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Abstract I. Gutman recently introduced the Sombor index, a vertex-degree-based topological

index of a simple graph G with n vertices. Itis definedas SO(G) = Y \/da(u)? + de(v)’,
w€E(G)

where d¢ (u) is the degree of the vertex v and E(G) is the edge set of G. In this paper, we find the

Sombor index of the m-splitting graph and m-shadow graph of k-regular graph. Additionally,

we establish the relationship between the m-shadow graph of the k-regular graph and the energy

and Sombor energy of the m-splitting graph.

1 Introduction

Topological graph indices, also known as molecular descriptors, are mathematical formulas ap-
plicable to any graph that models a molecular structure. These indices are valuable tools for
analyzing mathematical properties and investigating specific physicochemical characteristics of
molecules, providing a cost-effective alternative to expensive and time-consuming laboratory
experiments. Various topological indices have been extensively studied in the literature [4, 11].

The use of graph representations to study the physical properties of chemicals marked the
beginning of research into topological indices. Over time, these indices have evolved beyond
their chemical origins, being studied independently in graph theory and developing correlations
with chemical properties [2]. The study of topological indices remains an area of active research,
with new concepts and indices continuously being proposed by researchers exploring the diverse
applications and theoretical underpinnings of these mathematical tools. Recently, Gutman [6]
introduced a new vertex-degree-based topological index known as the Sombor index. Since
then, the Sombor index has been used in a wide range of contexts, generating more attention and
research [3, 14, 16]. This article aims to delve deeper into the properties and applications of the
Sombor index, providing a comprehensive overview of its theoretical foundations and practical
implications in both graph theory and molecular chemistry.

2 Preliminary

In graph theory, a finite graph G = (V, E) consists of a finite non-empty set V, the elements
of which are the vertices of GG, and a finite set F of unordered pairs of distinct elements of V'
called the edges of G. For any vertex w in V, the neighborhood N (u) of the vertex w is the set
of vertices adjacent to u, given by N(u) = {v € V : v is adjacent to u}. The degree of a vertex
u, denoted as dg(u), is the size of its neighborhood, i.e., the number of vertices adjacent to w.
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Let A(G) be the adjacency matrix of graph G with vertices vy, va, ..., v,. The adjacency matrix
A(G) of the graph G is defined as:

1 if v; and v; are adjacent
0 if v; and v; are not adjacent.

The Sombor index, introduced by Gutman [6], is defined as:

SO(G)= Y Vda(u)?+dg(v)?,

uww€E(G)

where the sum runs over all edges wv in the graph G.

The energy of graphs has many applications in different fields, such as chemistry and com-
puter science. Because of its application, many researchers have shown interest in finding dif-
ferent types of energy of graphs; see [9, 10, 13, 15]. The energy (G) of a simple graph G,
introduced by Gutman [7], is defined as the sum of the absolute eigenvalues of the adjacency
matrix A(G) of the graph G. That is,

E(G):Z\)\i|~

where, A1, Az, ..., \,, are the eigenvalues of the adjacency matrix A(G) of the graph G. Recently,
Vaidya et al. [17, 18] obtained some results on the energy of shadow graph and splitting graph.
The shadow graph D,(G) of a connected graph G is definitively constructed by taking two
copies of G, denoted as G’ and G, and rigorously joining each vertex v’ in G’ to the neighbors
of the corresponding vertex u” in G”. The m-shadow graph D,,(G) of a connected graph G is
created by making m copies of the graph G, labeled as Gy, Gy, ..., G, and then linking each
vertex u in G; to the neighboring vertex v in G;, where 1 < 4, j < m. The splitting graph S'(G)
were introduced by Sampathkumar [12]. The splitting graph S'(G) of a graph G is created by
adding a new vertex v’ to each vertex v in G, such that v’ is connected to every vertex adjacent
to v in G. The m-splitting graph Spl,,(G) of a graph G is created by adding m new vertices,
v;5, to each vertex v; in G, such that v;; is connected to each vertex vy, adjacent to v; in G. In
a recent publication, Gowtham et al. [5] introduced the Sombor matrix for graph G and defined
the Sombor energy SE(G) as a new variant of graph energy. The Sombor matrix of a graph G
with n vertices is denoted as S(G) = (8j)nxn-

