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Abstract In this paper, we introduce and study the notions of statistical means and statistical
ratios. We utilize these concepts to develop statistical analogs of certain well established classi-
cal results, including Cauchy’s theorems on limits and Cauchy’s formula on limits. Additionally,
we present a statistical version of the squeeze principle for the convergence of real sequences.

1 Introduction

The concept of statistical convergence has been widely generalized and extensively studied in
Sfunctional analysis, leveraging statistical and number theory attributes. To develop the theory
of convergence of sequences, statistical convergence of sequences was introduced by Fast [12]
in a short note in 1951, exemplified as ’Convergence in density’ by Buck [5] in 1953, and inde-
pendently studied as a summability method by Schoenberg [25] in 1959. It is also contained in
Zygmund [30] (see lemma in p. 181) as almost convergence. Later, the investigation of statisti-
cal convergence from the perspective of sequence space and its connection to summability was
carried out by Connor [9], Fridy and Orhan [16], Kolk [18], Maddox [20], Rath and Tripathy
[23], Salat [24], Tripathy [26], Tripathy and Sen [28], and numerous others. In the literature,
statistical boundedness, statistical limit point, statistical cluster point, statistical limit superior,
statistical limit inferior and many more notions were independently introduced and subsequently
combined to enhance the field of summability theory over time. One can refer to ( [1], [2], [4],
[7],[8], [10], [11], [14], [15], [17], [19], [21], [27] and [29] ) for associated works in the field
of statistical convergence.

Statistical convergence relies on the pillar of natural density. The natural density of a subset
A of natural numbers is a measure of how "dense" or abundant the subset is within the set of
natural numbers. If the natural density of A is I(unity), it means that A contains a "large" pro-
portion of the natural numbers. Conversely, if the natural density is 0, it indicates that A contains
a negligible proportion of the natural numbers. Thus, the density of a subset of natural numbers
quantifies the relative abundance or "density" of the subset within the infinite set of natural num-
bers. The idea of asymptotic density (natural density), as discussed by Niven, Zuckerman, and
Montgomery [22], plays a crucial role in understanding the concept of statistical convergence.

Definition 1.1. ([22]): The asymptotic density (or simply natural density 6(A)) of a subset A of
N is defined as
1
lim —|{m <n:me A}|

n—oo N,
provided that the limit exists finitely, where ‘{m <n:me€ A}| is the cardinality of the set of

those elements of A which are less than or equal to n.

Clearly, all finite subsets of N have zero natural density; §(N) = 1. For a fixed natural
number k, §(kN) = . Additionally, 5(N¥) = 0, where N¥ = {1% 2% 3k 4k} and §(kN) =
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0, where kN = {k', k*, k*,k*, ... }. Furthermore, the density of the complement of A is given by
5(A¢) =0(N— A) =1 —8(A). It is to be noted that k > 2 is a fixed natural number.
We also present some other important definitions and results which will be used in the sequel.

Definition 1.2. ([6]): A subset A of the set N is said to be statistically dense if §(A) = 1. Set A
may also be referred to as a unital density set.

Lemma 1.3. (/6]):
(i) A statistically dense subset of a statistically dense set is a statistically dense set.
(ii) The intersection and union of two statistically dense sets are statistically dense sets.

Definition 1.4. ([13]): A given number sequence z = (z,,) is called statistically convergent to L
if for every € > 0,
§({meN: |z, —L| > €}) =0.

. stat. .
We write z,, — L or stat-lim,,, ¢ 2,,, = L.

Definition 1.5. ([13]): A sequence z = (z,,) is said to be statistically Cauchy if for every € > 0,
there exists ng = no(e) € N such that

S({m € N: |z, — 25| = €}) = 0.

Definition 1.6. ([3, 16]): A real number sequence z = (z,,) is said to be statistically bounded if
there is a number K such that

§({m eN:|z,| > K}) =0.
Lemma 1.7. (/25]): If D-lim z,,, = z and g(u), defined for all real u, is continuous at u = z,
then D-1im g(z,,) = g(2).
Using Lemma 1.7 and the definition of statistical convergence, we have the following:

Lemma 1.8. If stat-lim,,, , 2m = z and g(u), defined for all real u, is continuous at u = z,
then
stat-limy, 00 9(2m) = 9(2),

i.e., continuity preserves statistical convergence.

Fridy [13] and Salat [24] established some relations between statistical convergence and
convergence of sequences. We procure those results below.

