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Abstract Consider a distribution of pebbles on the vertices of graph G. A pebbling move
means to remove two pebbles from a vertex and place one pebble on the adjacent vertex. The
pebbling number of a vertex v in a graph G is the smallest number f(G,v) such that for every
placement of f(G,v) pebbles, it is possible to move a pebble to v by a sequence of pebbling
moves. The pebbling number of G is the smallest number, f(G), such that from any distribution
of f(G) pebbles, it is possible to move a pebble to any specified target vertex by a sequence
of pebbling moves. Thus, f(G) is the maximum value of f(G,v) overall vertices v. Consider
the property that from every placement of certain number of pebbles we can move t pebbles to
any vertex of the graph through a sequence of pebbling moves. The least positive integer f; (G)
which satisfies the above property is known as the t-pebbling number of G. This paper discusses
1+ (G) for shadow graph of cycles.

1 Introduction

One recent development in graph theory suggested by, Lagarias and Saks on pebbling, has been
the subject of much research. It was first introduced into the literature by Chung [1] and has
been developed by many others including Hulbert, who published a survey of graph pebbling
[2]. There have been many developments since Hulbert’s survey appeared in graph pebbling.
For the past 30 years, graph pebbling is an essential tool for the transportation of consumable
resources. Lourdusamy. et.al introduced the some new variants in graph pebbling and labeling.
(for example [7, 10, 11, 12]

Throughout the paper, G stands for a simple connected graph. Let us now explain the peb-
bling number of a vertex v in a graph G. It is the least positive integer f (G, v) with the following
property: with every possible configuration of f (G, v) pebbles there is a possibility to move a
pebble to v where pebbling move is defined as removal of two pebbles from a vertex throwing
one pebble away and placing another on the adjacent vertex.

This paper is organized as follows. In section 2, we give some preliminaries which we need
for the subsequent sections. In section 3, we find the pebbling number of shadow graph of a
cycle. In section 4, we find the t-pebbling number of shadow graph of a cycle.

2 Preliminaries

Definition 2.1. [4] Shadow graph of a graph G, denoted by D, (G), is obtained by having 2 copies
of a graph G and adding edges between the vertices of copies if their corresponding vertices are
adjacent in G. The Shadow graph of a cycle with n vertices is denoted by D,(C,,). Let us
denote the vertices of the first copy of C), by u;, up, ---, u, and the second copy of C,, by
V1, V25 *°* 4 Up.
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Definition 2.2. [5] Given a pebbling of G, a transmitting subgraph of G is a path zo, z1, 2, - - -,
x such that there are at least two pebbles on z( and at least one pebble on each of the other
vertices in the path, except possibly xj. In this case, we can transmit a pebble from z to x.

Theorem 2.3. [3] Let G be a graph with diam(G) = 2, then f(G) =norn+ 1.
Fact 1. For any vertex v of a graph G, f(v,G) > n where n = |[V(G)|.

Lemma 2.4. [9] Let G be a simple connected graph |V (G)| > 2. Then f(G[K,]) < nf(G)

Definition 2.5. [6] The t-pebbling number, f;(G), of a graph G, is the least n such that, for
any configuration of n pebbles on the vertices of G, we can move ¢ pebbles to any vertex by a

sequence of moves, each move taking two pebbles off one vertex and placing one on an adjacent
vertex. Clearly, f1(G) = f(G), the pebbling number of G.

Theorem 2.6. [3] For k > 1, f(Cay) = 2" and f (Cop1) = 2 V?IJ +1.

Remark 2.7. Consider the graph G with n vertices and f(G) pebbles on it. We select u as the
target vertex from G. If p(u) = 1 or p(v) > 2 where uv € E(G), then we aer done. As a result,
when u is the target vertex, we always assume that p(u) = 0 and p(v) < 1 for all uv € E(G).

Remark 2.8. Let p(u) represents the number of pebbles on the vertex u. Let p(V;) represents
the total number of pebbles placed on all the vertices of the set V; C V where V is the vertex set
of the graph.

Theorem 2.9. [8] For the shadow graph of a path P, the t-pebbling number is f; (D, (P2)) =
2t +2.

Theorem 2.10. [8] For the shadow graph of a path P,,, f; (D2 (P,)) = 2" 1 +2, n > 3.