o = ddew) +do(v)  ifuv € B(G)
’ 0 otherwise.
The Sombor energy SE(G) of graph G is the sum of the absolute eigenvalues of the Sombor
matrix S(G) of graph G.
To obtain the result, we need the Kronecker product of matrices. Let A = (a;;) € R™*™ and
B € RP*4, The Kronecker product of A and B is defined by

anB apB ... a1,B
ale azzB aan
A®B=
amlB asz eee amnB
L 4 mpXng

Proposition 2.1. [/] Let A € M™ and B € M™. Let \ and p represent the eigenvalues of
the matrices A and B, with corresponding eigenvectors x and y, respectively. Then A\ is an
eigenvalue of A ® B with corresponding eigenvector r & .
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For the graph-theoretical notions, we refer to [1, 19].

3 Main Result

3.1 Sombor index of m-splitting graph and m-shadow graph

Now, we give the general formula for the Sombor index of the m-shadow graph and m-splitting
graph of the k-regular graph.

Sombor index of m-splitting graph

Theorem 3.1. Let G be a k-regular graph with n vertices, where n > 2. Then

(i) SO(G) = =k,

(ii)) SO(Sply(G)) = SO(G)(mV2m? +4m + 4+ (m + 1)).
Proof. (i) Proof is trivial.

(i) Note that, [V(Spl,,(G))\V(G)| = nm and dgy, )(vi;) = k forall 1 < i < n and
1 < j < m. Since, degree dg(v;) of v; for all 1 < i < n increased by mk in splitting graph
Splm(G) of G. Therefore, dg,,, () (vi) = (m + 1)k.

Since, N (vij) = {v; : v is adjacent to v;} for all i # [ and 1 < j < m and dg,,, () (v1) =

(m+ 1)k.
Therefore,
SOSpa(G) = S /[l ©id) + (dsp ) ()2
v;; VI EE(Splm (G))

Y s @) + (b ()2
(@)

v;v; EE(Splm

= [N (0i)) [V (Sl (@)\V (/42 + ((m + Dh)?

+ 1B/ ((m 4+ DR+ ((m+ D)2

1 2
= knm\/k2(m2 +2m+2) + w\@

= ibg[m 2m? +4m+4+ (m+1)]

= SO(G)mV2m? +4m +4+ (m+1)]

Consider complete graph K, which is (n — 1)-regular. Sombor index of m—splitting graph
of complete graph K, is:

— 1)
SO(Splyn (Kn)) = "f [mV/2m2 + 4m + 4 + (m + 1

Example 3.2. Consider 3—regular graph with 6 vertices



280 Randhir Singh and S. C. Patekar

U3
v Vs
V1 Vs
U6
G
v31
Splm(G)

Here, m =1,k =3,and n = 6.

S0(G) = > \/dg(vi)2—|—dc(vj)2

v v; EE(G)
=9y/32 4 32
=27V2.

SO(Splm(G)) = > \/dsz,,n(G)(Uij)2 +dsp,, @) (01)?
vij'uLEE(Sle(G))

+ Z \/dSplm(G) (Ui)Q + dSplm(G) (Uj>2
viv; EE(Splm (G))

= 18v/32 + 62 + 962 + 62
= 54(V5 4+ V2) = SO(G) (V10 +2).

Sombor index of m-shadow graph
Proposition 3.3. If G is a k-regular graph with n vertices, then the m-shadow graph D.,,(G) of
G is mk-regular.

Theorem 3.4. If G is a k-regular graph with n vertices, then SO(D,,,(G)) = SO(G)(m?> +m?).

Proof. Since, D,,(G) is constructed from m copies of G and |V (G)| = n. Therefore, |V (D,,(G))| =
mn+n = (m+ 1)nand |[E(D,,(GQ))| = M The Sombor index of the shadow graph
of k-regular graph G is

SODn(@) = 3 ldp,®) + (dp, ()

w€E(Dn(G))

From Proposition 3.3, dp,  ()(u) = mk for all u € D,,,(G). Therefore,
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SO(Dm(G)) = [E(D (G)) |/ (mk)? + (mk)?

