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Abstract Let (H ")n> 0 be the generalized Padovan sequence defined by H,, = H,, >+ H,,_3
for n > 3 with initial terms Hy = a, H; = b and H, = ¢, where a, b, ¢ are real numbers, not all
being zero. This paper aims to provide an explicit formula for computing the sum >, H,z",
and a recursive formula for Zf:l r™ H,.x" for all integers m > 1, where « is any real number
such that 1 — 2? — 2® # 0. Furthermore, an exact formula for the infinite sum Y 2 H,2"
is provided, along with a recurrence formula for >, r™H,z" for all integers m > 1 within
the interval of convergence. Additionally, formulas for such sums related to Padovan, Perrin,
and Van der Laan sequences are deduced. Finally, algorithms for finding such infinite sums are
developed, provided that they converge.

1 Introduction
The Padovan sequence (P,), _ is defined by
P,=Py 2+ Py3, (1.1)

for n > 3 with initial terms Py = P, = P, = 1. It is well-known that the sequence (F}”‘,;‘)
n>0

converges to the number p = {/é +4/ 5+ \/é — /%, the real root of 2> = z + 1. The

approximate value of p is 1.32471795724. The Padovan sequence can be extended to negative
subscripts by
P, = P—(7L—3) - P—(n—1)7

for n > 1. The Perrin sequence (Q”)n>0 and the Van der Laan sequence (Vn)n>0 are also

defined by the same recurrence (1.1) with initial terms Qy = 3,Q; = 0,Q, = 2, and V| =
1,V1 =0,V, = 1. These numbers are extensively studied by many researchers (see [3, 7,9, 11,
12, 13, 15, 14, 16]). Some intriguing summation identities about Padovan and Perrin numbers
can be found in [2]. Recently, Diskaya and Menken [8] derived an expression for the Brousseau
weighted sum ) _""_, r™ P, of the Padovan numbers.

The generalized Padovan sequence (Hn)n>0 isdefined by H,, = H,,_»+H,_3 forn > 3 with
initial terms Hy = a, H; = band H, = ¢, where a, b, ¢ are real numbers with (a, b, ¢) # (0,0,0).

These numbers can be extended to negative subscripts by H_,, = H_(,,_3y— H_;,_1), forn > 1.

Note that the ratio % also converges to p as n — oo. In this paper, we find an explicit formula

for the sum
n
S
r=1
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and a recurrence formula for the sum

n

E r"H.x",

r=I

where m is a positive integer and z is any real number with 1 — 22 — 23 # 0. Using these
formulas, we establish a recurrence scheme for the finite sums

n n n
E r"P.a”, E r"Qrx", and E r"V.a".
r=1 r=1 r=1

Similar types of sums (with x = 1) involving the classical Fibonacci numbers were first studied
by Brousseau [5, 6]. For some related studies, see [1, 10]. The generating functions of Padovan,
Perrin, and Van der Laan numbers can be retrieved as well. We also develop recurrence formulas
to find the sum of the power series

oo o0 oo
E r"P.a”, g r"Q,x", and g r"Vea”
r=1 r=1

r=1

in their interval of convergence. The method we employ is akin to the approach utilized by
Brandéo and Martins [4] for the classical Fibonacci numbers.

2 Finite Sums

In this section, we find a recurrence formula for the sum 22:1 r™H,.x" for all integers m,n > 1,
where x is any real number with 1 — 2> — 23 # 0. We use that formula (along with the exact
formula for m = 0) to derive numerous summation identities related to Padovan-type sequences
such as Padovan, Perrin, and Van der Laan sequences.

2.1 Explicit formulas

We begin with finding an explicit formula for the sum >_"_, H,z", for all integers n > k > 1.

