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Abstract In the present work, we examine trans-Sasakian 3-manifolds admitting *-conformal
Einstein solitons satisfying certain curvature conditions.

1 Introduction

The study of Ricci soliton (in short, RS) is of great importance due to its wide spread usage in
quantum field theory, cosmology, general relativity, string theory, etc. In the beginning of 2016,
Catino and Mazzieri [4] proposed a new notion on a Riemannian manifold M called “Einstein-
soliton", which generates self-similar solution to Einstein flow a% g =2(59—S), and is governed
through the equation

(£x9)(C1,¢) + (24 —7)9(C1,G) +25(¢1,6) =0 (1.1)

for any vector fields (;, (; on M, where £ denotes the Lie derivative operator in the direction
of vector field K, S is the Ricci tensor, r is the scalar curvature of the Riemannian metric g and
A € R (the set of real numbers). The Einstein soliton is called shrinking, steady or expanding if
A < 0,=0or > 0, respectively.

In [19], the authors Kaimakamis and Panagiotidou studied *-Ricci soliton in real hypersur-
faces of complex space forms and is defined by the equation

(’EKg)(ClaCZ) + 2Ag(§17<.2) + ZS*(CUCZ) = 07 (12)

where

S*(¢1,¢2) = Trace {p o R((1,9G)}

where S* is a tensor field of type (0,2); R represents the curvature tensor and ¢ is a tensor field
of type (1, 1). It is to be noted that the notion of *-Ricci tensor was first introduced by Tachibana
[25] on almost Hermitian manifolds and further studied by Hamada [13] on real hypersurfaces
of non-flat complex space forms.

Recently, the authors Gazala, Ahmad and Jamal [9] proposed the notion of *-Einstein soliton
(in short, x-ES) and is defined by the following equation

(«’559)@17 CZ) + (2/1 - T*)g(CIaCZ) + 25*((17 CZ) = Oa (13)

where £, denotes the Lie derivative operator in the direction of vector field £ and 7* is the *-
scalar curvature of the manifold. Likewise Einstein soliton, the nature of *-ES depends on the
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values of A such that if A > 0,= 0 or < 0, then the soliton is said to be expanding, steady or
shrinking, respectively. We remark that the notions of *-Ricci soliton and *-ES are different for
the manifolds of non-constant scalar curvature and if the scalar curvature is constant, then these
notions coincide.

As a generalization of the classical Ricci flow [14], the concept of conformal Ricci flow was
introduced by Fischer [8], which is defined on an n-dimensional Riemannian manifold M by the
equations

99 _

g
— 25+ 9= -1
ot (5+ n) rg, 7(9) ’

where p defines a time dependent non-dynamical scalar field (also called the conformal pressure)
and g is the Riemannian metric. The term —pg plays a role of constraint force to maintain r in
the above equation.

In [2], the authors Basu and Bhattacharyya initiated the study of conformal Ricci soliton on
M and is defined by

(£x0)(G1nG) +25(G, @) + A~ (p+ 2))glc1,¢) =0,

for any vector fields (;, {; on M.
Now, we introduce a new notion in an n-dimensional Riemannian manifold called *-conformal
Einstein soliton (in short, x-CES) and is defined through the equation

where the symbols £¢ and A are defined in (1.3).

In [23], Oubina defined a new class of almost contact manifolds called “trans-Sasakian man-
ifold" with the product manifold M x R belonging to the class Wy. The local structures of
trans-Sasakian manifolds was carried by Marrero [21]. It is to be noticed that the trans-Sasakian
structures of kind («, 0), (0, 3) and (0, 0) are a-Sasakian [18], 8-Kenmotsu [18] and cosymplec-
tic [3], respectively.

The study of Ricci solitons and its generalizations has been carried out by many geometers
in several ways to a different extent, for instance, we refer the papers [7, 10, 15, 17, 20, 26] and
references therein.

In the present work, we handle the study of trans-Sasakian 3-manifolds admitting a x-CES.
The article is structured as follows: Preliminaries on trans-Sasakian 3-manifolds are the focus
of Section 2. In Section 3, we confer the *-CES in trans-Sasakian 3-manifolds. Section 4
deals with the study of *-CES in trans-Sasakian 3-manifolds admitting Codazzi type Ricci tensor
and cyclic n-recurrent Ricci tensor. In Section 4, we also study pseudo Ricci symmetric trans-
Sasakian 3-manifolds admitting -CES. Section 5 is dedicated to the study of ¢-Ricci symmetric
trans-Sasakian 3-manifolds admitting x-CES. In section 6, we have shown that trans-Sasakian
3-manifolds admitting *-CES satisfying R(¢, ¢;)-S* = 0 and R- E* = 0 are Ricci flat manifolds.
Section 7 is devoted to the study M -projectively flat and (- M -projectively semisymmetric trans-
Sasakian 3-manifolds admitting *-CES.