_ (nm 4 n)(mk) 5
R — 2(mk)
(nm +n)(mk)?

V2
nk?
= ﬁ( P+ m?)
= SO(G)(m* +m?).

Consider cycle graph C,,, which is 2-regular.

SO(Dm(Cr)) = —=(m® +m?).

NE

Example 3.5. Consider cycle graph Cs. SO(Cs) = 12v/2
SO(D;(Cg)) = 24v2 = 250(C)

V31
V3 V21 V3 V41
v V4 ) V4
U1 Vs V1 Vs
V6 V11 Ve V51
Ce
V61
D, (Cs)

3.2 Sombor energy of m-splitting and m-shadow graph

Sombor energy of m-splitting graph

Theorem 3.6. If G is a k—regular graph, then SE(Spl,,(G)) = k(m + 1)v2¢(Q).

Proof. Let G be a k—regular graph with vertex set V(G) = {v1,v2,v3, ..., v }. Let Spl,, (G) be

m-splitting graph of graph G with vertex set V (Spl,,, (G)) = V(G)U{v;; : v;; is adjacent to v;, v; #
v; }. The Sombor matrix of Spl,,(G) is
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St S .. S

S 0 .. 0
S(Spn(@) = | R

S 0 .. 0

L d n+mn

where S| and S; are n X n symmetric matrices. Entries of matrix S| are

v — (m+ 1)kV2  if v; is adjacent to v;
Y0 Otherwise.

Because dgy;, (v;) = (m + 1)k and entries of S, are

h {k:\/m2 +2m +2 if v; is adjacent to v;;
ij =

0 Otherwise.

Because b;; = \/(dsplm(g)(vij))z + (dspi,, () (v1))? with dg,,, () (vig) = (m+1)k. Therefore,
we can write matrix S and S, as Sy = ((m + 1)kv2)A(G) and S; = kv/m? 4 2m + 2A(G).

That is
(m+DkV2 AG)  kvVm?+2m+2 A(G) Evm2 +2m +2 A(G)
kvm?2 +2m +2 A(G) 0A(G) 0A(G)
S(Spln(G)) =
kvm? 4+ 2m + 2 A(G) 0A(G) 0A(G)
(m+DkV2  kvVm2Z42m+2 .. kvVm2+2m+2
kvm?2 +2m +2 0 0
= ® A(G)
kvm?2 +2m+2 0 0
L dm+1
=B® A(G),
(m+1DkvV2  EVm2+2m+2 ... kvVm?2+2m+2
kvm2 +2m +2 0 0
where, B =
kvm? +2m +2 0 0
L d m+1
The matrix B has eigenvalues pg, i2, . . ., ttm+1. Because B is a rank two matrix, it has two

non-zero eigenvalues, denoted as x; and p,. For convenience, set a = (m 4 1)kv/2 and b =

n+mn



Sombor Index and Sombor Energy of Some Graphs 283

m+1 m+1

kvm? +2m + 2. We have tr(B) = > p; and tr(B*) = 3. 2. Therefore,
=1 =1

B+ 2 =a 3.1
and
3+ pd = 2mb? + a’. (3.2)
Solving (1) and (2), we get
pu2—ap—mb> =0
with roots are i and pp. Therefore, the characteristic equation of matrix B is

Char(B) = p™ (u? — k(m + 1)V2u — mk*(m? + 2m + 2)).

