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Abstract. In this paper, we introduce the notion of a polar ideal of a pseudo ring and investigate its
related properties. We prove that the polar of an atom forms a maximal ideal. And also, we establish
a one-to-one correspondence between the set of atoms and the set of all maximal ideals of an atomic
pseudo ring. Further, we prove that every pseudo ring R is isomorphic to the direct product of quotient
pseudo rings R/I and R/I* for a suitable ideal I.

1 Introduction

It is MH-Stone [7] who has shown that the class of Boolean algebras and the class of Boolean rings with
unity are equivalent. The notion of Boolean rings has been generalized in many ways by many authors.
p-rings by MeCoy,[5] Regular rings by Neumann,[8] BZS rings by M. Farag [3] and pre-p-rings by A.
Yaqub [9] are a few ring theoretic generalizations. Chajda and Ldnger in [2] introduced the notion of
pseudo rings, which are generalizations of Boolean rings. It is clear that a pseudo ring is not even a ring;
it is a generalization of a Boolean ring. The notion of ideals is introduced and studied in pseudo rings
by the authors in [6]. For some related study see [4], [1]. In this paper, we introduce polar ideals and
study their properties. We obtain the relations between polar ideals and maximal ideals. We prove that
the polar of an atom is a maximal ideal. Also, we establish that there is a one-to-one correspondence
between the set of all atoms and the set of maximal ideals of the atomic pseudo ring.Finally we show
that every pseudo ring can be expressed as the product of quotient pseudo rings.

2 Preliminaries

Definition 2.1. [2, Definition 3.1] A pseudo ring is an algebra R = (R, +,-, 1) of type (2,2, 0) satisfy-
ing the following axioms:

P (zy)z = z(yz);

P xy=yzx;

P xl=uxa

Py 1+ (1+4+2)=u
Ps. 20=0;

Po. (I+z(l+y)(1+y)=1+y(l+2)(1+2);
P 1+ (IT+x(l+y)(1+y(1+2) =2+y;

where 0 denotes the element 1 + 1.
Remark 2.2. Commutative of '+’ follows from (P») and (P).

Definition 2.3. [2] Define x < y for any two elements z,y € R if and only if x and y satisfy the
condition (y + 1)z = 0.
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Proposition 2.4. [2] The following proprieties follow directly from the definition.
Ni. z(x+1)=0, VzeR.
Ny, y1+0)=y, Yye Rand1+0=1.
N3. z+4+0=u=z.
Ny. Char R = 2.
Remark 2.5. From P; of definition 2.1 it can be concluded that z(1 + (y + 1)z) = y(1 + (z + 1)y).
Definition 2.6. [6] Let I C R. I become an ideal of R if and only if the following holds.
(i) 0el.
(i5) 1+@+1D)(y+1)el forevery z,y€l.
(i6) Forany x € Randy € I,x <y =z € I).
Proposition 2.7. [6] I is an ideal of R if and only if the following holds:
(i) 0el,
(i) 1+ (x+1)(y+1)el forevery z,yel,
(i9) (y+Dz,yel= zel.

Definition 2.8. [6] Let P be a proper ideal of R. If P is prime then for all z,y € Reithertx(y + 1) € P
ory(z+1) € P.

Definition 2.9. [6] A proper ideal M of R is called maximal if and only if x € M or x + 1 € M but not
both for every x € R

Definition 2.10. [6] Let R, and R, be two pseudo rings. A pseudo ring homomorphism is a mapping
¢ : Ri — R, that meets the following conditions:

2) plz-y) =p()- o),
3) plz+y) =)+ ply) forevery z,y € Ry.

Theorem 2.11. [6] Let ¢ : Ry — R; is a pseudo ring epimorphism. If I is an ideal of Ry and ker(p) C
I, then o(I) is an ideal of R,.

3 Polar ideal of a pseudo ring
We begin with the following

Proposition 3.1. If R is a pseudo ring, then for all x, y, z € R the following properties hold:
i x <y ifandonlyif 1 +y <z -+1;
i. if e<y= 1+@+1)Ez+1)<1+y+1)(z+1);
ii. ifx <y, then xz < yz.
Proof.  i. Suppose x < y, then (y+ 1) = 0. From P; it follows that ((x+1)+1)(1+y) = 0. Hence

1 +y < 14 x. Conversely, suppose 1 +y < 1+, then 0= ((z+ 1)+ 1)(1 +y) = z(1 +y).
Thus z < y.

ii. Let z < y. Take 2 = y(1 + z). Theny = 1
r<1l+@+1)z+1)=y<l+(y+1)(z+
1+ (y+D(z+1).