Theorem 1.9. [Fridy 13] For a sequence z = (z,,), the following statements are equivalent:
(i) (zm) is a statistically convergent sequence;
(ii) (zm) is a statistically Cauchy sequence;
(iii) (zm) is a sequence for which there is a convergent sequence (y,,) such that (y.,) = (zm)

a.a.m.

Theorem 1.10. [Salat 24] A sequence (zm) statistically converges to L if and only if there exists
aset M ={m; <mp <---<my <--} CNsuchthat 6(M) = 1 and lim,,_, o, 2, = L.

In this paper, we introduce statistical arithmetic means, statistical geometric means, statisti-
cal ratios and statistical inequalities for real sequences. We explore these concepts and establish
significant results, which generalize classical results such as Cauchy’s first and second theorems
on limits, Cauchy’s formula on limits, and the squeeze principle, all of which are fundamental in
analysis.

In the second section, we introduce sequences of statistical arithmetic means and statistical
geometric means, generalizing Cauchy’s first and second theorems on limits, as well as Cauchy’s
Sformula on limits. Moreover, we introduce statistical inequalities, extending the existing squeeze
principle for real sequence convergence in the third section.

Throughout the paper, a sequence refers to a sequence of real numbers.
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2 Sequence of Statistical Means

Fridy [13] introduced the notion of “almost all m” (a.a.m.) as follows: If 2 = (z,) is any
sequence of real numbers satisfying a property P for all indices m of its terms, excluding a set
of indices having zero natural density, then one can say that z = (z,,) satisfies property P for
“almost all m”, and abbreviate it as a.a.m..

Using this notion, statistical convergence is redefined as follows: A real sequence z = (z,)
is statistically convergent to L if for a given ¢ > 0, |z, — L| < € a.a.m..

In this section of our work, we introduce the concept of a sequence of statistical means,
leveraging the notion of “almost all m”, which proves fruitful in generalizing some important
classical notions and results regarding the convergence of real sequences.

2.1 Sequence of Statistical Arithmetic Means

Definition 2.1. (Sequence of Statistical Arithmetic Means): Let z = (z,,) be any sequence of
real numbers such that z,,, satisfies some property P for “almost all m”. We construct a sequence
2" = (2],) as follows:

p {keM:1<k<m}]
m

Zm mé¢ M

where M = {m € N : z,, satisfies property P} and [{k € M : 1 < k < m}| denotes the
cardinality of the set {k € M : 1 < k <m}. Then 2’ = (z],,) is called the sequence of statistical
arithmetic means of the sequence z = (z,,) corresponding to M.

, _{ D keikem k meM

Example 2.2. Consider the sequence

71m 'f n
B L S T
m ifm=2"

No doubt, |zp,| < 1 a.am, ie, 2 = (z,) is statistically bounded. Here, the corresponding
dense set is M = {m € N : m # 2"}. The sequence of statistical arithmetic means of the
sequence z = (z,,) corresponding to M is given by

1 3 2 3
'Y= (=1,2,—1,4,—1,— =, —2,8,—=, —2....).
) ( Pt )Ty ) 27 5a8a 37 77 )

It is evident that |z],| < 1 forall m € M. As 6(M) = 1, 2/ = (z],) is also statistically
bounded. Thus, the present illustration demonstrates that the sequence of statistical arithmetic

means follows the same property of boundedness as its original sequence for a.a.m..

The question arises whether the sequence of statistical arithmetic means exhibits all the prop-
erties of its original sequence for a.a.m.. The answer is no, in light of Example 2.2., where the
sequence z = (z,) is not statistically convergent, but the sequence of its statistical arithmetic
means statistically converges to 0.

Another natural question arises: Is the sequence of statistical arithmetic means of a statis-
tically convergent sequence statistically convergent, similar to how the sequence of arithmetic
means of a convergent sequence converges in the ordinary sense? The answer is positive, and it
can be presented in the following form:

Theorem 2.3. The sequence z' = (z.,,) of statistical arithmetic means of a statistically conver-
gent sequence z = (zy,) is also statistically convergent with the same limit L, i.e., if

stat-lim,, ooz = L,

then
stat-lim,, 002, = L.
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Proof. Let z = (z,) be any real number sequence which is statistically convergent to L. Theo-
rem 1.10. assures the existence of a statistically dense set M such that lim,,,cps 2,, = L.

Let 2/ = (z/,,) be the sequence of statistical arithmetic means of the sequence z = (z,,), corre-
sponding to this M, defined as

m
Zk

7 k=l;k€e M
2y, = A Theda<kzmy MEM
Zm mé¢ M

In order to prove
stat-lim,,, 02, = L,

construct a sequence y = (y,) as follows:

_Jazm—L meM
Ym = Zm, m ¢ M.