2 Preliminaries

A manifold M?**! (dimension M = 2n + 1) is said to be an almost contact metric manifold
if there is a (1,1) tensor field o, a vector field £, a 1-form 7 and ¢ is a Riemannian metric
(compatible) such that [3]

e G =—C+n(E ) —1=0, p¢=0, n(p¢) =0, 2.1)
9(0C1, 0G) = g(¢1, &) — n(¢)n(&), (2.2)

9(Cr,96) = —9(9C1, ), 9(61,8) =n(ér) (2.3)
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for all ¢;,¢ € x(M?>™*1); where x(M?"+!) is the Lie algebra of vector fields on M?"*!. The
fundamental 2-form ® of M/?"*! is defined by

D(¢1,G) = 9(G,9() (2.4)

for any ¢1, ¢ € x(M>"H).

A structure (p,&,7,g) on M?"*! is known as a trans-Sasakian structure [23], if (M?"+! x
R, J, G) belongs to the class W,[12], where J is the almost complex structure on M ntl R
demarcated by smooth functions f on M>"*! x R and J({1, f4) = (¢C — f&€1(¢1)4) for all

¢1 on M?"*+!, The condition that might be used to express this is as follows:

(Ve o)e = alg(Cr, )€ — n(&)¢r) + Blg(wti, )€ — n(G2)edr)- (2.5)

Here, we assume that « and 3 are the smooth functions on M/?"*! with trans-Sasakian struc-
ture of type («, 3). From (2.5), it follows that

V&= —apl + (G —n(G)E), (2.6)

(Ve G = —ag(el, &) + Bg(eli, ¢6), (2.7)

where V stands for the Levi-Civita connection of g.
In a trans-Sasakian 3-manifold (say M?), we have [6]

R(¢1, )6 = (o2 =) ()¢ —n(¢)6) (2.8)
+2a8((n(C2)e¢t — 1(C1)et2)
+H(GQa)p — (Ga)et
+(B) G — (OB G,

R(&0)G = (o =B)(9(¢r, Q)¢ —n(R)Gr) (2.9)
+2a8(g(¢C1, )€ — n(&)edh)
+(GQo)eC + g(92, ¢1)(grad o)
+(028)(¢1 = n(61)€) — 9(ei, 9&)(grad B),
208+ Ea =0, (2.10)
5(61,€) = (2(a® = B%) = €BM(C1) — 1B — (91, (2.11)

where R and S represent the curvature tensor and the Ricci tensor of M3, respectively. Moreover,
in an M? of type (a, ), we have [6]

grad 8 = p(grad o). (2.12)

For constants « and 3, we obtain from (2.10) and (2.12) that

R )G = (8 =B)(9(G, @) = n(&)), (2.13)
REC)E = (o2 =)n(G)E ~ ), (2.14)

R, Q) = (0= B)(0(G)¢ —n(6)G), (2.15)
1(R(Cr, 2)G) = (0 = 52)(9(G. G3)n(¢1) = 9(G1, G)n(2), (2.16)
S(C1,6) =2(a® = (1) = Q& =2(a” - B)¢, (2.17)

for all (1, (2, (3 € x(M?). In the paper, throughout we consider a = 3 =constant.
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Definition 2.1. [27] A trans-Sasakian 3-manifold M? is said to be an n-Einstein if its S( 0) is
of the form

5(¢1,¢2) = p19(Ci, G) + pan(Ci)n(éa),

where p; and p, are smooth functions on A3. Furthermore, the manifold M? is said to be an
Einstein if p, = 0.