+ (x + 1)(1 + z) by Py and Ps. This implies
1) forany z € R. Hence 1 + (z+ 1)(2 + 1) <

iii. Letx,y,2z € R, withz < y. From proposition 3.1 (i), wehavez <y = y+1 <z +1, applying
the result in (ii) to this result, we obtain 1+ ((y+1)+1)((z+1)+1) <1+ ((z+1)+1)((z+
D4+1), ps =14+yz<l+zz = x2z<yz, Vz € R.

o
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Definition 3.2. A non zero element / of R is called an atom if (h+1)z = 0, then eitherz = 0 or x = h.

Remark 3.3. For any atom h of R, h™ = hforalln € Z*.

Proposition 3.4. Let h be an atom of R, then h < x if and only if h = hz.

Proof. Suppose h < x. Then by Remark 3.3 and Proposition 3.1(iii), h?> < hx = h < ha. Hence
h = hx. Conversely suppose h = hz. By definition 2.3 it follows that h = ha < x. O

Proposition 3.5. For any atoms h,hy, hy € R, the following are true:

i)
ii)
iii)

iv)

If x be any non-zero element of R, either hy < x orhy < x + 1;

Either hy = hy or (1 + (ha + 1)hy) = 0;

Forany a,b € Rwithhy <1+ (a(b+ 1)+ 1)(b+ 1), either hy < a or hy < b;
Leth <1+ (hy 4+ 1)(1 + hao(hy + 1)), then h = hy or h = h;.

Proof. i) Consider (1 + (z + 1))h; = xh,. Clearly by Definition 2.3, zh; < hy, by the definition of

i)

iii)

iv)

an atom it follows that zhy =0 or xh; = hy. If xh; = 0, then hy <z + 1. If zh; = hy, then by
Proposition 3.4, h; < z.If hy <z and h; < xz + 1 at the same time,then by Proposition 3.4 and
Definition 2.3, h; = hjz = 0. This contradicts the fact that h; is an atom. Hence either h; < x
or hy <z + 1 not both.

Assume hy # hy. Clearly hy(1+ (hy+1)hy) < hy. Since hy, h, are atoms, hy (14 (ha+1)h;) =0
or hy = hi(1 + (14 ho)hy). If by = hi(1 + (1 4 hy)hy) from Remark 2.5, hy(1 + hy(hy +
1)) = ha(1+hy(hy+1)) = hy. This contradicts the fact that hy # h,. Thus k(1 + (hy+1)hy) =
0.

Leth; <1+ (a(b+1)+1)(b+1).Ifb=0,thenh; <1+ (a+ 1) = a. Assume b # 0. It is clear
that b(1 + (hy + 1)b) < hy, Since h; is an atom b(1 + (hy + 1)b) =0 or b(1 + (hy + 1)b) = hy.
If (1 + (hy + 1)b) = 0, then by Remark 2.5, Definition 2.3 and Proposition 3.4 respectively,
h1 < b+ 1 by Proposition 3.1 it follows that, h;(a(b+ 1) + 1) < (a(b+ 1) 4+ 1)(b + 1). Hence
hi <b+1=hi(alb+1)+1) < (alb+1)+1)(b+1)=h <1+ (aldb+1)+1)b+1) <
L+hi(ab+1)+1) = h¥a(b+1)+1)=0= h; <a(b+1) < a. Asaresult h; < a and
hy <b+ 1.1f b(1+ (hy + 1)b) = hy, then hy < b. The same is true if a = 0 and a # 0. If both
a # 0 and b # 0 at the same time, by (i) either oy < aorh; <a+1landh; <borh; <b+1. We
need to show the case when h; < a+1land hy < b+ 1.If by < a+ 1, then hya = 0. Similarly
hib = 0. Since by < 14+ (a(b+1)4+1)(b4+1) = h1(a(b+1)+1)(b+1) =0 = hy(b+1) < a(b+1).
By Proposition 3.4 and Proposition 3.1 (iii) 21 (b+ 1) < h1a(b+1) =0(b+1) =0= h; < band
similarly h; < a. This contradicts the fact in (i). Thus h; < a+ 1 and h; < b+ 1 does not hold at
the same time.