As lim,, ¢ s 2, = L, therefore, lim,,,c s v, = 0. It implies
stat-lim;, — 0o Y = 0

due to §(M) = 1. Now z = (zy,) can be written as:

y7rL+L meM
Zm —
Ym m ¢ M.

Building upon it, 2’ = (z},) may be rewritten as:

k*l‘i::EAI(yk+L)
Zh, =S TEeMAZRZmy MEM
Ym m ¢ M
[{keM:1<k<m}|L k=lk€ M
= Terricham)] T TRy M e M
Ym m ¢ M
k 17: M Yr
=Lke
= L+ mranizizmy meM
Ym m ¢ M.

In reference to it, proving the given statement amounts to proving ¥/, statistically converges
to zero when

stat-limy,, oo Ym = 0,

where

m

k=l;ke M
Yr, = S TREMCIZESmy M EM
Ym m ¢ M.

As lim,, e ym = 0, so, for a given € > 0, there exists a non-negative integer py such that:
€
[ym| < 3 for all m(€ M) > po. 2.1)

As (yn,) is statistically convergent, it is necessarily statistically bounded. As such, there
exists a positive number ¢ such that:

lym| <t forallm e M. (22)
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By the use of the triangle inequality, we have

2 ktskent Yk < ! zm: ||
[{keM:1<k<m}||~ {keM:1<k<m}, &=
< - lyk| + Y|
{keM:l<k=m}| | &= k=po+1L:ke M

1
(keM:1<k<m)]

§| [{keM:1<k<po}t

+erwﬂpm+1§k§nﬁ%} for all m(e M) > po [By (2.1) and (2.2)]

ke M:1 <k <po} {keM:py+1<k<m}|e

T H{keM:1<k<m} HkeM:1<k<m} 2
|{keM:1§k§po}\t+E

“HkeM:1<k<m}| 2

(2.3)

Choose a positive integer p; such that

{keM:1<k<p}
{keM:1<k<m}

t< %, for all m(e M) > p;.

Taking p = max{po, p1 }, we have

Z;cnzl;keﬂf Yk
HkeM:1<k<m}

<e forallm(e M)>p [By(2.3)].

This implies
lim ¢/, = 0.
meM Ym
As 6(M) = 1, therefore, y/, statistically converges to 0. Hence, 2/, statistically converges to
L. This amounts to the stated result. O

Corollary 2.4. (Cauchy’s First Theorem on Limits): If any sequence z = (z,,) of real numbers
converges to L, then the sequence of arithmetic means of terms of the sequence z = (z,) also
converges to L, i.e., if

lim z, =L,

m— o0
then
N PR
B k; % =L
Proof. Taking M = N in Theorem 2.3., the result follows. O

2.2 Sequence of Statistical Geometric Means

Definition 2.5. (Sequence of Statistical Geometric Means): Let z = (z,,) be any sequence of
positive real numbers such that z,,, satisfies some property P for “almost all m”. We construct a
sequence 2" = (21 as follows:

1/q
N (H?]; Zk) me M

keM

Zm mé¢ M

where M = {m € N : z,, satisfies property P} andq = |[{k € M : 1 <k < m}|.
Then, the sequence 2" = (z//,) is called the sequence of statistical geometric means of the
sequence z = (z,,) corresponding to M.
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Theorem 2.6. If a sequence z = (z.,) of positive real numbers converges to a positive statistical
limit L, then so does the sequence 2" = (zI) of its geometric statistical means, i.e., if

stat-lim,, ooz = L,

then

stat-lim,, o0z, = L.

Proof. Let z = (z,,) be any sequence of positive real numbers which is statistically convergent
to L (L > 0). In view of Theorem 1.10., there exists a statistically dense set M such that

lim z,, = L.
meM

Let 2/ = (z!]) be the sequence of statistical geometric means of the sequence z = (z,,), corre-
sponding to this M, defined as

m 1 .
P (szl;keM Zk) /9 ifmeM
" zm iftm ¢ M.

Lett = (t,,) = (log 2,,). In view of Lemma 1.8.,
stat-1imy, — ooty = stat-lim,, oo 10g 2, = log (stat-lim,, 002 ) = log L.

Let ¢ = (t],) be the sequence of statistical arithmetic means of the sequence ¢ = (t,,),
corresponding to this M, i.e.,

z}'::]:keM tk .
v {{keM:1<k<m}| ifmeM

"\ tm ifm ¢ M

which can also be expressed as

Dktikem 022k -
v { Theari<hemy] HmEM
m

log Zm if m ¢ M
and hence
m 1 .
t/ — IOg (Hk:l;keM Zk) i itme M = log z” .
m 10g Zm, lf m ¢ M "

As a consequence of Theorem 2.3.,

5

stat-1im,,, _, oo t,,,

stat-lim,;, ooty = log L,

which implies that

"

stat-lim,,, _, o log z,,, = log L.

