. If P, ) are skew n-binormal in M and if P and Q are doubly commuting then PQ)
is skew n-binormal in M.

Proof: P is skew n-binormal = [P~ P"P"P~|P = P[P"P~ P~ P"]
Q is skew n-binormal = [Q~Q"Q"Q~]Q = QQ"Q~Q~Q"]
Now,
[(PQ)~(PQ)"(PQ)"(PQ)](PQ) = [@~P~Q"P Q" P"Q~ P~|QP
=QTQ"PTQ"P"QTP QPP
Q~Q"Q"P~Q~P"QP"P~P
Q~Q"Q"Q~P~QP"P"P~P
QTQ"Q"QTQP~P"P"P™P
— [Q~Q"Q"Q~]Q[P~P"P"P~]P
Q"Q~Q~Q"|P[P"P~P~ P
(PQ) is skew n-binormal in M.

g

Theorem 4.3. Every normal operator in M is skew n-binormal operator in M.

Proof: Since P is normal operator in M = PP~ = P~ P

And it is easy to prove that P is also an n-normal operator in M = P"P~ = P~ P"
[P~P"P"P~|P = P"P~P~P"P

= pP"pP~P~PpP"

= P"P~PP~P"

= P"PP~P~P"

= P[P"P~P~P"

Hence, P is skew n-binormal operator in M.

Theorem 4.4. If the operator P is n-normal and quasi n-normal operator in M, then P is skew
n-binormal operator in M.

Proof: [P~ P"P"P~|P = P~P"P"P~P
= P~P"P~P"P

= P~P"PP~P"

= PP~ P"P~P"™

— p[P"P~P~P"]

Hence, P is skew n-binormal in M.
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