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Abstract In this paper, we investigate some properties of geodesics and F -geodesics on the
tangent bundle TM and on the φ-unit tangent bundle Tφ

1 M with Berger-type Cheeger-Gromoll
metric over an anti-paraKähler manifold (M,φ, g).

1 Introduction

One can define natural Riemannian metrics on the tangent bundle of a Riemannian manifold.
Their construction makes use of the Levi-Civita connection. Among them, the so-called Sasaki
metric [24] is of particular interest. For this reason, numerous authors have studied it. The
rigidity of the Sasaki metric has prompted some researchers to study different deformations of
the Sasaki metric. Among them, we mention the Cheeger-Gromoll metric [18] and the Berger-
type deformed Sasaki metric [5, 28]. The geometry of tangent bundles remains an affluent area
of research in differential geometry

The study of geodesics on tangent bundles is one of the topics many authors have been inter-
ested in, especially the study of oblique geodesics, non-vertical geodesics, and their projections
onto the base manifold. Sasaki [25] and Sato [26] gave a complete description of the curves and
vector fields along them that generated non-vertical geodesics on the tangent bundle and on the
unit tangent bundle respectively. They proved that the projected curves have constant geodesic
curvatures (Frenet curvatures). Nagy [19] generalized these results to the locally symmetric
base manifold case. Yampolsky [28] also did the same studies on the tangent bundle and on the
unit the tangent bundle with the Berger-type deformed Sasaki metric over Kählerian manifold,
in the cases of the locally symmetric base manifold and of the constant holomorphic curvature
base manifold. Also, we refer to [8, 20, 21, 30].

The concept of F -planar curves is a generalization encompassing magnetic curves and, by
extension, geodesics, as detailed in references [12]. It is worth noting that the notion of F -
geodesics, introduced in [6], presents a variation that slightly differs from that of F -planar
curves. We refer to some relevant studies; see [3, 4, 14, 17, 23]. In recent mathematical lit-
erature, there has been a series of papers dedicated to the exploration of magnetic curves, F -
planar curves, and F -geodesics on tangent bundles and on unit tangent bundles, as evidenced
in references [1, 2, 7, 13]. These works have contributed to a deeper understanding of these
mathematical concepts and their applications.

This paper aims to study some problems of geodesics and F -geodesics on tangent bundle
TM and on φ-unit tangent bundle Tφ

1 M over an anti-paraKähler manifold (M,φ, g). In section
2, we present the preliminary results on the tangent bundle [9, 29] and on the anti-paraKähler
manifold [11, 15, 16, 22]. In section 3, we present the Berger-type Cheeger-Gromoll metric
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on tangent bundle TM and on φ-unit tangent bundle Tφ
1 M over an anti-paraKähler manifold

(M,φ, g) and investigate the Levi-Civita connection of this metric (Theorem 3.3 and Theorem
3.4). In section 4, we are initially interested in studying the necessary and sufficient conditions
under which a curve is geodesic on the tangent bundle concerning the Berger-type Cheeger-
Gromoll metric (Theorem 4.1, Corollary 4.2 and Corollary 4.3). In the second part of this
section, we also establish necessary and sufficient conditions under which a curve on a φ-unit
tangent bundle can be a geodesic concerning this metric (Theorem 4.7 and Proposition 4.9). We
then study the Frenet curvatures of the projected non-vertical geodesic on Tφ

1 M (Theorem 4.11,
Theorem 4.12, and Corollary 4.13). We also study the non-vertical geodesics on Tφ

1 M whose
projected curves have vanished the first three Frenet curvatures (Theorem 4.17, Theorem 4.18,
Theorem 4.19, Theorem 4.20, and Theorem 4.21). In the last section, we study the F -geodesics
and F -planar curves on the φ-unit tangent bundle Tφ

1 M concerning the Levi-Civita connection
of the Berger-type Cheeger-Gromoll metric (Theorem 5.1, Theorem 5.3 and Theorem 5.5).

2 Preliminary Results

Let TM be the tangent bundle over an m-dimensional Riemannian manifold (Mm, g) and
let π : TM → M be the natural (bundle) projection. A local chart (U, xi)i=1,m on M induces a
local chart (π−1(U), xi, ui)i=1,m on TM . Denote by Γk

ij the Christoffel symbols of g and by ∇
the Levi-Civita connection of g.

The Levi Civita connection ∇ defines a direct sum decomposition

T(x,u)TM = V(x,u)TM ⊕H(x,u)TM

of the tangent bundle to TM at any (x, u) ∈ TM into vertical subspace

V(x,u)TM = Ker(dπ(x,u)) = {ai ∂

∂ui
|(x,u), ai ∈ R}

and the horizontal subspace

H(x,u)TM = {ai ∂

∂xi
|(x,u) − aiuj

Γ
k
ij

∂

∂uk
|(x,u), ai ∈ R}.

Let X = Xi ∂
∂xi be a local vector field on M . The vertical and the horizontal lifts of X are

defined by

VX = Xi ∂

∂ui
,

HX = Xi(
∂

∂xi
− uj

Γ
k
ij

∂

∂uk
).

We have H( ∂
∂xi ) = ∂

∂xi − ujΓk
ij

∂
∂uk and V( ∂

∂xi ) = ∂
∂ui , then (H( ∂

∂xi ), V(
∂

∂xi ))i=1,m is a local
adapted frame on TTM .

In particular, we have the vertical spray Vu on TM defined by

Vu = uiV(
∂

∂xi
) = ui ∂

∂ui
,

Vu is also called the canonical or Liouville vector field on TM .
The bracket operation of vertical and horizontal vector fields is given by the formulas: [9, 29]

[
HX,H Y

]
= H [X,Y ]− V(R(X,Y )u)[

HX,V Y
]
= V(∇XY )[

V X,V Y
]
= 0

(2.1)

for all vector fields X and Y on M .
An almost product structure φ on an m-dimensional manifold M is a (1, 1)-tensor field on

M satisfying φ2 = idM , where idM represents the identity tensor field of type (1, 1) on M .
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Importantly, φ must not be equal to ±idM . The pair (M,φ) is then referred to as an almost
product manifold.

An almost para-complex manifold is essentially an almost product manifold (M,φ) for which
the two eigenbundles TM+ and TM−, associated with the eigenvalues +1 and −1 of φ, respec-
tively, have the same rank. It is essential to note that the dimension of an almost para-complex
manifold is always even.

The integrability of an almost para-complex structure φ is determined by the vanishing of the
Nijenhuis tensor:

Nφ(X,Y ) = [φX,φY ]− φ[X,φY ]− φ[φX, Y ] + [X,Y ],

which must vanish identically on M for all vector fields X and Y on M . Furthermore, an
almost para-complex structure φ is integrable if and only if we can introduce a torsion-free
linear connection ∇ such that ∇φ = 0 [22].

A (pseudo-)Riemannian metric g is considered an anti-paraHermitian metric if it satisfies the
condition:

g(φX,φY ) = g(X,Y )

or equivalently (referred to as the purity condition or B-metric):

g(φX, Y ) = g(X,φY ),

for all vector fields X and Y on M .
If (M,φ) is an almost para-complex manifold with an anti-paraHermitian metric g, we say

that (M,φ, g) is an almost anti-paraHermitian manifold or an almost B-manifold, see [11, 15,
16, 22]. If φ is integrable, we say that (M,φ, g) is an anti-paraKähler manifold or B-manifold.