Definition 2.2. [5, 22] The M-projective curvature tensor # in a trans-Sasakian 3-manifold M3
is defined by

1
H(C, Q)G = R(G,$G)G— Z[S(Cz,Q)Cl -5, GB)G (2.18)

+9(¢2, G)QG — 9(C1, GG,
where 1, G, G € x(M?).
Now, we recall the following result on a trans-Sasakian 3-manifold admitting *-Ricci soliton:
Lemma 2.3. [16] In a trans-Sasakian 3-manifold M?>, the x-Ricci tensor S* is given by
5761, ) = 8(¢1, ) = (02 = B2)g(C1. ) = (0 = B2)n(C)n(G), (2.19)

forany 1, € x(M?).
From (2.19), it follows that

r*=r—4(a? - 7). (2.20)

3 x-CES in trans-Sasakian 3-manifolds

Let a trans-Sasakian 3-manifold M3 admit a x-CES. Then (1.4) holds, and thus we have

2
(£¢9)(C1, &) +287 (¢, &) + {24 —7" 4+ (p + g)}g(Cl, G)=0. 3.1
As we know that

("Bfg)((laCZ) - g(nga CZ) + g(Cla Vng) = zﬂg(Q-laCZ) - 2&7(@)”(@)
Thus, (3.1) takes the form
S5*(¢1,¢2) = A1g(Ci, &) + A (G)n(ée)s (3.2)

where Ay = —{6+ A4 — % + 2(p+ %)} and A, = B.
By putting ¢, = £ in (3.2), then using (2.1) and (2.3), we have

. r* 1 2
S5*(¢1,6) Z*{A*3+§(p+ g)}n(Cl)a (3.3)
The equation (3.2) yields
Q*C1 = Ai1C1 + Am(Cr)é. (3.4)
From (2.17), (2.19) and (3.3), we get the following relation
r* 1 2
A=7 —30t3) G
In view of (3.5), (3.3) reduces to
S*(¢1,€) =0. (3.6)
Also, by contracting (3.2) over ¢; and (», we find
r* 3 2
5 =20+34+ §(p+§). (3.7)
Thus, from (3.5) and (3.7), it follows that
1 2
A=—-08—= =). .
B-3+3) (3.8)

Now, we have the following result:
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Theorem 3.1. If a 3-dimensional trans-Sasakian manifold M> admits a x-CES, then M?> is an
n-Einstein manifold of the form (3.2) and the soliton constant is given by A = —( — %(p + %)

Moreover, the soliton is expanding, steady or shrinking according to 3 < — % (p—l—%), = - % (p—!—%)
or>—-1(p+32).
We have the following corollary:

Corollary 3.2. Let the metric of a 3-dimensional trans-Sasakain manifold M3 be a x-CES. Then
we have

Conditions for the x-CES to be expanding,

Manifold Soliton constant shrinking or steady

Sasakian and expanding, steady or shrinking if p < —%,

—_1 2
Cosymplectic A=—3+3) = —% or > —%.
expanding, steady or shrinking if p < —3,
Kenmotsu A= 7@ _p_§ org> e Yy g ifp 3
— "3 3

Now, let a 3-dimensional trans-Sasakian manifold M3 admit a *-CES such that K is point-
wise collinear with &, i.e., K = f&, where f is a function. Then (1.4) holds, and thus we have

* * 2
Applying the properties of the Lie derivative and the Levi-Civita connection in (3.9), we have

fa(Ve, & Q) + (G f)In() + f9(G, Vi, €) + (G f)n(Sr)

2
+2S*(<l7 42) + (2/1 -t + (p + g))g(Ch CZ) = 07
which by using (2.6) takes the form

218l9(G15 &) = n(Cn(C)] + (G f)n() + (Gfn(Gr) (3.10)

2
+2S*(C1, Cz) + (2/1 —r*+ (p + g))g(Cl, Cz) =0.
Now, by replacing {, = £ and using (2.1), (2.3) and (3.3), (3.10) reduces to

(€1f) + (€fm(G) = 0. (3.11)
Again replacing ¢; = ¢ and using (2.1), (3.11) yields
&r)=0. (3.12)

By combining (3.11) and (3.12), we lead to ¢;(f) = 0, that is, f is constant. Thus from (3.10),
we obtain

* 1 2
§°(GnG) = A=+ I8+ 5+ a6 G) + Bncon(@). (313
Now by virtue of (3.5), (3.13) turns to
S*(G, @) = —fBg(G, )+ fBn(C)n(&). (3.14)

Therefore, we have the following theorem:

Theorem 3.3. If a 3-dimensional trans-Sasakian manifold M> admits a *-CES such that K is

pointwise collinear with &, then K is a constant multiple of € and M? is an n-Einstein manifold
of the form (3.14).