k(m + 1)V2 £ kvV4m3 + 10m? + 12m + 2

Therefore, eigenvalues of matrix B are > and 0 with
multiplicity m — 1. The spectrum of matrix 5 is
0 E(m+1D)V2+EkVAm3+10m2+12m+2  k(m+1)vV2—kV4m3+10m2+12m+2
spec(B) = : :
m— 1 1 1
By Proposition (2.1), the spectrum of S(Spl,,,(G)) is
0)\1 O)\n Oé)\] Ck)\n 5)\1 ﬂ)\n
spec(S(Splm(G))) = )
m—1 .. m—1 .. 1 .. 1 1 .1
E(m 4+ 1)vV2 4+ kvV/Am3 + 10m2 + 12m + 2 k(m 4 1)vV2 — V4m3 + 10m? 4 12m + 2
where o = > and 8 = 5 .
Therefore,
mn+n

k(m + 1)V2 £ kvV/dm3 + 10m? + 12m—|—2)\
> i

SE(Spla(G) = 3

i=1

k(m + 1)V2 4+ kvdm3 + 10m? + 12m + 2
2

=Y Al
i=1

+k(m + V2 — kVAm3 + 10m? + 12m + 2
2

= > Iillk(m + 1)V2|
i=1

= k(m + 1)vV2¢(G).

Sombor energy of m-shadow graph

Theorem 3.7. If G is a k—regular graph. Then SE(D,,,(G)) = mkv/2 + 8me(Q).

Proof. Let G be k—regular graph. Sombor matrix S(D,,(G)) of D,,(G) is
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_mk\ﬁA(G) mkv2A(G)
mkvV2A(G)  0A(G)
S(Dp(G)) =
mkv2A(G)  0A(G)
_mk‘\ﬁ mkv'?2 mkﬁ_
B mkv2 0 0
mkv2 0 0
—mk\@ mkv?2 mk\fZ_
mkv2 0 .. 0
LetC =
mkv2 0 0
dm+1

mkv2A(G)

0A(G)

0A(G)

4 mn+n

® A(G)

d m+1

and let eigenvalues of the matrix C be 01, 92, ..., Oyt 1-

Since C is of rank two, there are two non-zero eigenvalues §; and &, (say). We have, tr(C) =

m+1 m+1
§; and tr(C?) = Y 2. Therefore,
-1

i= i=1

tr(C) =61 + &2
That is

81 + & = mkV2
and

tr(C?) = 62 + &3
That is

02 + 62 = 4m3k? + 2m2k?

Solving (3) and (4) we get

52 — mkv26 — 2m3k? = 0.

(3.3)

(3.4)

whose roots are §; and J,. So, the characteristic equation of C is

Char(C) = 6=V (6* — mkv25 — 2m3k?).

Therefore, the eigenvalues of matrix C are mky/2(1E/5m+l V‘Z‘m“) and 0 with multiplicity m — 1. The
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spectrum of matrix C is

0 mkﬁ(l+\/g’”+l) mk\/i(l—\/ngrl)

spec(C) =
m—1 1 1

By proposition 2.1, the spectrum of matrix S(D,,(G))

0N N 0 W .V ISR /) Vs D VI D
spec(S(Dm(G))) = 7
m—1 m—1 1 1 1 1
where p = mkﬁ(#) and ¢ = mk\ﬁ(ligim“) Therefore,
- 1+V4m+1
SE(Din(G)) = Z mkﬂ(#)&

i=1

i=1

=mkV8m +2) |\
= mkv8m + 2¢(G).

Table 1. Sombor index and Sombor energy of m-splitting and m-shadow graph of some specific
regular graph.

Graph SO(G) SO(Splm(G)) SO(Dw(G)) SE(Splm(G)) SE(Dn(G))

(G)

C, 2V2n 2v2n(mv2ZmZ + 4m + 4+ (m+ 1)) 2v2n(m? +m?) 2v2(m + 1)e(C) 2m/8m +2¢(Cy,)

K, P e iy 2m A A+ (m+ 1) | 2 ) | 2v2 (0 12 (m 1) 2(n — 1mvEm + 2
Qn 2002 20D (my2mE + dm + 4+ (m+ 1)) | 207002 (md 4 m?) | 2v2n(m + DIE1(4y) 2mny/8m +2[11(;127)
Kpn Van? V23 (mV2m2 +dm + 4+ (m + 1)) V23 (m? +m?) 2v2n2(m + 1) 2mn?/8m + 2

4 Conclusion.

Recently, I. Gutman introduced a new degree-based topological index called the Sombor index.
We have obtained the general formula for the Sombor index and the relation between the Sombor
energy and energy of the m-splitting and m-shadow graphs of the k-regular graph.