Theorem 2.11. /3] Let P, be a path on n vertices. Then f (P,) = 2"~

3 Pebbling number for shadow graph of cycles

Theorem 3.1. For D, (C,,) where 3 <n <5, f (D, (C,)) = 2n.

Proof. Let V (D, (Cy)) be {uy, uz, -+, up, v1, v2, -+, vp}. Since D, (C,,) contains 2n
vertices. Therefore by 2.3, f (D, (C,)) > 2n and by lemma 2.4, f (D, (C,)) < 2n. Hence,
f(D2(Cy)) =2n. O
Theorem 3.2. For D, (Cs), f (D> (Cs)) = 12.

Proof. Let V(D2 (Cs)) = {ul, Uy, -+, U, VI, V2, -, ’U6} and the edge set of D, (06)
be E(D>(Cs)) = {ujujr1, uiue, v;vjt1, Vile, UjUji1, UsVI, V;Uji1, Ui} where j =
1, 2, ---, 5. Without loss of generality, let the target be u;. Consider the paths Py : uy, us

and Pp : us, ue. In the given graph D, (Cg), there are two shadow graphs of paths P4 and
Pg. Then the vertex set of Dy (Py4) is {ua, u3, vz, v3} and that of D, (Pg) is {us, ue, vs, ve}.
Let S = {v4, us}, N'[S] = {u3, v3} and N”[S] = {us, vs}. Note that d(u;, w) < 3
where w € V (D, (Cg)). By Theorem 2.3, f(D,(Cs)) > 12. Now we will show that
f(D2(Ce)) < 12. If we move 2 pebbles to either one of the vertices in {u, v2} in D, (Pa)
or one of the vertices in {vs, ug} in D, (Pg), then we are done.

Case 1: Let p(V(D2(Pa))) = p(V(D2(Pp))) = 0and p (v1) < 1.

It is easy to see that at least 5 pebbles can be transfered to any one of the vertices of either
D, (P4) or Dy (Pg). The distance from D, (P4) or D, (Pg) to the target is < 2. Thus by The-
orem 2.11, we are able to pebble the target.

Case 2: Suppose 1 < p(v;) < 3.
If p(V(D2(Pa))) > 6 or p(V(D2(Pg))) > 6, then we are done by Theorem 2.10. Otherwise
if any one of the following inequalities holds,

20w e+ |52 | 25| 2 4 G0

2
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P oy + | P52+ |25 > 62)

then we are done by Theorem 2.11.
Thus, the configurations for which we cannot reach the target satisfy

20w ey + | 252+ |25 <5 G
V(;“)J +p(V (D2 (Pg))) + {pg"‘)J + W;“J <3 (34)

Adding (3.3) and (3.4), we get

2|25 (v () + (v 2P + 2| P54 2|28 <6 o)

Note that p (v1) + p(V (D2(Pa))) + p(V(D2(Ps))) +p(vs) + p(us) = 12. Thus, to
minimize the LHS of (3.5) it is sufficient to assume p (V (D, (Pa))) + p(V (D2 (Pg))) =0
and p (v;) = 1 or 3. So, the remaining pebbles will be distributed on u4, v4 and exactly one
of p(vs), p(us) is even. Consider p(vy) = 3. Now suppose that as many pebbles as possible
are moved from w4 and v4 to any one of the vertices in {us, v3} in D, (P4) or any one of the
vertices in {us, vs} in D, (Pp) and from the vertex v; to any one of the vertices in W where
W = {uy, ug, va, ve}. After completing all these pebbling moves we still have a pebble left at
ug or v4 and a pebble at v;. Thus, from (3.5), we have 1 + p (v4) + p (u4) — 1 < 6 and this is
a contradiction. If p(v) = 1, then from (3.5), we have p(v4) + p (u4) — 1 < 6 which is also a
contradiction.

Case 3: p (v1) > 4.

Then obviously the target will receive a pebble because the distance from v; to the target is 2.
Thus, f (D2 (06)) < 12.

Hence, f (D, (Cs)) = 12. i

Theorem 3.3. For D> (Ca;) where k > 4, f (D (Cax)) = 2F + 2.