By contracting (3.14), we lead to r* = —2 f3. Using this value of 7* in (3.5), we find

2

2 (3.15)

1
A=—fB— E(P +
Thus, we have the following corollary:

Corollary 3.4. If a 3-dimensional trans-Sasakian manifold M? admits a *-CES such that K
is pointwise collinear with &, then the soilton is expanding, steady or shrinking according as

B<—35(p+3) =550+ 3) or>—35(p+3).
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4 x-CES in trans-Sasakian 3-manifolds admitting certain types of Ricci
tensors

Definition 4.1. A trans-Sasakian 3-manifold M? with x-CES is said to admit
(7) Codazzi type Ricci tensor if [11]

(Ve 5) (¢, G) = (Ve57)(€1, G), 4.1)
(#4) cyclic n-recurrent Ricci tensor if
(Ve 5)(G, G) 4+ (Ve 57)(61, G) + (Ve 5™) (€1, C2) (4.2)

=n(¢1)S™ (&2, G) +1(¢2)S™ (1, G) +1(G)S™ (615 &)
for all <|a<27§3 € X<M3)

First, we consider a trans-Sasakian 3-manifold that has Codazzi type Ricci tensor and admits
a x-CES, thus (4.1) holds. By taking the covariant derivative of (3.2) respecting to {; we lead to

(Ve 5")(G: ) = B{(Vem)(&)n(G) +1(¢2) (Ve n)(G)} (4.3)
By using (2.7) in (4.3), we have
(VoS )@ G) = B{—aglet, Q)n(G) — ag(er. G)n(&) (4.4)

+B9(C1, 2)n(G) + Bg(Cr, GIn(¢2) = 28n(C)n(¢2)n(¢)
By virtue of (4.4), the relation (4.1) takes the form

B{2ag(eC1, &)n(¢) + ag(wlr, G)n(é)
—ag(vC, G)n(Cr) — Ba(Cr, G)n(&) + Bg(G, G)n(Gr)} =0,

which by putting (, = £ and using (2.1), (2.2) and (2.3) reduces to
Blag(e¢i, G) — Bg(pGis i)} = 0.

By interchanging (; and (3 in the foregoing equation, we have

Blag(eG, C1) — Ba(pCi, ¢G)} = 0.

On adding the last two equations and using (2.3), we find 8 = 0, where g(©(1, ¢(3) # 0. Thus,
we have the following theorem:

Theorem 4.2. Let a 3-dimensional trans-Sasakian manifold M3 admit a -CES. If the manifold
M3 has a Codazzi type Ricci tensor, then M? reduces to an a-Sasakian manifold.

In view of (3.2) and (4.4), (4.2) takes the form

268 4A2[9(C1, Q)n(G) + 9(C1, G)n(S2) + 9(Sa, &)n(Cr) = 3n(Ci)n(62)n(G)]
= n(C)[A19(¢2: G) + Aan(G)n(G)] + n(C2)[Arg(Cis G) + Aan(C)n(G)]
+ n(G)[A19(Cr, &) + Aan(C)n(G)],
which by putting {, = (3 = £, and using (2.2) and (2.3) it follows that A; + A, = 0. This implies
that A = % - %(p + %) Consequently, (3.2) turns to

S*(C1,G) = —Bg(C1,¢2) + Bn(Ci)n(C2). (4.5)

By contracting (4.5), we have r* = —25. By using this value of r* in (3.5), we find A =
—B — 1(p+ 3). Thus, we have the following theorem:

Theorem 4.3. Let a 3-dimensional trans-Sasakian manifold M?> admit a x-CES. If M> has a
cyclic n-recurrent Ricci tensor, then M3 is an n-Einstein manifold of the form (4.5). Moreover,
the soliton is expanding, steady or shrinking according to 5 < —%(p + %) = —%(p + %) or

>—L(p+3).
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Definition 4.4. A 3-dimensional trans-Sasakian manifold /> admitting a *-CES is called pseudo
Ricci symmetric and is denoted by (PRS)s if its Ricci tensor S*(# 0) of type (0, 2) satisfies the
condition [1]

(Ve 87)(G, () = 2A(01)S™ (G2, G3) + A(G)S™(C1, ) + A(G)S™ (Cr, Q) (4.6)

where A is a non-zero 1-form such that g(¢;,0) = A(¢;), for all vector fields ¢;; 0 being the
vector field corresponding to the associated 1-form A. In particular, if A = 0, then the manifold
is called Ricci symmetric.