Leth <14 (h1 + 1)(1 + ha(hy + 1)). By Definition 3.2 and (iii), it follows that either h = h; or
h = hs.
O

Definition 3.6. Let X be a non-empty subset of R. Then the set X+ = {y € R: y(1+ (z + 1)y) =
0, Vz € X} is called a polar of X in R.

Theorem 3.7. Let X be a non-empty subset of R. X is an ideal of R.

Proof. i. Clearly 0 € X+.

ii.

iii.

Let a, b € X*. By Remark 2.5 and definition of polar, it follows that 2(1 + (a + 1)x) = a(1 +
(x4 1)a) = 0. By Definition 2.3, = = (a+ 1)z. Consider (1+ (a+1)(b+1))[1+ (z+1)(1 +
(a+1)(b+1))] =z(l4+z(a+1)(b+1)) by Remark 2.5. It follows that z(1 + z(a +1)(b+ 1)) =
z(14+2(b+1))=0.Hence | + (a+1)(b+1) € X*+.

Leta € Rand b € X+ with a < b. By Proposition 3.1 (i) and (iii) (b+ 1) < z(a+ 1). By similar
proposition and steps z(1 + (a + 1)z) < z(1 + (b+ 1)z). By Remark 2.5 a(1 + (z + 1)a) = 0.
Hence a € X+.

|

Theorem 3.8. If X C R, then the following are true.
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i IfXNX+#0, then X N X+ = {0}
i. X C Xt

Proof. 1. Let XN X' # (). Then there exists x € X and x € X+ suchthat z = z(1+ (z+1)z) =
0= XnX*+=/{0}.
ii. Letx € X. It follows that for all a € X, by Remark 2.5, a(1 + (z+ 1)a) = z(1 + (a+1)z) = 0.

Thus z € X1+,
o

Proposition 3.9. For every non-zero ideal I of R, I is a proper subset of R.

Proof. Assume I is not a proper subset of R. It follows that 1 € I+ = a=1-(1+(a+1)-1) =0,
forall @ € I. Implies a = 0, Va € I = I = {0}. This contradicts the fact that I # {0}. Thus I+ is
proper subset of R. O

Proposition 3.10. Let P be a non-zero prime ideal of R. If P+ # {0}, then P = P+,

Proof. Letzg € P+, It follows that a(1+ (z9+1)a) = 0, Va € P+. Since P+ # {0}, in particular let
a # 0. AsPis prime, either zo(a+1) € P or a(xo+1) € P.If a(xo+1) € P,since a(1+4(zo+1)a) = 0,
a = a(l + (a(wo + 1) + 1)a) = 0 which contradicts the fact that a # 0. Hence zo(a + 1) € P. If
zo(a+ 1) € P, then a(l + (zg + 1)a) = 0 € P. This implies that by Remark 2.5 and Proposition 2.7,
xo € P. Thus by Theorem 3.8 (ii) P = P+, ]

Proposition 3.11. Let I be an ideal of R. If I'* is a prime ideal, then I is totally ordered.

Proof. Let x,y € I. Since I is prime, either x(y + 1) € I+ or y(x + 1) € I+. Since 1 is an ideal,
if x(y + 1) € It then by Theorem 3.8 (i), z(y + 1) = 0 = 2 < y. Similarly, if y(z + 1) € I+, then
y <. o

Lemma3.12.2 € ht ¢ x=(h+ 1)z o h=(z+ 1)h.

Proof. By Definition 3.6, and Definition 2.3, it follows that x = (h + 1)z. Similarly in addition using
Remark 2.5, we have z € ht < h = (z + 1)h. O

Theorem 3.13. The polar of any atom h in R, denoted by the symbol h™, is a maximal ideal of R.
Proof. Follows from Theorem 3.7, Proposition3.5(i) and Definition 2.9. O

R is called an atomic pseudo ring if, for every non-zero element = € R, there is an atom h € R such
that h < x.

Theorem 3.14. An atomic pseudo ring R contains an atom h ¢ M such that h* = M for any maximal
ideal M of R.