PVOOf. LetV (Dz (CZk)) = {ul, U2, * U2k, U1y, U2y =, vzk} and E(Dz(CQk)) = {UjUj+1,
UpkUL, VjVjtl, VUL, UjVjtl, U2kVL, ViUjtl, v%ul} where j = 1, 2, ---, 2k — 1. Without
loss of generality, let the target vertex be u;. Note that d (u1, w) < k where w € V (D, (Cag)).
Consider the paths Py = up, us, -+, ug and P = ugi2, Ugy3, ..., upg. In the given graph
D, (Cyy,) there are two shadow graphs of paths P4 and Pg. Then the vertex set of D, (P4) is
{uz, uz, ..., ug, vz, v3, -+, vi} and thatof Dy (Pp)is {ug 2, Uk+43, ", Uk, Vki2, Vki3, * 7 5
var}. Let S = {ugs1, ver1}, N'[S] = {ug, v} and N”[S] = {ugs2, vgs2}. Note that the ver-
tices of S are at equidistance from the target. First, we will show the necessity. Placing one
pebble each on vy, v, and 2¥ — 1 pebbles on wuy,|, we cannot reach the target u;. Hence,
f (D2 (Ca)) > 2F + 2. Now we prove the sufficient part.

Case 1: Let p (V(D, (Pa))) =p(V(D, (Pg))) =0and p (v;) < 3.

Subcase 1.1: Let p (V(D, (Pa))) =p(V(D, (Pg))) =0and p (v;) = Oor2.

Then distribute all 2¥ +2 — p (v1) pebbles on . and vi41. Note that the total number of
pebbles is even. Thus, there will be two types of pebble distribution.

Subcase 1.1. (A): Let both p (ug 1) and p(v,,, ) be even.

It is easy to see that we can transfer at least 2~! pebbles to either one of the vertices in {uy, , v}
in D, (P4) or one of the vertice in {ug12, vk+2} in D, (Pp) which is at the distance k£ — 1 and at
most one pebble from v, to W where W = {uy, usk, vz, vax}. By Theorem 2.11, we can move
two pebbles to the vertex adjacent to the target, and hence we are done.
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Subcase 1.1. (B): Let both p(uy+1) and p(vy+1) be odd.

Then after the pebbling moves at least 2°~! — 1 pebbles will be moved to any one of the vertices
of either in {ug,vg} in Dy (Pa) or in {ug41, vg+1} in D, (Pp) and one pebble from vy to W.
The distance from D, (P4) or D, (Pg) to the target is < k — 1. By Theorem 2.11, we are able
to pebble u;.

Subcase 1.2: Let p (V (D, (Pa))) =p(V(D, (Pg))) =0andp(v;) = 1or3.

Then S will receive the odd number of pebbles. So exactly one of vy or ug; is even and the
other is odd. After the sequence of pebbling moves, one of the vertices of either D, (P4) or
D, (Pg) will receive 25! pebbles. Thus, by Theorem 2.11, we are able to pebble the target.

Thus, the configurations for which we cannot place a pebble on u; satisfy

V(UI)J 4 p(V (D (Py)) + V? (Uk+1)J " V(UHI)J < k=1 (3.6)

2 2 2

e R Y e e T R A B X

Adding (3.6) and (3.7), we get

2| Z50 o v (02 (Pa) o (v (D2 P 2 |20 |2 | 2| <5 ag)

Note that p (v1) + p(V (D2 (Pa))) + p(V (D2(Pp))) + [E%d| 4 |2l | — 2k 42,
To minimize the LHS of (3.8) it is sufficient to assume p(v;) = 3 and p(V (D, (Pa))) =
p(V (D2(Pg))) = 0. Now the remaining pebbles will be distributed on .S and exactly one of
p(ug+1), p(ve+1) is even. Now suppose that as many pebbles as possible are moved from the
vertices uy+1 and vy to either uy or vy in Dy (P4) Or ugs OF V4o in Dy (Pg) and from the
vertex v; to any one of the vertices in W. When we are done we could still have a pebble left at
either uy41 or vi41 and a pebble in v;. Then in LHS of (3.8), we have p (v1) — 1 +p (ug11) +
p(vip1) — 1 = 2F < 2% — 2 and this is a contradiction.

Case 2: Suppose 1 < p(V(D, (Pa))) +p(V(D, (Ps))) < 2 and p (v;) < 1.