Theorem 2.1. If 1 — 22 — 23 £ 0, then for all integers n > k > 1, the following identity holds:
n kH—I—H +2H_ —n+1Hn +Hn +2Hn
Z:cTHr:x( k+ aHp + 2?Hi_1) 233 %( w1+ xHpo+x ). o
= 1 —a? — 2o

Proof. Let S denote the sum on the left-hand side of (2.1). Then

(1-2*=2Hs=(1-2? —x3)ZxTHT
r=k

n n n
= g " H, — E "2 H, — E =" H,.
r=k r==k r==k

Applying a suitable change of variable in the last two summations on the right-hand side yields

n n+2 n+3
(1—2? 238 = E " H, — E o H,_y — E " H,_3
r=*k r=k+2 r=k+3

n
— kak + xk+1Hk:+l + ka+2Hk+2 + E err
r=k+3

n
_ $k+2Hk _ anrlanl _ CC"+2Hn _ Z .%‘THT,Z
r=k+3
n
o xn+1Hn_2 o anran—l 7 In+3Hn _ Z ITH7>_3.
r=k+3
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Thus,
(1 —2* —2?)S = a"Hy, + 2" Hyy + 2" (Hyyo — Hy) — 2™ (Hooy + Ho22)

_x'n,+2(Hn+Hn71) ’H+3H + Z H H’r‘ 2_H'r73).
r=k+3

Now, using the Padovan recurrence H; = H;_, + H;_3, we obtain

(1 o .’EZ o 1,3)5 _ kak 4 mk+1Hk+l 4 xk+2Hk71 o xn+lHn+l o xn+2Hn+2 _ xn+3Hn.

Thus,

a*(Hy, + vHp1 + 2*Hy—y) — 2" (Hpq1 + 2Hypo + 27 H,)

5= 1 —a2?2—23

Setting k£ = 1 in (2.1) yields the following corollary:
Corollary 2.2. If 1 — 2% — 23 # 0, then for all integers n > 1, the following identity holds:

, ax —|—cx—|—b) ](Hn+1+an+2—|—xH )
Z:z: H, =
1 —22—2a3
In particular,
, 33 +x+ 1) — gl (Pn+1 + 2P0+ szn)
Zm P, = ,
1—22—23
r 3CU + 21') ! (Qn+l + xQnJrZ + szn)
Zx Qr = ,
1—a22—23
and
=L x (:rz +z) — zntl (Vn+1 + 2V + 22V, )
Zx Vi = 23
= 1—2¢—=x

Corollary 2.3. For all integers n > 1, we have

> Hy,=H,+ Hp + Hupp— (a+b+c).

r=1
In particular,
n
> Po=Py+Poyi+ Puia =3,
r=1

ZQr = Qn +Qn+l +Qn+2 -5

and

> Ve =Vat+Vopi + Voa — 2.

r=1

Proof. 1t follows by setting = = 1 in Corollary 2.2.
Since H,, + H,+1 + H,1» = H, s, the identity (2.3) simplifies to

ZH’" =H,is— (a+b+c).
Therefore,

S P=Pus—3, > Qr=Qus—5 and > V,=Vus-2.
r=1 r=1

r=1

2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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Corollary 2.4. For all integers n > 1, the following identity holds:

n

Z(—l)’“Hr = (=1)"(Hn + Hpy1 — Hypso) — (a+b—c). (2.7)
r=1
In particular,
> (1) P = (=1)"(Po + Puyy = Poia) — 1, (2.8)
r=1
D =1"Qr = (=1)"(Qn + Qni1 — Quiz) — 1, (2.9)
r=1
and N
S (=1)Ve = (=1)" (Vi + Vas1 = Vaya). (2.10)
r=1
Proof. 1t follows by setting z = —1 in Corollary 2.2. O

Since H,, + H,+1 — Hy+2 = H,—3, the identity (2.7) simplifies to
S (1) Hy = (<1)" Hyz — (a+b = o).
Therefore,

D DP=(=1)"Poa=1,) (=1)"Qr = (=1)"Qua—Land Y (=1)'V, = (=1)"V;, 2.
r=1 r=1 r=1
2.2 Recurrence formulas

Let us now derive our main recurrence formula. Let x be any real number. For all integers m > 0
and n > 1, we define

Sim(a) => rmHa" (2.11)
r=1

Theorem 2.5. If S\ (z) is as defined in (2.11) and 1 — 2> — 23 # 0, then for all integers
m,n > 1, we have