It is well-established that in an anti-paraKähler manifold (M,φ, g), the Riemannian curva-
ture tensor has a specific property, where:{

R(φY,Z) = R(Y, φZ) = R(Y, Z)φ = φR(Y,Z)

R(φY, φZ) = R(Y,Z)

for all vector fields Y and Z on M [22].

3 The Berger-type Cheeger-Gromoll metric

Definition 3.1. Let (M,φ, g) be an almost anti-paraHermitian manifold and TM its tangent bun-
dle. A Berger-type Cheeger-Gromoll metric on TM is defined as follows: For all vector fields
X and Y on M

g̃(HX,HY ) = g(X,Y ),

g̃(VX,HY ) = g̃(HX, VY ) = 0,

g̃(VX, VY ) =
1
α
(g(X,Y ) + δ2g(X,φu)g(Y, φu)),

where α = 1 + δ2g(u, u) = 1 + δ2|u|2 and |.| represents the norm with respect to the metric g.

Lemma 3.2. Let (M,φ, g) be an anti-paraKähler manifold and (TM, g̃) its tangent bundle
equipped with the Berger-type Cheeger-Gromoll metric. Then we have the following formulas:

1) HX
(
g̃(HY,HZ)

)
= X(g(Y,Z)),

2) VX
(
g̃(HY,HZ)

)
= 0,

3) HX
(
g̃(VY, VZ)

)
= g̃(V(∇XY ), VZ) + g̃(VY, V(∇XZ)),

4) VX
(
g̃(VY, VZ)

)
=

δ2

α

(
g(X,φY )g(Z,φu) + g(Y, φu)g(X,φZ)

)
−2δ2

α
g(X,u)g̃(VY, VZ),

for all vector fields X,Y and Z on M .
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The Levi-Civita connection ∇̃ for the tangent bundle TM endowed with the Berger-type
Cheeger-Gromoll metric g̃ is defined by the Koszul formula, which expresses the metric compat-
ibility of the connection:

2g̃(∇̃X̃ Ỹ , Z̃) = X̃
(
g̃(Ỹ , Z̃)

)
+ Ỹ

(
g̃(Z̃, X̃)

)
− Z̃

(
g̃(X̃, Ỹ )

)
+ g̃(Z̃, [X̃, Ỹ ])

+g̃(Ỹ , [Z̃, X̃])− g̃(X̃, [Ỹ , Z̃]), (3.1)

for all vector fields X̃, Ỹ and Z̃ on TM . Using (2.1), Koszul formula (3.1), Lemma 3.2 and usual
direct calculations, we find the following result:

Theorem 3.3. Let (M,φ, g) be an anti-paraKähler manifold and (TM, g̃) its tangent bundle
equipped with the Berger-type Cheeger-Gromoll metric. Then ∇̃ satisfies the following:

1. ∇̃HX
HY = H(∇XY )− 1

2
V(R(X,Y )u),

2. ∇̃HX
VY =

1
2α

H
(
R(u, Y )X

)
+ V(∇XY ),

3. ∇̃VX
HY =

1
2α

H
(
R(u,X)Y

)
,

4. ∇̃VX
VY = −δ2

α
(g(X,u)VY + g(Y, u)VX) + δ2g̃(VX, VY )Vu

+
δ2

α
(g(X,φY )− δ2g(u, φu)g̃(VX, VY ))V(φu),

for all vector fields X,Y on M , where ∇ denotes the Levi-Civita connection, R represents its
Riemannian curvature tensor of (M,φ, g).

The hypersurface that corresponds to the φ-unit tangent (sphere) bundle over an anti-paraKähler
manifold (M,φ, g) can be expressed as follows:

Tφ
1 M =

{
(x, u) ∈ TM, g(u, φu) = 1

}
.

The unit normal vector field to Tφ
1 M is given by

N =

√
δ2

α− 1
V(φu),

where α = 1 + δ2g(u, u).
The tangential lift TX with respect to g̃ of a vector X ∈ TxM to (x, u) ∈ Tφ

1 M is the
tangential projection of the vertical lift of X to (x, u) with respect to N , that is

TX = VX − g̃(x,u)(
VX,N(x,u))N(x,u) =

VX − δ2

α− 1
gx(X,φu)V(φu)(x,u).

The tangent space T(x,u)T
φ
1 M of Tφ

1 M at (x, u) ∈ Tφ
1 M is given by

T(x,u)T
φ
1 M = {HX + TY /X ∈ TxM,Y ∈ {φu}⊥ ⊂ TxM},

where {φu}⊥ =
{
Y ∈ TxM, g(Y, φu) = 0

}
.

Given a vector field X on M , the tangential lift TX of X is given by

TX(x,u) =
(
VX − g̃(VX,N )N

)
(x,u)

= VX(x,u) −
δ2

α− 1
gx(Xx, φu)

V(φu)(x,u).

For the sake of notational clarity, we will use X̄ = X − δ2

α− 1
g(X,φu)φu, then TX = VX̄ .

The Levi-Civita connection ∇̂ on Tφ
1 M with respect to the Berger-type Cheeger-Gromoll

metric is characterized by the Gauss formula:

∇̂X̂ Ŷ = ∇̃X̂ Ŷ − g̃(∇̃X̂ Ŷ ,N )N , (3.2)

for all vector fields X̂ and Ŷ on Tφ
1 M . Using Theorem 3.3, Gauss formula (3.2), and usual

direct calculations, we find the following result:
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Theorem 3.4. Let (M,φ, g) be an anti-paraKähler manifold and Tφ
1 M its φ-unit tangent bundle

equipped with the Berger-type Cheeger-Gromoll metric. Then ∇̂ satisfies the following:

∇̂HX
HY = H(∇XY )− 1

2
T(R(X,Y )u),

∇̂HX
TY =

1
2α

H
(
R(u, Y )X

)
+ T(∇XY ),

∇̂TX
HY =

1
2α

H
(
R(u,X)Y

)
,

∇̂TX
TY = −δ2

α

(
g(Y, u)− δ2

α− 1
g(Y, φu)

)
TX − δ2

α

(
g(X,u)− δ2

α− 1
g(X,φu)

)
TY

− δ2

α− 1
g(Y, φu)T(φX) +

δ2

α

(
g(X,Y ) +

δ2

(α− 1)2 g(X,φu)g(Y, φu)
)
Tu,

for all vector fields X,Y on M , where ∇ represents the Levi-Civita connection and R denotes
its Riemannian curvature tensor of (M,φ, g).