If p(V(D,(Pa))) > 2" +20r p(V(D,(Pg))) > 2" ' + 2, then by Theorem 2.10, we
are able to pebble the target. If we distribute one pebble each on the vertices in N’[S] and
2k=1 — 1 pebbles in V (D, (P4) or one pebble each on the vertices in N”'[S] and 2*~1 — 1 peb-
bles in V(D, (Pg) then by Theorem 2.11, we are done. (i.e. If p(Dy(Pa)) = 287"+ 1
or p(Dy(Pg)) = 287" 4 1, then by Theorem 2.11, we are able to pebble the target). If
p(v1) < 1,1 < p(V(D,y(Pa))) < 25 Tand 1 < p(V(D,(Pg))) < 28! then p(S) > 2.
Consider the pebbling moves towards D, (P4). After the sequence of pebbling moves from
D, (Pp) and S to D, (P4) and together with the pebbles already on D, (Py4) there will be at
least 2°71 4+ 1 pebbles on D, (P4) and so by Theorem 2.11, we are able to pebble the target.
The case of moving pebbles towards D, (Pg) is symmetric to the case with that of D, (P4).

Case 3: If p (v1) > 4.

By Theorem 2.11, we are able to pebble the target by using the pebbling moves since the distance

from v; to the target is 2. Thus, f (D, (Cax)) < 2F + 2.

Therefore, the pebbling number of the shadow graph of the cycle Cax is f (D2 (Cax)) = 2% +2.
]

Theorem 3.4. For Dy (Capy1) where k > 3, f (Dy (Cogs1)) =2 V:;HJ 44

Proof. Let V (D> (Capq1)) = {ur, uz, -+, Usps1, V1, V2, .., Vg1 and E (Dy (Cog41)) =
{ujujir, wakg1ur, VUL, VokF1VL, UFUfLL, U2k 1VL, ViU, Vakgrtg f Where j =1, 2, - 2K,
Without loss of generality, let the target vertex be u;. Note that d (u;, w) < k where w €
V (D3 (Cak+1)). Consider the paths P4 = up, us,..., ug and P = Up+3, Uksd, ..., U2, In
the given graph D; (Cyy41) there are two shadow graphs of paths P4 and Pg. Let V(D (P4)) =
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{ua, uz, -5 g, v2, vs, .oy vk}, VI(Dy (P)) = {ugs3, Ui, ..oy Wk,
Vk43, Uktds - V21 } and S = {upy1, kta, Visr, vita}, N'[S] = {us, v} and N”[S] =
{Uk+3, Uk+3}'

Case 1: Hs odd. .
Place VTJ pebbles at uy | and VTJ pebbles at u,» and 1 pebble each on vy 1, v, and

v1. Itis easy to see that at most 2°~! — 1 pebbles can be moved to uy, or vy, (respectively w3 or

vk+3) which is at the distance k£ — 1 from the target and so we cannot reach the target u;. Hence,
gk gk

F (D2 (Copyr)) >2 {TJ + 4. Now we show that f (D (Cag11)) <2 L 3 J + 4.

Subcase 1.1: Let p (V (D, (Pa))) =p(V(D, (Pg))) =0and p (v;) < 3.
Then p (S) > 2 {%J + 1. Then distribute all 2 V%IJ + 4 — p(v;) pebbles on S. Note that

p(S) is even when p (v;) =0or2and p(S) is odd when p (v;) =1 or 3.
If one of the following inequalities holds,

{p(;n)J b p(V(Da(Pa)) + V(ujﬂ)J " {p(vmz)J n {p (uk+1)J n V? (%+1)J S gk

{p(;l)J - (VD (Ps)) + LP(U?Z)J n {p(UIHZ)J N LP(WH)J N {P(UIHI)J S okl

Then by Theorem 2.11, we are done.
Thus, the configurations for which we cannot reach the target satisfy

{p(vl)J 4 p(V (Da (Pa))+ {P (Uk+2)J n {P(UIHZ)J n {P (Uk+1)J 4 {p(ka)J <okl

2 4 4 2

{p(zm)J + p(V(D, (Pp))+ {p (U2k+2)J " V)(UHZ)J " {p(ukﬂ)J n {p (Uk+1)J < k-1

Adding (3.11) and (3.12), we get

’ {p (;1)

J +p (V(D, (Pa)))+p (V(D, (PB)))JF% [P (ug+1) +p (Vkr1) +p (urs2) +p (Vky2))

<2F_2. (3.13)
Note that p (v1) + p(V (D2 (Pa))) + p(V (D2 (Ps))) +p(S) =2 V‘;‘J + 4. To mini-

mize the LHS of (3.13) it is sufficient to assume p (v;) = 3. Now the remaining pebbles will be
distributed in S and so at most 3 vertices in S will be distributed with an odd number of pebbles
and the remaining vertices will receive an even number of pebbles.