1
Sim) () = [ {aﬁ 4+ (=1)™bx — n™H,y 2™ — (0 — 1) H,p 2" t!

—(n+1)"H,z" " + Z (2 = (-2)7) (m) Sﬁmﬂ(;ﬂ)} .
i J
In particular,

S m r 1 3 m m n+2 m n+1
Zr P.x _l—xz—aﬁ{w +(=1D)Mz —n"Pyz" — (n—1)" Py

r=1

s 55 o () (S

j=1
. 1
Zerrxr = 7_1,3 |:3x3 — ann+2$n+2 _ (n B l)an+1xn+l _ (n + 1)anxn+3

+3 @ --2)(7) (ZmQﬂ ,

Jj=1
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and

n

: 1 ,

E ’f‘m‘/;:ET — : - - .%'3 _ ann+2$n+2 _ (n _ l)rn n+lxn+] _ (n + 1)mann+3
— " —x

m Im n '
+ Z (2% — (—Z)J)( ) (Zrm_Jer’)}
j=1 J r=1
Proof. We have
S<m>(x) = 1"Hz + 2™ Hyz? + 3™ Hya® + -+ n™H,z"

= 1m<zn:Hjxj —zn:HjIj) +2m<iHj.’L‘j —zn:Hjl‘j>
j=1 j=2 j=2 j=3
j=3 Jj=4 j=n

Now, by regrouping the terms, this becomes

S(m) () —1mZHxJ+ ZHmJ + ™= (n—-1m ZHxJ

_Z (r—1)™ <ZHJ,‘])

Next, we apply Theorem 2.1 to obtain

1 n
S@) = T [Z(T’” — (r=1)™)a"(Hy 4+ aHppy + 2°Hy_y)
r=1
.’17n+] (H'n+1 + fEHnJrz + .’IJZH Z 'r — 1 ):|
r=1
1 no '
=12 [Z(r’” —(r=1)"™)(H, + xHpq1 + szr,l)xT
r=1
— 0" (Hpi1 + xHpio + szn)x"“] )
Thus,
1
(@) = 1 [T87@) =" (s 2+ 2H)a | @)
where

(r—1) )(HT +zH, |+ mzHr,l)xT

(r—1)")H,x" —I—Z (r—1) )HngcT+1

9=y
>

Y ™ = (=)™ Hpy2"

r=1

Applying a suitable change of variable in the second and third summations on the right-hand
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side, we get

n n+1

Tﬁfn)(l') _ Z(TTYL _ (7,, _ ] H "+ Z m _ _ Z)m)HTZL‘T

n—1
+ Z((r +1) ™) H,z"
r=0
Z (r=D"4+-1)"=(-2)"+2((r+1)™ — ™)) H,2"

r=1
+(n™—=(n-1) )H,LHQ:”H +H (-1)"z — ((n +1)"— nm)Hna:”+3 + Hoa’.
This simplifies to

n

T (@) = 32" = (r = 2" + 0 (r+ )™ = 1™)) Ha” o+ (07 = (0= 1)) Hyra™

r=1
— ((n+ 1™ = n™)Hpz" " + az® + (—1)™ba.
2.13)

Using the binomial expansion, we have

and .
r+D)m—rm=3%" (@)rm—j.

Substituting this into (2.13) yields

= Z Z (m) (LU3 _ (_2)])rm—JHrm7 + (n7n _ (n _ 1)7n)Hn+1.’L'n+l
r=1 j=1 J
—((n+1)™ =™ Hpz" " + az® + (=1)"ba

= N (3 = (=2)) S (1) 4+ (0™ — (n — 1)™)H,, . 2"t
() = (=289 @) + (0 = (= 1) o

—((n+ 1™ =™ H,z" " + az’® 4+ (—1)™bz.
Substituting this into (2.12), we obtain

1

S0m) () P {aﬁ + (=1)™bz — (n+ 1)™H,2"" — (n — 1)™H,, 2™ !
_ ann+2xn+2 + Z <m> (1,3 . (_z)j)Sémfﬂ(x) ,
. J
j=1
as desired. This completes the proof. O
Setting * = 1 in Theorem 2.5, we obtain the following recurrence about the Brousseau

weighted sums of the generalized Padovan numbers:

Corollary 2.6. For all integers n,m > 1, the following identity holds:

Zr’"H (n+1)"Hy, + (n—1)"Hpoy + 0™ Hppo —a— (—1)™b

o) (S om)
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In particular,

Y P =(n+1)"Py+ (n—1)"Pypy 40" Paya — 1= (=1)"
r=1

N § (2.14)
S0
j=1 r=1
N Qe = (n+ 1) Qu + (0 — 1) Qust + 1™ Qusz — 3
! - § 2.15)
- -0 ().
j=1 r=1
and
Z""mvr Z(TL + l)mvn + (TL - l)m‘/nJrl + annJrZ -1
= (2.16)

() (5)

Likewise, setting + = —1 in Theorem 2.5, we obtain the following recurrence about the
alternating weighted sums of the generalized Padovan numbers:

Corollary 2.7. For all integers n,m > 1, we have

S (=0 Hy =(=1)"[(n+1)"Hy + (n = )™ Hpyy =™ Hypa] —a— (=1)"b

-Sa+-29)(7) (il(l)rrmﬂ'm)-
In particular,

S (=1 P =(=1)"[(n+ 1)" Py + (n = 1) Poyy = 0" Poig] — 1 = (=)™

r=1

. (2.17)

S5 (1 (-2)) (") (Zevmn),

r=1

! . . (2.18)
S+ (M) (e,
7j=1 r=1
and
S (=D =(=D)" [(n+ 1)"™Vo 4 (0= 1)V = 0" Viia] — 1
! 2.19)

m ] m n )
S+ (M) ().
j=1 J r=1
Example 2.8. If we put m = 1 into (2.14), we get

n

ZTPT:(n+1)Pn+(n_1)Pn+1+npn+2_3zpr-

r=1 r=1
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Now using (2.4), this becomes

n

Z rP,=(mn—-2)P,+(n—4)P,i1+ (n—3)P,12+09. (2.20)

r=1
By setting m = 2 in (2.14), we obtain

n

> rPo=(n+1)Py+ (n—1)Poyy +n*Pyn—2— <6er SZP>

r=I1 r=1 r=1

Substituting (2.4) and (2.20) yields
> 1P = (n® —4n+16)P, + (n* — 8n +28) iy + (n” — 6n + 21) Py — 65.
r=1

Similarly, we have

er (n® — 6n> + 48n — 170) P, + (n® — 12n* 4 84n — 298) P4,

+ (n® —9n? + 63n — 225) P, 1, + 693,

and so on.
Setting m = 1,2, ... in (2.15) in succession and using (2.5), we get

n

ZTQT = (n - 2)Qn + (n - 4)Qn+l + (’I’L - 3)Qn+2 + 12;

r=I1

Z Q. = (n* —4n +16)Q,, + (n* — 8n +28)Qns1 + (n* — 60 +21)Q, 12 — 90,

Z Q. =(n® — 6n* 4+ 48n — 170)Q,, + (n* — 12n + 84n — 298)Q,.+1

+ (n® — 9n? + 63n — 225)Q, 12 + 960,

and so on.
Similarly, setting m = 1,2, ... in (2.16) in succession and using (2.6), we get

er )V, + (n— )V + (n = 3)Vga + 5,

> 1V = (n? = 4n+ 16)V,, + (n® — 8n + 28) Vit + (0 — 61+ 21)V; 4 — 37,

Zﬁv (n® — 6n® +48n — 170)V,, + (n® — 12n* + 84n — 298)V,, 4

+ (n® = 9n% + 63n — 225)V,45 + 395,

and so on.

Example 2.9. When we put m = 1 in (2.17), we get

n n

S (=1)rP = (=1)"[(n+ )P+ (n = 1)Poyy — nPoia] + > _(=1)"P,.

r=1 r=1
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Now using (2.8), this becomes
S (=1)rP= (1) [(n+2)Py +nPoii — (n+ 1)Pyya] — 1.

If weletm = 21in (2.17), we get

n

r=1

Applying the identities (2.8) and (2.21), this becomes

n

Z(—I)TTQPT =(-1)" [(n2 +4n)P, + (n* —4)P,yy — (n® +2n — 3)Pn+2] + 1.

r=1

Similarly, we have

S (=1 P =(=1)"[(n® + 60> — 22)P, + (n® — 12n — 6) Py

— (430> = 9n — 17)P,n] + 11,

and so on.
If we putm = 1,2,...1in (2.18) in succession and use (2.9), we obtain

n

Z(_I)TTQT = (_l)n [(n + Z)Qn + nQn+1 - (n + 1)Qn+2] —4,

r=1

D Q =(=1)" (0 4 4n)Qu + (07 = 4)Quat — (0 + 21 — 3)Qn 2]