4 Geodesics of the Berger-type Cheeger-Gromoll metric

4.1 Geodesics of the Berger-type Cheeger-Gromoll metric on tangent bundle

Let Γ = (γ(t), ξ(t)) be a naturally parameterized curve on the tangent bundle TM (i.e., t is
an arc length parameter on Γ), where γ is a curve on M and ξ is a vector field along this curve.
Denote γ′ = d γ

d t , γ′′ = ∇γ′γ′, ξ′ = ∇γ′ξ, ξ′′ = ∇γ′ξ′ and Γ′ = d Γ

d t . Then

Γ
′ = Hγ′ + Vξ′. (4.1)

Theorem 4.1. Let (M,φ, g) be an anti-paraKähler manifold, (TM, g̃) its tangent bundle equipped
with the Berger-type Cheeger-Gromoll metric and Γ = (γ(t), ξ(t)) be a curve on TM , then Γ is
a geodesic if and only if

γ′′ =
1
α
R(ξ′, ξ)γ′

ξ′′ =
2δ2

α
g(ξ′, ξ)ξ′ − δ2

α
(|ξ′|2 + δ2g(ξ′, φξ)2)ξ

−(
δ2

α
g(ξ′, φξ′) +

δ4

α2 g(ξ, φξ)|ξ
′|2 + δ6

α2 g(ξ, φξ)g(ξ
′, φξ)2)φξ

(4.2)

Proof. From (4.1) and Theorem 3.3, we obtain

∇̃Γ′Γ
′ = ∇̃

(Hγ′ + Vξ′)
(Hγ′ + Vξ′)

= ∇̃Hγ′
Hγ′ + ∇̃Hγ′

Vξ′ + ∇̃Vξ′
Hγ′ + ∇̃Vξ′

Vξ′

= Hγ′′ +
1
α

H(R(ξ, ξ′)γ′) + Vξ′′ − 2δ2

α
g(ξ′, ξ)Vξ′ + δ2g̃(Vξ′, Vξ′)Vξ

+
δ2

α
(g(ξ′, φξ′)− δ2g(ξ, φξ)g̃(Vξ′, Vξ′)V(φξ)

= H
(
γ′′ +

1
α
R(ξ, ξ′)γ′)+ V

(
ξ′′ − 2δ2

α
g(ξ′, ξ)ξ′ +

δ2

α
(|ξ′|2 + δ2g(ξ′, φξ)2)ξ

+(
δ2

α
g(ξ′, φξ′) +

δ4

α2 g(ξ, φξ)|ξ
′|2 + δ6

α2 g(ξ, φξ)g(ξ
′, φξ)2)φξ

)
.

If we put ∇̃Γ′Γ′ equal to zero, we find (4.2).

If γ is a curve on M , then the curve Γ = (γ(t), γ′(t)) is called a natural lift of the curve γ
[29]. Therefore, we have
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Corollary 4.2. Let (M,φ, g) be an anti-paraKähler manifold and (TM, g̃) its tangent bundle
equipped with the Berger-type Cheeger-Gromoll metric. The natural lift Γ = (γ(t), γ′(t)) of any
geodesic γ is a geodesic on (TM, g̃).

A curve Γ = (γ(t), ξ(t)) on TM is said to be a horizontal lift of the curve γ(t) on M if and
only if ξ′ = 0 [29]. Therefore, we have

Corollary 4.3. Let (M,φ, g) be an anti-paraKähler manifold and (TM, g̃) its tangent bundle
equipped with the Berger-type Cheeger-Gromoll metric. The horizontal lift Γ = (γ(t), ξ(t)) of
any geodesic γ is a geodesic on (TM, g̃).

Remark 4.4. As a reminder, note that locally we have

γ′′ =
2m∑
k=1

(
d2γk

dt2 +
2m∑

i,j=1

dγi

dt

dγj

dt
Γ
k
ij)

∂

∂xk
(4.3)

and

ξ′ =
2m∑
k=1

(
dξk

dt
+

2m∑
i,j=1

dγj

dt
ξiΓk

ij)
∂

∂xk
. (4.4)

Example 4.5. Let
(
R2, g, φ

)
be an anti-paraKähler manifold such that

g = e2xdx2 + e2ydy2, φ =

(
1 0
0 −1

)
.

The non-null Christoffel symbols of the Riemannian connection are:

Γ
1
11 = Γ

2
22 = 1.

1) Let γ be a curve on R2, such that γ(t) = (x(t), y(t)), γ is a geodesic if and only if γ′′ = 0,
from (4.3), we have

d2γk

dt2 +
2∑

i,j=1

dγi

dt

dγj

dt
Γ
k
ij = 0 ⇔

{
x′′ + (x′)2 = 0
y′′ + (y′)2 = 0

⇔

{
x(t) = ln(c1t+ c2)

y(t) = ln(c3t+ c4)

where c1, c2, c3, c4 are real constants.
Hence γ(t) = (ln(c1t+ c2), ln(c3t+ c4)) and γ′(t) = (

c1

c1t+ c2
,

c3

c3t+ c4
).

From Corollary 4.2, the curve Γ1 = (γ(t), γ′(t)) is a geodesic on TR2.
2) If Γ2 = (γ(t), ξ(t)) is horizontal lift of γ, such that ξ(t) = (u(t), v(t)) if and only if ξ′ = 0,
from (4.4), we have

dξk

dt
+

2∑
i,j=1

dγj

dt
ξiΓk

ij = 0 ⇔

{
u′ + x′u = 0
v′ + y′v = 0

⇔

 u(t) =
c5

c1t+ c2

v(t) =
c6

c3t+ c4

where c5, c6 are real constants. Hence ξ(t) = (
c5

c1t+ c2
,

c6

c3t+ c4
). From Corollary 4.3, the curve

Γ2 = (γ(t), ξ(t)) is a geodesic on TR2.

4.2 Geodesics of the Berger-type Cheeger-Gromoll metric on φ-unit tangent bundle

Lemma 4.6. Let (M,φ, g) be an anti-paraKähler manifold, Tφ
1 M its φ-unit tangent bundle

equipped with the Berger-type Cheeger-Gromoll metric and Γ = (γ(t), ξ(t)) be a curve on
Tφ

1 M . Then we have
Γ
′ = Hγ′ + Tξ′. (4.5)
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Proof. Using (4.1), we have

Γ
′ = Hγ′ + Vξ′ = Hγ′ + Tξ′ +

δ2

α− 1
g(ξ′, φξ)V(φξ).

Since Γ = (γ(t), ξ(t)) ∈ Tφ
1 M then g(ξ, φξ) = 1, on the other hand

0 = (g(ξ, φξ))′ = 2g(ξ′, φξ),

i.e.,

g(ξ′, φξ) = 0. (4.6)

Hence, the proof of the lemma is completed.

Subsequently, let t be an arc length parameter on Γ, From (4.5), we have

1 = |γ′|2 + 1
α
|ξ′|2. (4.7)

Theorem 4.7. Let (M,φ, g) be an anti-paraKähler manifold, Tφ
1 M its φ-unit tangent bundle

equipped with the Berger-type Cheeger-Gromoll metric and Γ = (γ(t), ξ(t)) be a curve on
Tφ

1 M . Then Γ is a geodesic on Tφ
1 M if and only if γ′′ =

1
α
R(ξ′, ξ)γ′

ξ′′ = (lnα)′ξ′ − δ2ρ2ξ
(4.8)

Moreover,  |γ′| =
√

1 − ρ2

1
α
|ξ′|2 = ρ2

(4.9)

where 0 ≤ ρ ≤ 1 and ρ = const.

Proof. Using formula (4.5) and Theorem 3.4, we compute the derivative ∇̂γ′γ′.

∇̂Γ′Γ
′ = ∇̂

(Hγ′ + Tξ′)
(Hγ′ + Tξ′)

= ∇̂Hγ′
Hγ′ + ∇̂Hγ′

Tξ′ + ∇̂Tξ′
Hγ′ + ∇̂Tξ′

Tξ′

= Hγ′′ +
1
α

H(R(ξ, ξ′)γ′) + Tξ′′ − 2δ2

α
g(ξ′, ξ)Tξ′ +

δ2

α
g(ξ′, ξ′)Tξ

= H
(
γ′′ − 1

α
R(ξ′, ξ)γ′)+ T

(
ξ′′ − 2δ2

α
g(ξ′, ξ)ξ′ +

δ2

α
|ξ′|2ξ

)
. (4.10)

On the one hand, we have

α = 1 + δ2g(ξ, ξ) ⇒ α′ = 2δ2g(ξ′, ξ) ⇒ (lnα)′ =
2δ2

α
g(ξ′, ξ).