Let the manifold M? admitting a *-CES be a pseudo Ricci symmetric. Therefore, (4.6) holds.
By using (3.2) and (4.4), (4.6) transforms to

Ap{—ag(pCi, @)n(G) — ag(wl, G)n(é) + Bg(Cr, 2)n(G) + Ba(Cr, G)n(G)
=28n(C)n(¢2)n(G)} = 2A(¢1)[A19(&2, G) + Aan(G)n(E3)]
+A(G)[A19(Cr, G) + Aan(Cn(G)] + A(G)[A19(Cr, @) + Aan(G)n(é)]s

which by putting ¢, = (3 = £ and using (2.1) and (2.3) reduces to
(A1 + A2)(3A(E)n(¢2) + A(GR)) = 0. 4.7)
Again putting ¢, = £ in the foregoing equation, we lead to
A() (A1 + Ay) = 0.

Thus, either we have A(¢) = 0, or (A; + Az) = 0. By using the first case in (4.7), we find
A(() = 0, where A; + Az # 0 and hence the manifold M 3 reduces to the Ricci symmetric

r* 1

manifold. Now, from the second case it follows that A = 5 f(p + %), thus (3.2) turns to

S*(¢1,G) = —B9(¢1, &) + Bn(¢)n(¢). This gives r* = —25. By using this value of 7*, we
have A = —f — %(p + %) Now, we state the following theorem:

Theorem 4.5. A (PRS)s admitting a x-CES is either Ricci symmetric, or is an n-Einstein man-
ifold. Moreover, the soliton is expanding, steady or shrinking according to f < f%(p + %),

=—dlp+3)or>—-1(p+3).

5 ¢-Ricci symmetric trans-Sasakian 3-manifolds admitting x-CES
Definition 5.1. A trans-Sasakian 3-manifold A3 is said to be ¢-Ricci symmetric if [24]

P (V@6 =0, (5.1)
for all ¢;, ¢, on M?3.

Let a trans-Sasakian 3-manifold M3 be a ¢-Ricci symmetric, therefore (5.1) holds. By the
covariant differentiation of (3.4) with respect to (,, we have

(Vo@)G + Q" (Vi) = Ai(VaQ) + A[(Ven) (C)E + (Ve G)E +n(G) Ve,
which by using (2.6), (2.7) and (3.4) transforms to
(Ve,Q")C = Ar[—ag(vla, ¢1)& — an(Cr)el + Bg(Cr, )& + Bn(Ci)é — 28n(¢i)n(¢)E]-

By operating ¢ on both the sides of the foregoing equation and using (2.1), we have

©*(Ve,Q")C1 = Az[an(C)eG + Bn(G)*G). (5.2)
From (5.1) and (5.2) it follows that
Axn(C)[ap + Bp?G) = 0. (5.3)

Thus, we have A, = 0. By using A, = 0 and (3.5), (3.2) reduces S*({1,¢z) = 0. Thus, we have
the following theorem:

Theorem 5.2. A trans-Sasakian 3-manifold M?> admitting a *-CES is -Ricci symmetric if and
only if the manifold is x-Ricci flat.
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6 Trans-Sasakian 3-manifolds admitting *-CES satisfying R(£,¢;) - S* =0
and R- E* =0

In this section, first we consider a trans-Sasakian 3-manifold admitting a x-CES that satisfies the
condition R(&, () - S* = 0. Therefore, we have

S*(R(&,€1)¢2, () + 5™(G, R(E,G1)G) = 0, (6.1)

for any ¢y, (2, (3 on M?.
By using (2.13) in (6.1), we have

S7(&,63)9(C,G) — (&) S™ (¢, G) + 5™(¢2,€)9(¢, ) — n(63)S™ (¢, &) =0,

where a2 — 32 # 0, which in view of (3.6) reduces to

n(¢2)S™ (1, ¢G) +1(¢3)S™ (C1,¢2) = 0. (6.2)

Now by putting (; = £ in (6.2) then using (2.1) and (3.6) we obtain S*(¢;, (3) = 0, from which
it follows that »* = 0. Thus (3.5) gives

A=—=(p+3). (6.3)
Now, we have the following result:

Theorem 6.1. If a 3-dimensional trans-Sasakian manifold M3 admits a x-CES and satisfies the
condition R(E, (1) - S* = 0, then the manifold is x-Ricci flat and the soliton constant is given by
A= 2—%(;0 + %) Moreover, the soliton is expanding, steady or shrinking according to p < —%,
= -3 or > -3

Next, we consider a 3-dimensional trans-Sasakian manifold admitting a x-CES that satisfies
the condition R - £* = 0, where £ is the *-Einstein tensor given by

B (G1.G) = 5°(61,) = 961, (6.4)