References

[1] R.B. Bapat, Graphs and Matrices, Hindustan Book Agency, (2010).

[2] S. C. Basak, V.R. Magnuson, G.J. Niemi, R.R. Regal and G.D. Veith, Topological indices: their nature,
mutual relatedness, and applications, Math. Modeling, 8, 300-305, (1987).

[3] R. Cruz, I. Gutman and J. Rada,Sombor index of chemical graphs , Appl. Math. Comput., 399, 126018,
(2021).



286

Randhir Singh and S. C. Patekar

(4]

(3]

(6]

(7]
(8]
(9]

[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]

(18]

[19]

C. K. Gupta, V. Lokesha, B. S. Shwetha and P. S. Ranjini, Graph operations on the symmetric division
deg index of graph, Palest. J. Math., 6(1), 280-286, (2017).

K.J. Gowtham and N. N. Swamy, On Sombor energy of graphs, Nanosystems: Phys. Chem. Math. 12(4),
411-417, (2021).

1. Gutman, Geometric Approach to Degree-Based Topological Indices: Sombor Indices, MATCH Com-
mun. Math. Comput. Chem., 86, 11-16, (2021).

I. Gutman, The energy of a graph, Ber. Math. Statist. Sekt. Forschungsz. Graz., 103, 1-22, (1978).
R. A. Horn and C. R. Johnson, Topics in Matrix Analysis, Cambridge Univ. Press, Cambridge, (1991).

S. C. Patekar, S. A. Barde and M. M. Shikare, On the average degree eigenvalues and average degree
energy, J. Math. Comput. Sci., 9(1), 46-59, (2019).

S. C. Patekar, M. M. Shikare, On the path matrices of graphs and their properties, Adv. Appl. Discr.
Math., 17, 169-184, (2016).

R. Rajendra, K. Bhargava, D. Shubhalakshmi and P. S. K. Reddy, Peripheral Harary Index of Graphs,
Palest. J. Math. 11(3), 323-336, (2022).

E. Sampathkumar and H. B. Walikar, On the splitting graph of a graph, J. Karnatak Uni. Sci. 25 12-16,
(1981).

1. Gutman, B. Furtula, The total w-electron energy saga, Croat. Chem. Acta., 90(3), 359-368, (2017).

I. Sarkar, N. Manjunath, B. Chaluvaraju and V. Lokesha, Bounds of Sombor Index for F-Sum Operation,
Palest. J. Math., 12(2), 504-516, (2023).

M. M. Shikare, P. P. Malavadkar, S. C. Patekar, I. Gutman, On path eigenvalues and path energy of graphs,
MATCH Commun. Math. Comput. Chem., 79, 387-398, (2018).

S. S. Shinde, J. Macha and H. S. Ramane, Bounds for Sombor eigenvalue and energy of a graph in terms
of hyper Zagreb and Zagreb indices, Palest. J. Math., 13(1), 100-108, (2024).

S. K. Vaidya, K. M. Popat, Some New Results on Energy of Graphs, MATCH Commun. Math. Comput.
Chem., 77, 589-594, (2017).

S. K. Vaidya, K. M. Popat, Energy of m-splitting and m-shadow graphs, Far East J. Math. Sci., 102(8),
1571-1578, (2017).

D. B. West, Introduction to graph theory, Upper Saddle River: Prentice hall, 2, (2001).

Author information

Randhir Singh, Department of Mathematics, Savitribai Phule Pune University, Pune 411007, India.
E-mail: randhir_singh46@yahoo.com

S.C.

Patekar, Department of Mathematics, Savitribai Phule Pune University, Pune 411007, India.

E-mail: shri82patekar@gmail.com

Received: 2024-01-29
Accepted: 2024-08-30



	1 Introduction
	2 Preliminary
	3 Main Result
	3.1 Sombor index of m-splitting graph and m-shadow graph
	Sombor index of m-splitting graph
	Sombor index of m-shadow graph

	3.2  Sombor energy of m-splitting and m-shadow graph
	 Sombor energy of m-splitting graph
	 Sombor energy of m-shadow graph


	4 Conclusion.