Substituting it into (4.10), we find

∇̂Γ′Γ
′ = H

(
γ′′ − 1

α
R(ξ′, ξ)γ′)+ T

(
ξ′′ − (lnα)′ξ′ +

δ2

α
|ξ′|2ξ

)
. (4.11)

If we put ∇̂Γ′Γ′ equal to zero, we find
γ′′ =

1
α
R(ξ′, ξ)γ′

ξ′′ = (lnα)′ξ′ − δ2

α
|ξ′|2ξ

(4.12)
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On the other hand, we have

(
1
α
|ξ′|2)′ = (

1
α
)′|ξ′|2 + 1

α
(|ξ′|2)′ = −α′

α2 |ξ
′|2 + 2

α
g(ξ′′, ξ′),

using the second equation of (4.12), we find

γ′(
1
α
|ξ′|2) = − 1

α
(lnα)′|ξ′|2 + 2

α
(lnα)′|ξ′|2 − 1

α
(lnα)′|ξ′|2 = 0,

i.e.,
1
α
|ξ′|2 = ρ2 and ρ = const. Substituting it into (4.12), we find (4.8),

from (4.7), we find |γ′| =
√

1 − ρ2 and 0 ≤ ρ ≤ 1.

Remark 4.8. According to (4.9), the geodesics Γ = (γ(t), ξ(t)) of Tφ
1 M can be splitted naturally

into 3 classes, namely,
(1) horizontal geodesics, if ρ = 0, from (4.9), |γ′| = 1, then from (4.7), we have ξ′ = 0 i.e., Γ is
generated by parallel vector fields ξ along the geodesics γ on the base manifold,
(2) vertical geodesics, if ρ = 1, from (4.9), |γ′| = 0, then γ(t) is a constant i.e., Γ is geodesic in
Euclidean space, (on a fixed fiber),
(3) umbilical (oblique) geodesics corresponding to 0 < ρ < 1, In this case, Γ can be regarded as
a vector field ξ ̸= 0 along the curve γ. see [27].

Proposition 4.9. Let (M,φ, g) be an anti-paraKähler manifold manifold and Tφ
1 M its φ-unit

tangent bundle equipped with the Berger-type Cheeger-Gromoll metric. If Γ = (γ(t), ξ(t)) is a
curve on Tφ

1 M . Then, we have
(1) ϒ = (γ(t), φξ(t)) is a curve on Tφ

1 M .
(2) ϒ is a geodesic on Tφ

1 M if and only if Γ is a geodesic on Tφ
1 M .

Proof.
(1) We put ζ(t) = φξ(t), since Γ = (γ(t), ξ(t)) ∈ Tφ

1 M , then g(ξ, φξ) = 1.
On the other hand, g(ζ, φζ) = g(φξ, φ(φξ)) = g(φξ, ξ) = 1 i.e.,

ϒ = (γ(t), ζ(t)) ∈ Tφ
1 M.

(2) In a similar way proof of (4.10), and using ζ ′ = φξ′ and ζ ′′ = φξ′′, we have

∇̂ϒ′ϒ
′ = H

(
γ′′ − 1

α
R(ζ ′, ζ)γ′)+ T

(
ζ ′′ − 2δ2

α
g(ζ ′, ζ)ζ ′ +

δ2

α
|ζ ′|2ζ

)
= H

(
γ′′ − 1

α
R(φξ′, φξ)γ′)+ T

(
φξ′′ − 2δ2

α
g(φξ′, φξ)φξ′ +

δ2

α
|φξ′|2φξ

)
.

Since the Riemannian curvature tensor is pure, we get

∇̂ϒ′ϒ
′ = H

(
γ′′ − 1

α
R(ξ′, ξ)γ′)+ T

(
φ(ξ′′ − (lnα)′ξ′ +

δ2

α
|φξ′|2ξ)

)
,

hence,

∇̂ϒ′ϒ
′ = 0 ⇔


γ′′ − 1

α
R(ξ′, ξ)γ′ = 0

φ(ξ′′ − (lnα)′ξ′ +
δ2

α
|φξ′|2ξ) = 0

⇔


γ′′ =

1
α
R(ξ′, ξ)γ′

ξ′′ = (lnα)′ξ′ − δ2

α
|φξ′|2ξ

⇔ ∇̂Γ′Γ
′ = 0.
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Lemma 4.10. Let (M,φ, g) be a locally symmetric anti-paraKähler manifold, Tφ
1 M its φ-unit

tangent bundle equipped with the Berger-type Cheeger-Gromoll metric and Γ = (γ(t), ξ(t)) be
a geodesic on Tφ

1 M , then we have γ(p+1) =
1
α
R(ξ′, ξ)γ(p)

|γ(p)| = const
p ≥ 1 (4.13)

Proof. Using the first equation of (4.8), we have γ′′ =
1
α
R(ξ′, ξ)γ′.

It is easy to see that

(g(γ′, γ′))′ = 2g(γ′′, γ′) =
2
α
g(R(ξ′, ξ)γ′, γ′) = 0,

hence, |γ′| = const.
Calculate the third derivative, we get

γ′′′ = (
1
α
R(ξ′, ξ)γ′)′

= (
1
α
)′R(ξ′, ξ)γ′ +

1
α
(R(ξ′, ξ)γ′)′

= − 1
α
(lnα)′R(ξ′, ξ)γ′ +

1
α
R(ξ′′, ξ)γ′ +

1
α
R(ξ′, ξ)γ′′).

Using the second equation of (4.8), we find

1
α
R(ξ′′, ξ)γ′ =

1
α
(lnα)′R(ξ′, ξ)γ′,

then,

γ′′′ =
1
α
R(ξ′, ξ)γ′′,

since

(g(γ′′, γ′′))′ = 2g(γ′′′, γ′′) =
2
α
g(R(ξ′, φξ)γ′′, γ′′) = 0,

hence, |γ′′| = const.
Continuing the process by recurrence, we obtain

γ(p+1) =
1
α
R(ξ′, ξ)γ(p), p ≥ 1

and

(g(γ(p), γ(p)))′ = 2g(γ(p+1), γ(p)) =
2
α
g(R(ξ′, ξ)γ(p), γ(p)) = 0.

Thus, we get
|γ(p)| = const, p ≥ 1.

Let Γ be a curve on Tφ
1 M , the cure π ◦ Γ is called the projection (projected curve) of the

curve Γ on M , where π : Tφ
1 M → M is a bundle projection.