Thus, the condition R - E* = 0 is expressed as

S*(R(GG)Gn Go) + S (G RGH G)G) = Fl9(R(G1 )G, G) + 9(Gay R(G Q)G))
which by putting ¢; = {3 = £ and using (2.1), (2.3), (2.13) and (2.14) takes the form

n(¢2)S™ (€, ¢a) — 5™(C2,Ca) + 9(C2, Ga)S™ (&, €) — 1(Ga)S™(€,¢2) =0,

where o> — 3% # 0.
In view of (3.6), the foregoing equation reduces to S*((2,{4) = 0, from which it follows that
r* = 0. Thus (3.5) gives

1

2
A=—3p+3). (6.5)

Thus, we have the following theorem:

Theorem 6.2. If a 3-dimensional trans-Sasakian manifold M?> admits a x-CES and satisfies the
condition R - E* = 0, then the manifold is x-Ricci flat and the soliton constant is given by
A= —%(p + %) Moreover, the soliton is expanding, steady or shrinking according to p < —%,

—_2 _2
=-—-50r>—-3%.
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7 M -projectively flat and - M -projectively semisymmetric trans-Sasakian
3-manifolds admitting x-CES

In this section, first we consider an M -projectively flat trans-Sasakian 3-manifold admitting *-
CES, that is, H(¢1, ()¢ = 0. Thus, from (2.18) it follows that

[S(¢2,G3)61 — S(C1, G3) G + 9(82, ()R — 9(¢1, (3)QEG. (7.1)

A=

R(Ch <2)<3 -
By putting ¢; = £ in (7.1) and using (2.3), (2.13) and (2.17), we have

4(a? = B)(9(2 G)E—n(G)o) = S(G,G)E—S(EG)o + 9(G, 3)QE —1(&L)QG.

Taking the inner product of the foregoing equation with ¢ and using (2.1), (2.3) and (2.17), we
obtain

S(&,G) = 2(a* = B g(&, G). (7.2)

By contracting (7.2) over ¢, and (3, we obtain r = 6(a? — 3?). Thus, from (2.20) and (3.5), we
obtain

1 2
— (2 _pB2y_ =
Thus, we have the following theorem:

Theorem 7.1. An M-projectively flat trans-Sasakian 3-manifold admitting x-CES is an Einstein
manifold and the soliton constant is given by A = (a® — 52) — L (p + %)

Next, we consider a -M-projectively semisymmetric trans-Sasakian 3-manifold admitting
x-CES, that is, - ¢ = 0. Thus, it follows that

(H(C1, G2) - 9)G = H(C1, Q) — ¢H (G, )¢ =0, (7.3)

for any ¢y, (2,3 on M?.
From (2.18), we find

1
H(C1,G)e¢s = R(C1,G)e¢s — Z[S(C2,<PC3)C1 —S(C1,98) G (7.4)
+9(G, 0G3)Q% — g(C1, 9G3) RG],
and
1
eH(C1, )G = @R(C, )G — Z[S(Cz,C3)<PC1 —5(¢1,G)eG (7.5)

+9(¢2, 3)pQC1 — 9(C1, G3)pQG].
Thus, from (7.3)-(7.5), we arrive at

1
R(C1,0)eG — 9R(G1,0)G = _Z[S(Qa )l — S(C1, Gl + 9(C, ) QG

—9(C1, G)eQRG — S(G, 9G3)C + 5S¢, 9G) G
—9(C2, 0G3)QC + 9(Ci, 9G)QG],

which by putting (; = ¢ and using (2.1), (2.3), (2.13) and (2.17), we arrive at

2(0% = )9(C2 9G)E +2(0” = Bn(G)ea — n(G3)9pQG = S(G G (7.6)
By taking the inner product of (7.6) with £ and using (2.1), we find

5(G,0Gs) = 2(a? = B2)g(Ca, 9G3). (7.7
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By replacing (3 by (3 in (7.7) then using (2.1) and (2.17), we obtain

S(G2, ) = 2(0” = 57)g(¢2, G3)- (7.8)
Contracting (7.8) over ¢, and (3 gives 7 = 6(a? — 3%). Thus, from (2.20) and (3.5), we obtain

A= (0>~ )~ 3o+ 2)

Thus, we have the following theorem:

Theorem 7.2. Let a trans-Sasakian 3-manifold admitting a x-CES be a p-M -projectively semisym-
metric, then the manifold is an Einstein manifold and the soliton constant is given by A =

(=B —35(p+3)
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