Now suppose that as many pebbles as possible are moved from the vertices in .S to either wuy
or vy in Dy (P4) or uy2 or vi4p in D, (Pg) and from the vertex v; to any one of the vertices
in W where W = {uy, upp, v2, var,}. When we are done we could still have a pebble left
in S and a pebble at v;. Without loss of generality, assume p (vx+2) is even. Then we move
as many pebbles as possible from S to D, (P4). Thus, p(ugs2) = 1 (mod 4), p(ugy1) =
1 (mod 2) and p (vg1+1) = 1 (mod 2) and if we move as many pebbles as possible from S to
D, (Pg), p(uks2) =1 (mod?2), p(ugt1) =1 (mod4),and p (vgr1) = 3 (mod 4) also p (vy) =
1 (mod 2). Thus, from (13) we have 3 (p (ugs1) + P (Vks1) + P (wrr2) + p (ves2)) + p (v1) —
13 < 2% —2.(The - L2 comes from the possible pebbles left behind at v and S). But p (v;) +

2k+l

p(8) 22|57 | +42 2 (E52) 44 = 4 (25— 1)44.80 3 (p (i) + 2 (ve) +p (wis2) +P (vs2))+
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p(v) = =3 (i) +p ki) +p(uni2) +p(vr2) + p0))+gp(m) —F 22— 1+
34 % — % =2k % and this is a contradiction. Thus, we are able to pebble the target.

Subcase 1.2: Let 1 < p(V(D, (Pa))) +p(V(D,(Pp))) <2k+landp(v;) < 1.

If p(V(D,(Pa))) > 281 +2 or p(V(D, (Pg))) > 2*~! + 2 then we are able to pebble
the target by Theorem 2.11. If we distribute one pebble each on the vertices in N’[S] and
2F=1 — 1 pebbles in V(D, (P4) or one pebble each on the vertices in N”[S] and 2F~1 — 1
pebbles in V (D, (Pg) then by Theorem 2.11, we are done. (i.e. If p ((V(D, (Pa))) = 281 +1
or p(V(D,(Pg))) = 28~! + 1 then we move a pebble to the target by Theorem 2.11). If
p(v) < L1 < p(V(D,(Pa)) < 2" "and 1 < p(V(D,(Pg))) < 2" then p(5) > 2.
Consider the pebbling moves towards D, (P4). After the sequence of pebbling moves from
D, (Pg) and S to D, (P4) and together with the pebbles already on D, (Py4) there will be at
least 2~1 + 1 pebbles on D, (P,) and so by Theorem 2.11, we are able to pebble the target. The
case of moving pebbles to the vertices in D, (Pg) is symmetric to the case with that of D, (Pa).

Subcase 1.3: Let p (vy) > 4.
Then obviously the target will receive a pebble. Since the distance from v to the target is 2.

Hence, the pebbling number of the shadow graph of the odd cycle is f (D (Cax+1)) = 2 Vk;l J +
4 when k is odd.

case 2: When k is even.

Place {%J — 1 pebbles at uy,; and {%J — 1 pebbles at uy42, 3 pebbles at vgy; and 1

pebble each on vy, vy,. It is easy to see that at most 28~! — 1 pebbles can be moved to uorvy
(respectively w3 or vi,3) which is at the distance k& — 1 from the target and we cannot reach the
target. Hence, (D (Cop1)) > 2 Vk;lJ + 4. Now we show that f (D, (Cor11)) <2 V?IJ + 4.

The proof follows from case 1. O

4 The t-pebbling number for shadow graph of cycles.
In this section, we find the t-pebbling number for D, (C,,) graphs.
Theorem 4.1. For D, (Ca;) where k > 4, the t-pebbling number is f; (D (Cay.)) = 2% + 2.