Theorem 4.11. Let (M,φ, g) be a locally symmetric anti-paraKähler manifold, Tφ
1 M its φ-unit

tangent bundle equipped with the Berger-type Cheeger-Gromoll metric and Γ = (γ(t), ξ(t)) be
a non-vertical geodesic on Tφ

1 M , then all Frenet curvatures of the projected curve γ = π ◦Γ are
constants.
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Proof. Denote by s an arc length parameter on γ, i.e., (|γ′
s| = 1). Then

ds

dt
= |γ′|, and using

(4.9), we get
ds

dt
=
√

1 − ρ2 = const. (4.14)

Denote by ν1 = γ′
s, ν2, . . . , ν2m−1 the Frenet frame along γ and by κ1, . . . , κ2m−1 the Frenet

curvatures of γ. Then the Frenet formulas hold
(ν1)′s = κ1ν2

(νi)′s = −κi−1νi−1 + κiνi+1 2 ≤ i ≤ 2m− 2
(ν2m−1)′s = −κ2m−2ν2m−2

From (4.14), we have

γ′ = γ′
s

d s

dt
=
√

1 − ρ2 ν1.

From the Frenet formulas, we obtain

γ′′ =
√

1 − ρ2 (ν1)
′ =

√
1 − ρ2 (ν1)

′
s

d s

dt

= (1 − ρ2)κ1ν2. (4.15)

Now (4.13) implies κ1 = const. Next, in a similar way, we have

γ′′′ = (1 − ρ2)κ1(ν2)
′ = (1 − ρ2)κ1(ν2)

′
s

d s

dt

= (1 − ρ2)
3
2 κ1(−κ1ν1 + κ2ν3), (4.16)

and again (4.13) implies κ2 = const. By continuing the process, we finish the proof.

From Theorem 4.11 and Proposition 4.9, we have the following theorem:

Theorem 4.12. Let (M,φ, g) be a locally symmetric anti-paraKähler manifold, Tφ
1 M its φ-unit

tangent bundle equipped with the Berger-type Cheeger-Gromoll metric and Γ = (γ(t), ξ(t)) be
a non-vertical geodesic on Tφ

1 M . Then all Frenet curvatures of the projected curve γ = π ◦ ϒ

are constants, where ϒ = (γ(t), φξ(t)).

Now, we study the geodesics on the φ-unit tangent bundle with the Berger-type Cheeger-
Gromoll metric over anti-paraKähler manifold of constant sectional curvature. We recall that
every manifold of constant sectional curvature is locally symmetric. From Theorem 4.7, we have
the following:

Corollary 4.13. Let (M,φ, g) be an anti-paraKähler manifold of constant sectional curvature
ε ̸= 0, Tφ

1 M its φ-unit tangent bundle equipped with the Berger-type Cheeger-Gromoll metric
and Γ = (γ(t), ξ(t)) be a curve on Tφ

1 M . Then Γ is a geodesic on Tφ
1 M if and only if{

γ′′ = ε(g(ξ, γ′)ξ′ − g(ξ′, γ′)ξ)

ξ′′ = (lnα)′ξ′ − δ2ρ2ξ
(4.17)

We recall that the power of the curvature operator Rp(X,Y ) is defined by recurrence as
follows:

Rp(X,Y )Z = Rp−1(X,Y )R(X,Y )Z,

for any vector fields X and Y on M , where p ≥ 2.

Lemma 4.14. [27] Let (M, g) be a Riemannian manifold of constant sectional curvature ε. Then,
we have

Rp(X,Y ) =

{
(−b2ε2)i−1R(X,Y ), for p = 2i− 1
(−b2ε2)i−1R2(X,Y ), for p = 2i

i ≥ 1

for any vector fields X and Y on M , where b2 = |X|2|Y |2 − g(X,Y )2.
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Lemma 4.15. Let (M,φ, g) be an anti-paraKähler manifold of constant sectional curvature ε ̸=
0, Tφ

1 M its φ-unit tangent bundle equipped with the Berger-type Cheeger-Gromoll metric and
Γ = (γ(t), ξ(t)) be a non-vertical geodesic on Tφ

1 M . Then, we have

γ(p+1) =


(
−b2ε2

α2 )i−1(1 − ρ2)κ1ν2, for p = 2i− 1

(
−b2ε2

α2 )i−1(1 − ρ2)
3
2 κ1(−κ1ν1 + κ2ν3), for p = 2i

(4.18)

where, b2 = |ξ′|2|ξ|2−g(ξ′, ξ)2, and ν1, ν2, ν3 are the three first vectors of the Frenet frame along
γ, and κ1 and κ2 are the two first Frenet curvatures.

Proof. Using the first equation of (4.8), we have

γ′′ =
1
α
R(ξ′, ξ)γ′.

From the proof of Lemma 4.10, we have, by recurrence, the following:

γ′′′ =
1
α
R(ξ′, ξ)γ′′ =

1
α2R

2(ξ′, ξ)γ′.

Continuing the process, we find

γ(p+1) =
1
α
R(ξ′, ξ)γ(p) =

1
αp

Rp(ξ′, ξ)γ′, p ≥ 1 (4.19)

From the Lemma 4.14 and (4.19), we find

γ(p+1) =


1
αp

(−b2ε2)i−1R(ξ′, ξ)γ′, for p = 2i− 1
1
αp

(−b2ε2)i−1R2(ξ′, ξ)γ′, for p = 2i

=


(
−b2ε2

α2 )i−1γ′′, for p = 2i− 1

(
−b2ε2

α2 )i−1γ′′′, for p = 2i

Using (4.15) and (4.16), we get the result.

Remark 4.16. Note that, from (4.13) and (4.18), we find
b2

α2 =const.

In what follows, we study the non-vertical geodesics Γ = (γ(t), ξ(t)) on Tφ
1 M whose pro-

jected curves γ = π ◦ Γ have vanishing the first three Frenet curvatures κ1, κ2, and κ3.

Case: κ1 ≡ 0

Comparing the first equation of (4.8) and (4.15), we see that

γ′′ =
1
α
R(ξ′, ξ)γ′ = (1 − ρ2)κ1ν2.

We take κ1 = 0. Hence, we have the following result:

Theorem 4.17. Let (M,φ, g) be an anti-paraKähler manifold, Tφ
1 M its φ-unit tangent bundle

equipped with the Berger-type Cheeger-Gromoll metric and Γ = (γ(t), ξ(t)) be a non-vertical
geodesic on Tφ

1 M . Then the following conditions are equivalent:
(i) κ1 = 0,
(ii) M is flat,
(iii) The projected curve γ = π ◦ Γ is a geodesic on M .
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Theorem 4.18. Let (M,φ, g) be an anti-paraKähler manifold of constant sectional curvature
ε ̸= 0, Tφ

1 M its φ-unit tangent bundle equipped with the Berger-type Cheeger-Gromoll metric,
and Γ = (γ(t), ξ(t)) be a non-vertical geodesic on Tφ

1 M , such that the projected curve γ = π◦Γ

has a κ1 = 0. If along γ, choose the orthonormal frame {u1 = γ′

|γ′| , u2, . . . , u2m−1}, consisting
of parallel vector fields along γ. Then the coordinates ξi of ξ with respect to this frame, verify
the following: 

ξ1 = c1e
δρt + c2e

−δρt

ξi = λiξ1, i = 2, . . . , 2m− 1

c1c2 =
−1

4δ2λ2

where c1, c2, λi and λ2 = 1 + λ2
2 + . . .+ λ2

2m−1, are real constants.

Proof. Using the first equation of (4.9), we have

γ′ =
√

1 − ρ2u1.