Proof. Let M be a maximal ideal of R with = ¢ M. It follows that « # 0. By Proposition 3.5(i), for
each atom h € R either h < x or h < z + 1. For the case h < = + 1, it follows that hz = 0. Thus x is
an atom different from h or there is an atom b’ # h such that b’ < z. If x is an atom, let y € z*. Then
y(1 4+ (x + 1)y) = 0 € M. Since M is maximal, by Definition 2.3, Definition 2.9 and Proposition 2.7,
y(z +1) <x+ 1€ M it follows y € M. Hence by Corollary 3.13, we have z- = M.

If x is not an atom, then there is an atom A’ € R such that A’ < x. Thus the following case will
demonstrate it. For the case h < z, lety € h*. It follows y(1 + (h + 1)y) = 0 € M. Since maximal
ideal is prime, either y(h + 1) € M or h(y + 1) € M. Thus by Remark 2.5 and Proposition 2.7, either
y € M orh € M. Since h ¢ M, it follows y € M. Hence h* = M. O

Corollary 3.15. Let A«(R) be a set of all atoms of an atomic R and Idy (R) be a set of all maximal
ideals of atomic pseudo ring R. Then there is a one-to-one correspondence between A{(R) and Idy;(R).

Note. The intersection of any family of ideals of R is an ideal. Let H be a subset of R. Then the
intersection of all ideals I O H is the smallest ideal containing H and is denoted by < H >.

Lemma 3.16. Let the map ¢ : Ry — R, is an epimorphism, then the following properties holds.

a. If h is an atom of Ry, then [h] is an atom of Ry/ker(p). Where [h] is the equivalence class
determined by h with respect to ker(p).
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b. If [h] is an atom of Ry /ker(p), then ¢(h) is also an atom of R;.
c. If M is the maximal ideal of Ry and ker(p) C M, then (M) is the maximal ideal of R;.

Proof. Let the map ¢ : Ry — R, be an epimorphism.

a. Suppose his an atom of R;. Let ([h]+[1])[t] = [0] with [h] # [t]. As aresult we have ¢((h+1)t) =
0= (h+ 1)t € ker(p). If (x4 1)t =0 € ker(p), then either x # t or x = t. If z # t, then
t = 0. This implies [¢] = [0]. If x = ¢ = [z] = [t] contradiction.Therefore [z] is an atom of
Ry /ker(yp).

b. Clearly f : Ry/ker(¢) — R, defined by f([z]) = ¢(z) is an isomorphism. Hence [z] an atom of
Ry /ker(p) = ¢(x) is an atom of R,.

c. Let M be maximal ideal of Ry and ker(yp) C M. By Theorem 2.11 (M) is an ideal of R. Assume
(M) is not maximal ideal of R,. Then there is J ideal of R, suchthat o(M) C J C Ry = Jy € J
and y ¢ p(M). Since y is in R, and ¢ is an onto map, there is t in R; such that ¢(t) = y and t is
not in M. Since M is maximal ideal of Ry = < M U{t} == R = 1 e<x M U{t} == 1€ ¢o(<
MU{t}=)=1eJ=J=R,.

O

Theorem 3.17. The polar of the homomorphic image of an atom is a maximal ideal if it contains its
kernel.

Proof. Follows Theorem 3.13 and lemma 3.16. O

Corollary 3.18. If ¢ : R — R, be onto homomorphism with ker ¢ C h™ for an atom h € R, then
p(ht) = (p(h))*

Definition 3.19. Two ideals I and J of R are said to be adjacent if I N J+ # {0} and J NI+ # {0}.
Proposition 3.20. I and J are adjacent ideals of R if and only if I+ # J=+.

Proof. Suppose I and J are adjacent ideals of R. Thus I N J+ # {0} and J N I+ # {0}. Leta €
INJt = a € Ianda € J+. Hence a(l + (z + 1)a) = 0 for all z € J. In particular if a € J,
then it follow from Theorem 3.8 a = 0. This contradicts the fact that 7 N J+ # {0}. Conversely
suppose I+ # J+. Assume I and J are not adjacent. This implies I N J+ = {0} and J NI+ = {0}.
Letz € It . Ifz ¢ Jt, then 2(1 + (a + 1)z) = Oforalla € I and z(1 + (y + 1)x) # O for
some y € J. Since J and I+ are ideals y(1 + (z + 1)y) € J and (1 + (y + 1)x) € I+ It follows that
z(1+(y+1)z) € JNI+ = {0} = 2(1+(y+1)x) = 0. This contradicts the fact that z(1+(y+1)x) # 0.
Thus I and J are adjacent. O

Similar results also hold in the annihilator ideal graph of a lattice for example see [4].
Theorem 3.21. Every polar of a non-empty subset of R is a metric ideal.