Proof. Suppose we have #2¥ + 1 pebbles. Placing t2* — 1 pebbles on .| and one pebble
each on the vertices v; and vi;, we cannot move ¢ pebbles to the target vertex u;. Hence,
[t (D2 (Car,)) > 2% 4 2. Now we prove f; (D> (Cai,)) < 2% 4 2 by induction on t. Let us con-
sider any distribution of #2* + 2 pebbles on the vertices of D, (Cyy,). If t = 1, then the theorem
is true by Theorem 3.3. Assume that the theorem is true for 2 < ¢ < t. Let w be any target vertex.

Case 1: Let p (w) =0.

As the graph D, (Cyy,) contains at least 25! 4 2 pebbles we can move one pebble to any target
vertex at a cost of at most 2* pebbles. Hence, the remaining number of pebbles distributed on the
vertices of the graph other than the vertex w is at least f; (Ds (Cax)) — 28 =12k 42 — 2k =
(t—1)2F+2 = f,_1 (D2 (Cax)). Therefore, by induction, we can move ¢ — 1 additional peb-
bles to w.

Case 2: Suppose p (w) =y, where | <y <t—1.

Then the total number of pebbles distributed on the vertices of the graph is f; (D2 (Car)) —y =
2k +2 —y. Since 1 <y <t— 1.2 +2 -y >2F(t—y)+2 = f,_, (D2 (Cay)). Thus, we
can move t — y additional pebbles to the target. Hence, we are done. O

Theorem 4.2. For D; (Coy+1) where k > 3, the t-pebbling number is f; (Dy (Cagt1)) = 2 V?IJ +
4 + (t — 1)2~

Proof. To prove this theorem let us consider the following 2 cases.
Case 1: When k is odd.
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okt
3

Suppose we have a distribution of 2 { ]J + 3 + (t—1)2* pebbles. Placing V’;—HJ pebbles

k+1 .
on U1, L%J +(t — 1) 2% on uy, and 1 pebble each on the vertices vy 1, vy, v, We cannot

2k+l

move ¢ pebbles to the target vertex u;. Hence, f; (D2 (Cort1)) > 2 L 3 J + 4 + (t — 1)2~.

2k+l

Now we prove f; (D; (Caxt1)) < 2 L 3 J + 4 + (¢t — 1)2* by induction on t. Let us consider

any distribution 2 {%J + 4 + (t — 1)2% of pebbles on the vertices of D, (Cayy1). If t=1, then

the theorem is true by Case 1 in Theorem 3.4. Assume that the theorem is true for 2 < ¢ < t.
Let w be any target vertex.

Subcase 1.1: Let p (w) = 0.
As the graph D; (Cyy41) contains at least 2 V;;IJ + 4 + (t — 1)2* pebbles and we use 2*

.. . pk+1
pebbles to place a pebble at our target vertex w, the remaining number of pebbles is 2 {TJ +

2k:+l

4+ (t—1)2F -2k =2 {TJ +4+4 (t—2)2% = fi_1 (D2 (Cag+1)). By induction we place
t — 1 pebbles at w.

Subcase 1.2: Suppose p (w) =y, where | <y <t — 1.
Then the total number of pebbles distributed on the vertices of the graph is f; (D2 (Cag+1))— y =

2{2’;“J +44+(t-1)2F -y Sincel <y < t— 1.2{2“'J FA+ -2k —y >

3
okl

2 { 3 J +44 (t—(y +1))2* = fi—, (D2(Cax11)). Thus, we can move ¢t — y additional
pebbles to the target. Hence, we are done.

Case 2: When k is even.
2k 1 k+1

Placing {%J — 1 pebbles on ug. g, VTJ — 1+(t — 1)2* on w42, 3 pebbles at v, and 1 peb-

ble each on vy, vi12, We cannot move ¢ pebbles to the target vertex u;. Hence, f; (Dz (Cak+1)) >

2 Vk;lJ + 4 + (t — 1)2%. Now we prove f; (D2 (Ca)) < 2 Vk;IJ + 4 + (t — 1)2*. Proof
follows from Case 1. O

5 Conclusion

This paper aims is to obtain the pebbling and t-pebbling number of shadow graph of cycles.
Using this results we can find the pebbling number monophonic pebbling number of different
types of shadow graphs. Therefore, the results of this work is interesting and capable to develop
its study in the future.
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