Then, from the first equation of (4.17), we calculate

g(ξ, γ′) = g(ξ1u1 + . . .+ ξ2m−1u2m−1,
√

1 − ρ2u1) = ξ1

√
1 − ρ2,

g(ξ′, γ′) = g(ξ′1u1 + . . .+ ξ′2m−1u2m−1,
√

1 − ρ2u1) = ξ′1
√

1 − ρ2.

We also have κ1 = 0 ⇔ γ′′ = 0, then

ε(g(ξ, γ′)ξ′ − g(ξ′, γ′)ξ) = 0 ⇔ εξ1

√
1 − ρ2(ξ′1u1 + . . .+ ξ′2m−1u2m−1)

−εξ′1
√

1 − ρ2(ξ1u1 + . . .+ ξ2m−1u2m−1) = 0

⇔ ξ1ξ
′
i − ξ′1ξi = 0, i = 2, . . . , 2m− 1.

From this, we find

ξi = λiξ1, λi = const, i = 2, . . . , 2m− 1. (4.20)

From the second equation of (4.17) and (4.20) we calculate

ξ′′ = ξ′′1 (u1 + λ2u2 + . . .+ λ2m−1u2m−1). (4.21)

(lnα)′ =
2δ2

α
g(ξ′, ξ) =

2δ2

α
(ξ′1ξ1 + . . .+ ξ′2m−1ξ2m−1)

=
2δ2

α
ξ′1ξ1(1 + λ2

2 + . . .+ λ2
2m−1) =

2δ2

α
ξ′1ξ1λ

2,

where, we denote λ2 = 1 + λ2
2 + . . .+ λ2

2m−1.

(lnα)′ξ′ − δ2ρ2ξ =
2δ2

α
ξ′1ξ1λ

2(ξ′1u1 + . . .+ ξ′2m−1u2m−1)

−δ2ρ2(ξ1u1 + . . .+ ξ2m−1u2m−1)

= (
2δ2

α
(ξ′1)

2λ2 − δ2ρ2)ξ1(u1 + λ2u2 + . . .+ λ2m−1u2m−1). (4.22)

From (4.21) and (4.22), we have

ξ′′1 = (
2δ2

α
(ξ′1)

2λ2 − δ2ρ2)ξ1. (4.23)

Using the second equation of(4.9), we find

|ξ′|2 = ρ2α ⇔ (ξ′1)
2 + . . .+ (ξ′2m−1)

2 = ρ2α

⇔ (ξ′1)
2λ2 = ρ2α. (4.24)
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From (4.23) and (4.24), we have

ξ′′1 = δ2ρ2ξ1.

then, we find ξ1 = c1e
δρt + c2e

−δρt, where c1, c2 are real constants.
On the other hand, we have

α = 1 + δ2|ξ|2 = 1 + δ2ξ2
1λ

2 = 1 + δ2(c1e
δρt + c2e

−δρt)2λ2,

From (4.24), we find

(c1δρe
δρt − c2δρe

−δρt)2λ2 = ρ2(1 + δ2(c1e
δρt + c2e

−δρt)2λ2)

After simplifying, we find

c1c2 =
−1

4δ2λ2 .

Case: κ1 ̸= 0 and κ2 ≡ 0

Theorem 4.19. Let (M,φ, g) be an anti-paraKähler manifold of constant sectional curvature
ε ̸= 0, Tφ

1 M its φ-unit tangent bundle equipped with the Berger-type Cheeger-Gromoll metric.
Then the projected curve γ = π ◦ Γ of any non-vertical geodesic Γ on Tφ

1 M has κ2 = 0 if and
only if

b2ε2

α2 = (1 − ρ2)κ2
1,

where b2 = |ξ′|2|ξ|2 − g(ξ′, ξ)2.

Proof. By the Frenet formulas, we have

ν′1 = (1 − ρ2)
1
2 κ1ν2.

Using (4.16), we have

γ(4) = −(1 − ρ2)2κ3
1ν2,

from (4.18), we find

γ(4) =
−b2ε2

α2 (1 − ρ2)κ1ν2,

by comparing the last two equations, we obtain

b2ε2

α2 = (1 − ρ2)κ2
1.

Case: κ1 ̸= 0, κ2 ̸= 0 and κ3 ≡ 0

Theorem 4.20. Let (M,φ, g) be an anti-paraKähler manifold of constant sectional curvature
ε ̸= 0, Tφ

1 M its φ-unit tangent bundle equipped with the Berger-type Cheeger-Gromoll metric.
Then the projected curve γ = π ◦ Γ of any non-vertical geodesic Γ on Tφ

1 M has κ3 ≡ 0 if and
only if

b2ε2

α2 = (1 − ρ2)(κ2
1 + κ2

2).
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Proof. Using (4.16), we have

γ(4) = −(1 − ρ2)2κ1(κ
2
1 + κ2

2)ν2 + (1 − ρ2)2κ1κ2κ3ν4. (4.25)

On the other hand, from Lemma 4.14, (4.15) and (4.19), we have

γ(4) =
1
α3R

3(ξ′, ξ)γ′ =
−b2ε2

α3 R(ξ′, ξ)γ′ =
−b2ε2

α2 γ′′

=
−b2ε2

α2 (1 − ρ2)κ1ν2, (4.26)

where b2 = |ξ′|2|ξ|2 − g(ξ′, ξ)2, from (4.25) and (4.26), we have

(1 − ρ2)κ1
(
(
b2ε2

α2 − (1 − ρ2)(κ2
1 + κ2

2))ν2 + (1 − ρ2)κ2κ3ν4
)
= 0.

Since κ1 ̸= 0, then

(
b2ε2

α2 − (1 − ρ2)(κ2
1 + κ2

2))ν2 + (1 − ρ2)k2κ3ν4 = 0.

Likewise, since κ2 ̸= 0, then, we find κ3 = 0, and
b2ε2

α2 = (1 − ρ2)(κ2
1 + κ2

2).

Theorem 4.21. Let (M,φ, g) be an anti-paraKähler manifold of constant sectional curvature
ε ̸= 0, Tφ

1 M its φ-unit tangent bundle equipped with the Berger-type Cheeger-Gromoll metric.
Then any non-vertical geodesic Γ = (γ(t), ξ(t)) on Tφ

1 M can be expressed as
γ′′ = ε(Aξ′ −Bξ)

ξ =
αA√
1 − ρ2

ν1 +
A′ −B

κ1(1 − ρ2)
ν2 −

ακ2A

κ1
√

1 − ρ2
ν3

where A = g(ξ, γ′) and B = g(ξ′, γ′).

Proof. We put A = g(ξ, γ′), B = g(ξ′, γ′) and C = g(ξ′, ξ), using the first equation of (4.17),
we have

γ′′ = ε(Aξ′ −Bξ), (4.27)

A′ = g(ξ′, γ′) + g(ξ, γ′′) = B + εg(ξ, Aξ′ −Bξ) = εAC + (1 − ε|ξ|2)B,

B′ = g(ξ′′, γ′) + g(ξ′, γ′′) = g(
2δ2

α
Cξ′ − δ2ρ2ξ, γ′) + εg(ξ, Aξ′ −Bξ)

= (εα− δ2)ρ2A+ (
2δ2 − αC

α
)BC.

From (4.27), we have

ξ′ =
1
εA

γ′′ +
B

A
ξ, (4.28)

using the first equation of (4.13), we have

γ′′′ =
1
α
R(ξ′, ξ)γ′′ =

ε

α
(g(ξ, γ′′)ξ′ − g(ξ′, γ′′)ξ).