S PQr =(- ) [0 + 60>~ 22)Qu + (0 — 120 — 6)Qu

— (0* +3n* = 9n — 17)Qu42] + 32,

and so on.
Similarly, if we putm = 1,2,...1in (2.19) in succession and use (2.10), we obtain

i(—l)’“rVT = (=D)"[(n+2)Vo +nVypq — (n+ 1)Vpsa] — 1,

r=1

n

_67

Z(—])TT‘Z‘/; =(-1)" [(n2 +4n)V, 4+ (n* = 4)Vpyy — (n® +2n — 3)Vns2] — 3,

r=1
S (=1 =(=1)"[(n? 4 607 = 22)V,, + (n® — 120 — 6)V;uy

— (0430 =9 — 17)V,12] +5,

and so on.

221

S =1 =(=1)"[(n+ 1)*Pu + (n = 1)*Poyy = 0’ Prya] — 242 zn:(q)rm



On Weighted Sums of Padovan, Perrin, and Van der Laan Sequences 351

2.3 Sums with rising and falling powers

By substituting specific values for x, a wide range of new identities associated with Padovan,
Perrin, and Van der Laan numbers can be discovered. Let’s examine a few instances.
If we set x = 2 in (2.2), we obtain

11- Z 2"H, =2"""(4H, + Hpy1 + 2H,42) —2(4a+b+2¢c).  (rising powers of 2)
In particular, we have the following identities:

11-) "2"P, = 2" (4P, + Poy1 +2Pn12) — 14,

r=1

11- ZZT =2""(4Qn + Qui1 +2Qu42) — 32,

11- er = 2" 4V, + Vst + 2Vig0) — 12,
Likewise, if we set x = % in (2.2) and then multiply through by 2", we obtain
5. Z 2"""H, = (a+4b+2c)-2" — (H, +4H,41 +2H,42), (falling powers of 2)

and hence

5-) 2"TP. =7-2" — (Py+4Poi1 + 2P, 12),
53 2777Qr =7-2" — (Qu +4Qui1 +2Qun12),
r=1

53 2"V, =3-2" — (Vo + 4Vt +2Vipa).

r=1

3 Infinite Sums

For each non-negative integer m, consider the power series
oo
> rMHa” (3.1
r=1

where (H ”)n> o 1s the generalized Padovan sequence. By applying the ratio test, it can be con-
cluded that the power series (3.1) will converge (absolutely) for all non-negative integers m

and for all = within the interval (%1, %) where p = {/é +4/ 3+ {/é — /& Note that

| —a?— a3 £ 0forallz (;1,1).

PP

Theorem 3.1. If x € (’71, %) then we have

ax —l—cm—l—b)

In particular,

— 1—a22—2a3
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1—22—23

r=l1
and
o0
r x? + 23

ZVM = 2_ .3

1—=z T
r=1

Proof. Since the power series on the left-hand side of (3.2) converges for all z € <‘71, %) it

follows that H,x™ — 0 as n — oo. Now, the identity (3.2) follows by letting n — oo in
2.2). O

b
(c = a)a” EOT T (see [14, Lemma 2.1]) for the
o

generalized Padovan numbers can be retrieved by adding Hy = a on both sides of (3.2).

Note that the generating function f(z) =

Theorem 3.2. If x € (_71, %), then for all integers m > 0, we have

m ro_ - m _(_ m—j r
Tzz:lr Hyw Tl — g2 — o3 [ax—l— bx—O—Zx (J)(;r e >} G-3)
In particular,

m 1 “ m - m—j T
Zr P.x" l—xz—aﬁ{x_‘_ gx— — <j)<;r JPT:K)}
G m r 1 3 - 3 j m S m—j r
ZT er :ﬁ 355 +Z(£U _<_2)) . ZT QT:E )
r=1 r r j=1 J r=1
and
1 = : —
ZrmVat s - [m3+2(m3—(—2)3)<7;)(27“m TV, )]
j=1 r=1

Proof. From Theorem 2.5, we have

~ 1
ZrerxT Sl g {a;ﬁ + (=1)™bx — n™ Hy, 02" — (n — 1)™ H,p 12!