Proof. Let X be a non-empty subset of R and a € X+ witha®0 < y®0, for some y € R. This implies
a+1<y+lez(l+@y+Dz) <z(l+ (a+ 1)z), forall x e X.Itfollows from Remark 2.5
and Definition 3.6, y(1+ (z+ 1)y) = 0forall z € X. Thus y € X . Therefore by Definition 4.1 [6]),
X+ is a metric ideal. O

Proposition 3.22. Let I and J be a metric ideal of R. Then the following holds:
i (TuJ)t=I1tnJt;
i. ItuJtCc(InJ)*t.

Proof. i. Letx € (I U J)*. The definition of polar implies that (1 + (a + 1)z) = 0 for all a €
I U J. In particular #(1 + (a + 1)z) = O for all @ € I. Hence z € I+. And similarly x € J+.
Thus z € I+ N J+. Conversely let z € It N J+. Implies » € I+ and x € J*. It follows that
z(l+(a+1)x) =0foralla € I and z(1+ (b+1)z) =O0forall b € J. Hence z:(1+ (a+1)z) =0
foralla € TUJ. Thus (TUJ)t =TI+t nJ+.

ii. Letx € I+ U J+. It follows either z € It orz € J+. If z € I+, then 2(1 + (a + 1)x) = 0 for all
a € I'-. In particular z(1 + (a + 1)z) = 0 forall @ € (I N J). Hence = € (I N J)*. Similarly if
z€Jh thenz € (INJ)% Thus XU JE C (1N J)L.

o
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Lemma 3.23. Forany z,y,a,b € R, (z+1)(a+1)(1+(y+1)(b+1)) < 14+(1+(z+1)y)(1+(a+1)b).

Proof. Consider (x + 1)(a + 1)(1 + (y + 1)(b + 1))[(w + 1)y + 1)((a + 1)r 4+ 1)]. By Definition
20, (z+ e+ )1+ (y+Do+1)[(z+ Dy+D((a+ 1o+ 1)) = (z+ 1)((x + Dy + 1)(a+
D((a+Db+1)[1+(y+1)(b+1)] = (y+1)((y+l):c+1)(b+1)((b+1a+1)[1 (y+1)(b+1)] =
(y+ Dz +D((b+Da+ Db+ D(y+ D1+ (y+1)(b+1)] =0. o

Lemma 3.24. Let I be an ideal of R. If v +y,a+b € I, then (x + 1)(a+ 1)+ (y+ 1)(b+1) e I

Proof. Let x + y,a + b € I. By Definition 2.6, 1+ (z + )(a+b+1) € I. By Lemma

323, (e+ D@+ +@+H0+1) <141+ (z y)(1 4+ (a + 1)b). And similarly

W+ Db+ 1)1+ @+ 1)(a+1) <14+ 1+ (y+ Dz)(1 + 1)a). Thus by Proposition 3.1,
(

)
(z+Da+1)+y+1)b+1) <1+ (z+y+1)(a+d+1). O
Lemma 3.25. Ift +y,a+ b€ I, Thenz-a+y-bel.

Proof. Sincez +1+y+1=x+ye landa+1+b+1 € I. By Lemma 3.24, it follows that
z-at+y-bel. O

Definition 3.26. Let I be an ideal of R. Define a € R, a/I = {z € R: z + a € I} and hence for any
a,be R, a/I=0/Tifandonlyifa+0be 1.

Notation: ¢/ =a+ 1 = a.
Theorem 3.27. If I is an ideal of R, then R/l is a pseudo ring withx /I1+y/I = x+y/l z/I-y/I = z-y/I.