Using (4.28) and direct calculation, we get

γ′′′ =
1
αA

g(ξ, γ′′)γ′′ +
εB

αA
g(ξ, γ′′)ξ − ε

α
g(ξ′, γ′′)ξ,

=
ε

αA
(AC −B|ξ|2)γ′′ +

ε2

αA
(2ABC −B2|ξ|2 − αρ2A2)ξ

=
A′ −B

αA
γ′′ − |γ′′|2

αA
ξ,
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then,

ξ =
1

|γ′′|2
((A′ −B)γ′′ − αAγ′′′).

From (4.15) and (4.16)

ξ =
1

(1 − ρ2)2κ2
1
((A′ −B)(1 − ρ2)κ1ν2 − αA(1 − ρ2)

3
2 κ1(−κ1ν1 + κ2ν3))

=
αA√
1 − ρ2

ν1 +
A′ −B

κ1
√

1 − ρ2
ν2 −

ακ2A

κ1
√

1 − ρ2
ν3.

Remark 4.22. Note that the Theorem 4.21 also holds for non-vertical geodesic Γ = (γ(t), ξ(t))
such that γ = π ◦ Γ has κ1 ̸= 0 and κ2 = 0.

5 F -geodesics on φ-unit tangent bundle with the Berger-type
Cheeger-Gromoll metric

Let (Mm, g) be a Riemannian manifold and F be a (1, 1)-tensor field on (Mm, g). A curve
γ on M is called F -planar if its speed remains, under parallel translation along the curve γ, in
the distribution generated by the vector γ′ and Fγ′ along γ. This is equivalent to the fact that
the tangent vector γ′ satisfies:

γ′′ = ϱ1(t)γ
′ + ϱ2Fγ′,

where ϱ1 and ϱ2 are some functions of the parameter t, see [17, 12]. The F -planar curves
generalize the magnetic curves and therefore, the geodesics.

We say that a curve γ on M is an F -geodesic if γ satisfies:

γ′′ = Fγ′,

One can see that an F -geodesic is an F -planar curve, but generally, an F -planar curve is not
always an F -geodesic; see [6].

Let ∇̂ be the Levi-Civita connection of the Berger-type Cheeger-Gromoll metric on φ-unit
tangent bundle Tφ

1 M , given in the Theorem 3.4.

Theorem 5.1. Let (M,φ, g) be an anti-paraKähler manifold and Tφ
1 M its φ-unit tangent bundle

equipped with the Berger-type Cheeger-Gromoll metric and F be a (1, 1)-tensor field on M . A
curve Γ = (γ(t), ξ(t)) on Tφ

1 M is an HF -planar with respect to ∇̂ if and only if the
γ′′ =

1
α
R(ξ′, ξ)γ′ + ϱ1γ

′ + ϱ2Fγ′

ξ′′ = (lnα)′ξ′ − δ2

α
|ξ′|2ξ + ϱ1ξ

′ + ϱ2Fξ′
(5.1)

where ϱ1 and ϱ2 are some functions of the parameter t.

Proof. Γ be an HF -planar with respect to ∇̂ if and only if the Γ satisfies

∇̂Γ′Γ
′ = ϱ1Γ

′ + ϱ2
HFΓ

′,

where ϱ1 and ϱ2 are some functions of the parameter t. By (4.5), we get

∇̂Γ′Γ
′ = ϱ1(

Hγ′ + Tξ′) + ϱ2
HF (Hγ′ + Tξ′).

From (4.6), we have Tξ′ = Vξ′, then

∇̂Γ′Γ
′ = ϱ1

Hγ′ + ϱ2
HFHγ′ + ϱ1

Vξ′ + ϱ2
HFVξ′

= H(ϱ1γ
′ + ϱ2Fγ′) + V(ϱ1ξ

′ + ϱ2Fξ′)

= H(ϱ1γ
′ + ϱ2Fγ′) + T(ϱ1ξ

′ + ϱ2Fξ′). (5.2)

By comparing (4.11) and (5.2), the equations (5.1) are immediately obtained.
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Corollary 5.2. Let (M,φ, g) be an anti-paraKähler manifold and Tφ
1 M its φ-unit tangent bundle

equipped with the Berger-type Cheeger-Gromoll metric. A curve Γ = (γ(t), ξ(t)) on Tφ
1 M is an

Hφ-planar with respect to ∇̂ if and only if the
γ′′ =

1
α
R(ξ′, ξ)γ′ + ϱ1γ

′ + ϱ2φγ
′

ξ′′ = (lnα)′ξ′ − δ2

α
|ξ′|2ξ + ϱ1ξ

′ + ϱ2φξ
′

In the particular case when ϱ1 = 0 and ϱ2 = 1 in the Theorem 5.1, we obtain the following
result:

Theorem 5.3. Let (M,φ, g) be an anti-paraKähler manifold and Tφ
1 M its φ-unit tangent bundle

equipped with the Berger-type Cheeger-Gromoll metric and F be a (1, 1)-tensor field on M . A
curve Γ = (γ(t), ξ(t)) on Tφ

1 M is an HF -geodesic with respect to ∇̂ if and only if the
γ′′ =

1
α
R(ξ′, ξ)γ′ + Fγ′

ξ′′ = (lnα)′ξ′ − δ2

α
|ξ′|2ξ + Fξ′

(5.3)

Corollary 5.4. Let (M,φ, g) be an anti-paraKähler manifold and Tφ
1 M its φ-unit tangent bundle

equipped with the Berger-type Cheeger-Gromoll metric. A curve Γ = (γ(t), ξ(t)) on Tφ
1 M is an

Hφ-geodesic with respect to ∇̂ if and only if the
γ′′ =

1
α
R(ξ′, ξ)γ′ + φγ′

ξ′′ = (lnα)′ξ′ − δ2

α
|ξ′|2ξ + φξ′

Theorem 5.5. Let (M,φ, g) be an anti-paraKähler manifold and Tφ
1 M its φ-unit tangent bundle

equipped with the Berger-type Cheeger-Gromoll metric and F be a (1, 1)-tensor field on M . If
Γ = (γ(t), ξ(t)) is a horizontal lift of γ and Γ ∈ Tφ

1 M , then Γ is an HF -planar curve (resp.,
HF -geodesic) if and only if γ is an F -planar curve (resp., F -geodesic).

Proof. Since Γ = (γ(t), ξ(t)) is a horizontal lift of a curve γ, then ξ′ = 0. from the Theorem
5.3, we find

(5.1) ⇔ γ′′ = ϱ1γ
′ + ϱ2Fγ′.

Hence, Γ = (γ(t), ξ(t)) is an HF -planar if and only if γ is an F -planar curve.
In the case of ϱ1 = 0 and ϱ2 = 1, we get that Γ is an HF -geodesic if and only γ is an F -
geodesic.

Example 5.6. Let (R2, φ, g) be an anti-paraKähler manifold such that

g = e2xdx2 + e2ydy2, φ =

(
1 0
0 −1

)
and F =

(
a 0
0 b

)
, a, b ∈ R∗.

The non-null Christoffel symbols of the Riemannian connection are:

Γ
1
11 = Γ

2
22 = 1.