—(n+1)"H,z" " + Z (2 = (-2)7) (m) (Z rm_jHTxT)] . (34

° J
j=1 r=1

We will prove (3.3) by letting n — oo in (3.4). Since the power series on the left-hand side of

(3.3) converges for all integers m > 0 and x € (’71, %), it follows that n™ H,x™ — 0 as n — oo.

Then

n"Hy 2" = ((n+2) - 2) " Hpy g™ t?
— Z T) n+2)"" H, 2" 0,

<.
I
(=}

as n — oo. Likewise,
(n—1)™H, 2" -0, and (n+ 1)"H,z"" -0,

as n — oo. Therefore, the identity (3.3) follows by letting n — oo in (3.4). O
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Corollary 3.3. If z € (*71, %) then

= . br+2cx®+ (3a+b)z® + 2bx* + (c — a)x®
g rH.x" = .
(1—22— 232

In particular,
- . T+ 227+ 423 + 22°
Z rP.x" = ,
(1— 22— 23)?
496 + 923 — 2
ZTQT T2
and

> . 22?4327
> Vel = -

Proof. Setting m = 1 in (3.3) and using (3.2), we get
S r 1 3
;THTQ: I — [ac +2) (ZH$>+CLZ‘ —bx}

B 1 3 azr’ + cx® + bz 3
{7 5 [(m +2>(1—x2—x3 )Jraw —bm]

bz +2cx? + Ba+ b)z? + 2bat + (¢ — a)a?
- (1— 22— 23)2 :

This completes the proof. O

3.1 An algorithm for finding the infinite sums

For all integers m > 0, we define

o0
= Z r" P’
r=1
o0
=g
r=1

and

oo
= Z r"Vex".
r=1
(m)

Then, by Theorem 3.1, we obtain the following algorithms to find the sums S (z), So" (),
andS‘(/)( )forallxe( 1)'

Tp

0 T+ 2% + 2°
S0 = T
SV (z) = Hi: ' )SY (@), i=1,2,...,m
P 1 l'z—m’; — ] ’ Pt ) )
2

0, _ 2x°+3x
SQ( ) l_xz .1'3’
Sg (@) = 1_xz [396 +Z() ~2)7) 5 “<x>},z:172, m;
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1 —a2—2%

B 1 e N\ alieg .
S‘(/)(:L‘):W|:13+Z<]> (x3_(_2)‘])5€/ j)(x):|,Z: 1,2,...,77’7/.
Jj=1

SV (x) =

=11

For example, when z = % S ( f), we obtain

PP
P 104 Q. 134 O
Z:: S 25 &S Z::
12D, 2576 o~ 1Q, 3546 =17V, | 1464
2 12574 20 1257 4 2 1250
3P 94016 o 17Q, 130286 =1V, 53624
2r 625 2r 625 2r 6257
r=1 r=1 r=1
P, 4565408 i Q. 6323418 =1V, 2601912
2r 3125 2r 3125 T4 2r o 3125
and so on. Similarly, if z = —% € (’71, f) then we have

i )P 24 (=)@ 6 = (=1)rV, 8
T 49 2r 49’ 2r 49°

r=1 r=1 r=

|
i( 2P 272 &K (-1)rQe 558 i ) 2v _ 40

2" T 3437 2r T 3437 343’

r=1 r=1

i( D3P 3840 o (—1)7°Q, 18894 i(—l)w V. 4600

22401 &= 2401 & 21 2401°
i (=Dt P 29024 N (—1)'r'Q, 485790 O~ (=1)"rV, 168424
~ 2 168077 &= 2r © 1680774 2r 16807
and so on

4 Conclusion

In this article, we presented a new recurrence formula for the finite sum Y, 7™ H,.z" associated
with the generalized Padovan sequence, for all integers m,n > 1, provided 1 — 22— 3 # 0.
This formula yields numerous identities for sums involving the Padovan, Perrin, Van der Laan,
and many more sequences. Furthermore, it provides a method for calculating the sum of the
Padovan-type power series. The approach used to obtain these findings can also be applied to
similar series. In future work, we intend to find an explicit polynomial expression for the sum
>on_, r™H, for all integers m > 0.
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