Proof. First, we need to show the operations are well-defined. Define a/I + b/I = a + b/I and
a/I-b/I =a-b/I. Letx,y,a,b € R suchthat z/I = a/I and y/I = b/I. By Remark 3.1 [6] and
Definition 3.26, x+a+y+b e I.Itfollowsthatz/I+y/I =x+y/I =a+b/I =a/I+b/I. Since
x/I =y/Iand a/I = b/I, implies by Definition 3.26, v +y,a+b € I. By Lemma3.25z-a+y-b € I.
Hence x-a/I = y-b/I. Verifying the axioms P; through P; of a pseudo ring is straight forward. Hence
R/I is a pseudo ring. O

Theorem 3.28. Every pseudo ring R is embedded into a direct product of the quotient pseudo rings R/ I
and R/I+ for any ideal I of R.

Proof. Define ¢ : R — R/I x R/I*+ by ¢(z) = (z/I,x/I+). Clearly ¢(1) = (1/I, 1/I+). Consider
plz+y) = (x+y/La+y/T") = (a/1,a/T") + (y/1,y/T") = p(z) + ¢(y)-

ple-y) = (x-y/La-y/It) = (/I -y/Ta/T--y/TT) = (2/Lx/T") - (y/I,y/T+) = p(x) - o(y).
Hence ¢ is homomorphism.

Let z € ker(yp). It follows that p(z) = (z/I,xz/I+) = (0/1,0/I+). Implies x € I and € I+. By
Theorem 3.8, x = 0. Thus ¢ is one-to-one. O

Theorem 3.29. Let [ be an ideal of R. Define ¢ : R — R/I x R/I*+ by p(x) = (x/I,z/I') is an
isomorphism.

Proof. Clearly (1) = (1/1, 1/I*). Consider p(z + y) = (z + y/I,z + y/I+) = (z/L,z/I+) +
(w/Ly/1") = p(x) + ¢(y).
pla-y) = (v -y/La y/I") = (e/I-y/La/I* y/T") = (x/I,2/T) - (y/1,y/T") = (z) - (y).
Hence ¢ is homomorphism.
Let x € ker(yp). It follows that p(z) = (z/I,xz/I*) = (0/1,0/I+). Implies x € I and x € I+. By
Theorem 3.8, x = 0. Thus ¢ is one-to-one. Let (a/I,b/I*) € R/I x R/I*. If b € I,and a € I+
take y = a + b € R, such that ¢(y) = (a/I, b/I+). Suppose fora ¢ I orb ¢ I+. Assume {z € R :
r+ac€lIyn{z € R:z+bec It} = {0}. This contradicts the facts a ¢ I or b ¢ I*+. Hence
{reR:z4+acltn{z€ R:z+0be It} # {0}. Thus there is y € R such that y/I = a/I and
y/I+ =b/I+. Hence ¢(y) = (y/I,y/I*) = (a/I,b/I*). Thus ¢ is onto.

O

Theorem 3.30. Let H = {I : IUI+ = R for some ideal I of R}. Then R is isomorphic to the direct
product of a quotient pseudo rings R/I and R/I* for any I € H.

Proof. Clearly I = {0} € H. Thus A is non empty. Also, itis Clear that ¢(1) = (1/I, 1/I+). Consider
p(x+y)=(z+y/La+y/Ih) = (a/La/T") + (y/1,y/T") = o(x) + o(y).
p(x-y)=(z-y/La y/I) = (z/I y/Lx/T* y/I*) = (z/1,2/17) - (y/L,y/I") = () - o(y).
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Hence ¢ is homomorphism.
Let = € ker(yp). It follows that p(x) = (z/I,x/I+) = (0/1,0/I+). Implies x € I and z € I+. By
Theorem 3.8, x = 0. Thus ¢ is one-to-one. Let (a/I,b/I*) € R/I x R/I*. If b € I,and a € I+
take y = a + b € R, such that ¢(y) = (a/I, b/I*). Suppose fora ¢ Torb ¢ I+. Assume {z € R :
r+a€l}n{z € R:z+bec It} = {0}. This contradicts the facts a ¢ I or b ¢ I+. Hence
{reR:z4+acltn{z€R:z+0be It} # {0}. Thus there is y € R such that y/I = a/I and
y/I+ =b/I+. Hence ¢(y) = (y/I,y/I*) = (a/I,b/I1). Thus ¢ is onto.

O

Theorem 3.31. Every pseudo ring is decomposed into the quotient pseudo rings R/I and R/I+ for
some ideal I of R.

Proof. Follows from Theorem 3.30. O
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