Let Γ = (γ(t), ξ(t)) be a horizontal lift of a curve γ, such that γ(t) = (x(t), y(t)) and
ξ(t) = (u(t), v(t)) then ξ′ = 0, from (4.4), we have

dξh

dt
+

2∑
i,j=1

dγj

dt
ξiΓh

ij = 0 ⇔

{
u′ + x′u = 0
v′ + y′v = 0

⇔

{
u(t) = k1e

−x(t)

v(t) = k2e
−y(t)

where k1, k2 are real constants.
(i) γ is an F -geodesic if and only if γ′′ = Fγ′, from (4.3), we have{

x′′ + (x′)2 = ax′

y′′ + (y′)2 = by′
⇔

{
x(t) = ln( c1

a e
at + c2)

y(t) = ln( c3
b e

bt + c4)
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and 
u(t) =

k1
c1
a e

at + c2

v(t) =
k2

c3
b e

bt + c4

where ci are real constants, hence

γ(t) = (ln(
c1

a
eat + c2), ln(

c3

b
ebt + c4))

and
ξ(t) = (

k1
c1
a e

at + c2
,

k2
c3
b e

bt + c4
).

But when
g(ξ, φξ) = 1 ⇔ k1 = ±

√
1 + k2

2,

become Γ = (γ(t), ξ(t)) ∈ Tφ
1 R2. Then, from Theorem 5.5, the horizontal lift Γ = (γ(t), ξ(t))

is an HF -geodesic on TR2.
(ii) γ is an F -planar if and only if γ′′ = ϱ1γ

′+ ϱ2Fγ′, where ϱ1 and ϱ2 are some functions of the
parameter t, hence, we have{

x′′ + (x′)2 = (ϱ1 + aϱ2)x′

y′′ + (y′)2 = (ϱ1 + bϱ2)y′
⇔

{
x(t) = ln(

∫
(e

∫
(ϱ1+aϱ2)dt)dt)

y(t) = ln(
∫
(e

∫
(ϱ1+bϱ2)dt)dt)

and 
u(t) =

k1∫
(e

∫
(ϱ1+aϱ2)dt)dt

v(t) =
k2∫

(e
∫
(ϱ1+bϱ2)dt

For example: If ϱ1(t) =
1

t+ 1
and ϱ2(t) =

1
t

, we find



x(t) = ln(
c1

a+ 2
ta+2 +

c1

a+ 1
ta+1 + c2)

y(t) = ln(
c3

b+ 2
tb+2 +

c3

b+ 1
tb+1 + c4)

u(t) =
k1

c1

a+ 2
ta+2 +

c1

a+ 1
ta+1 + c2

v(t) =
k2

c3

b+ 2
tb+2 +

c3

b+ 1
tb+1 + c4

then Γ = (x(t), y(t), u(t), v(t)) is an HF -planar on TR2, where ci, ki are real constants.

6 Conclusion remarks

Some results on the geodesic, F -geodesic, and F -planar curves on the tangent bundle and the
φ-unit tangent bundle using the Berger-type Cheeger-Gromoll metric are studied in this paper.
Therefore, this work’s results are varied and significant, so it is interesting.
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[10] S. L. Druţă-Romaniuc, J. Inoguchi, M.I. Munteanu and A.I. Nistor, Magnetic curves in Sasakian mani-
folds, J. Nonlinear Math. Phys. 22, 428–447, (2015).

[11] K.I. Gribachev D.G. Mekerov and G.D. Djelepov, On the geometry of almost B-manifolds, C.R. Acad.
Bulgare Sci., 38, 563–566, (1985).

[12] I. Hinterleitner and J. Mikes̆, On F -planar mappings of spaces with affine connections, Note Mat. 27,
111–118, (2007).

[13] J.Inoguchi and M.I. Munteanu, Magnetic unit vector fields, arXiv:2107.05423v1 [math.DG] 12 Jul 2021.
[14] I.N. Kurbatova, and N.V. Yablonskaya, On the problem of the theory of variations of F -planar curves,

Acta Acad. Paed. Szegediensis. Ser. Phys., Chem., Math. 29–34 (1987-1988).
[15] D. Mekerov, On some classes of almost B-manifolds, C. R. Acad. Bulgare Sci. 38, 559–561, (1985).
[16] D. Mekerov, On the geometry of B-connection on quasi-Kähler manifolds with Norden metric, C. R.

Acad. Bulgare Sci., 61, 1105–1110, (2008).
[17] J. Mikes̆ and N.S. Sinyukov, On quasiplanar mappings of spaces of affine connection, Izv. Vyssh. Uchebn.

Zaved., Mat., 1, 55–61, (1983); Sov. Math., 27, 63–70, (1983).
[18] E. Musso and F. Tricerri, Riemannian metrics on tangent bundles, Ann. Math. Pura Appl., 150, 1–20,

(1988).
[19] P.T. Nagy, Geodesics on the Tangent Sphere Bundle of a Riemannian Manifold, Geom. Dedic., 7, 233–

244, (1978).
[20] A.A. Salimov, A. Gezer and K. Akbulut, Geodesics of Sasakian metrics on tensor bundles, Mediterr. J.

Math., 6, 135–147, (2009).
[21] A.A. Salimov and S.Kazimova, Geodesics of the Cheeger-Gromoll metric, Turkish J. Math., 33, 99–105,

(2009).
[22] A. A. Salimov, M. Iscan and F. Etayo, Para-holomorphic B-manifold and its properties, Topology Appl.,

154, 925–933, (2007).
[23] A. Sarkar and D. Biswas, On Legendre curves in three-dimensional contact metric manifolds, Palest. J.

Math., 4, 455–461 ,(2015).
[24] S. Sasaki, On the differential geometry of tangent bundles of Riemannian manifolds II, Tohoku Math. J.

(2), 14, 146–155, (1962).
[25] S. Sasaki, Geodesics on the Tangent Sphere Bundle over Space Forms, J. Reine Angew. Math., 288, 106–

120, (1976).
[26] K. Sato, Geodesics on the Tangent Bundle over Space Forms, Tensor, N.S., 32, 5–10, (1978).
[27] A. Yampolsky and E. Saharova, Powers of the space form curvature operator and geodesics of the tangent

bundle. Ukr. Math. J., 56, 1231-1243, (2004).
[28] A. Yampolsky, On geodesics of tangent bundle with fiberwise deformed Sasaki metric over Kahlerian

manifolds, Zh. Mat. Fiz. Anal. Geom., 8, 177–189, (2012).
[29] K. Yano, S. Ishihara, Tangent and tangent bundles, M. Dekker, New York, (1973).
[30] A. Zagane, Some Notes on Geodesics of Vertical Rescaled Berger Deformation Metric in Tangent Bundle,

Turk. J. Math. Comput. Sci. 14 (1), 8–15, (2022).

Author information
A. ZAGANE, Department of Mathematics, Faculty of Science and Technology, Relizane University, 48000,
Relizane, Algeria.
E-mail: Zaganeabr2018@gmail.com

Received: 2024-01-24

Accepted: 2024-04-07


	1 Introduction
	2 Preliminary Results
	3 The Berger-type Cheeger-Gromoll metric
	4 Geodesics of the Berger-type Cheeger-Gromoll metric
	4.1 Geodesics of the Berger-type Cheeger-Gromoll metric on tangent bundle
	4.2 Geodesics of the Berger-type Cheeger-Gromoll metric on -unit tangent bundle

	5 F-geodesics on -unit tangent bundle with the Berger-type Cheeger-Gromoll metric
	6 Conclusion remarks