Now, using Lemma 1.8. and the continuity of the exponential function, we have
stat-lim,,, 0200 = L.
O
Corollary 2.7. (Cauchy’s Second Theorem on Limits): If any sequence z = (z.,) of positive
real numbers converges to L, then the sequence of geometric means of the terms of the sequence

z = (zm) also converges to L.

Proof. Taking M = N in Theorem 2.6., the result follows. O
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2.3 Sequence of Statistical Ratios and Sequence of Statistical q-th Roots

Definition 2.8. (Sequence of Statistical Ratios):
Let z = (z,,,) be any sequence of real numbers possessing positive terms for “almost all m”.
Take M = {m € N : z,,, > 0}, then §(M) = 1. Construct a sequence o = (v, ) as follows:

o ifme M
am: Am .
|zm| ifmé¢ M

where for any m € M, A\,,, = max{k : k € M and k < m} U {0} and zp = 1. We call @« = (v,
the sequence of statistical ratios for z = (zy, ).

Definition 2.9. (Sequence of Statistical q-th Roots): Let 2 = (z,,) be any sequence of real
numbers possessing positive terms for “almost all m”. Let M = {m € N : z, > 0}, then
d(M) = 1. Construct a sequence 3 = (f3,,) as follows:

Bm:

z,ln/q ifmeM
|zm| ifm ¢ M

where ¢ = [{k € M : 1 < k < m}|. Werefer to 5 = (3,,) as the sequence of statistical q-th
roots for z = (2, ).

Example 2.10. Consider the sequence z = (z,,), where

R L A
0 ifm=7"

Both the sequence o = (v, ), the sequence of statistical ratios, and the sequence 8 = (8,,), the
sequence of statistical g-th roots for z = (z,,), have the same statistical limit of 1.

Example 2.11. Consider the sequence z = (z,,), where

3(—m+(—1)"”) if m £ n2
Zm = 3 . ;é 2 n:l,2,3,...

-m ifm=n
The sequence o = () of statistical ratios for z = (z,,) does not converge statistically, but the
sequence 3 = (8,,), the sequence of statistical g-th roots for z = (z,,), statistically converges to
1

3
From Example 2.10. and Example 2.11., a natural question arises: Is there any connection

between the statistical convergence of sequence of statistical q-th roots and sequence of statisti-
cal ratios of a given sequence. The answer to this question is affirmative in form of following:

Theorem 2.12. For a sequence z = (z,,) possessing positive terms for “almost all m”, the
statistical limits of the sequence 8 = (By,) of statistical g-th roots and the sequence o = ()
of statistical ratios of the sequence z = (z,) are equal, provided the latter statistical limit exists.

Proof. We have
m s\ Ve
B, = (Hk:l;kEM ﬁ) ifme M

Taking the logarithm:
log B = é > ktkenr 108 Zszk ifmeM
m log |Zm| if m ¢ M.
Let

Akzlog;%forallk(lgkgm; meM)eM, A, =log|z,|formé¢ M.
k
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Thus

(Zzl:l- keM Ak) .

Trerisrem ifme M
logﬁm _ HkeM:1<k<m}| _ A;n_

Anm itm ¢ M

Where (A],) is the sequence of statistical arithmetic means of the sequence (A,,) corresponding

to the statistical dense set M. It implies that
stat-lim,,, , o log B,, = stat-lim,,, 0 A7,
Using Theorem 2.3. on statistical arithmetic means, we have
stat-lim,,, o0 A}, = stat-lim,,, o0 A,

Thus,
stat-lim,,, o0 l0g B, = stat-limy,,— o0 A

Since A,, = log a,,, it follows that
stat-lim,,, o0 log 3,,, = stat-lim,,,_,  log au, .
By the continuity of the exponential function and Lemma 1.8., we have
stat-lim,,, _, o0 8y, = stat-lim,,, s ooy, .
O

Corollary 2.13. (Cauchy’s Formula on Limits): Let z = (z,,) be a sequence such that z,, > 0
for all m. Then,

: I/m _ q; Zm
n}gnoo Zm 77’}E)n00 mel ’
provided the latter limit exists.
Proof. Taking M = N in Theorem 2.12., the result follows. O

3 Generalization of Squeeze Principle
In this section of our work, we initialize with the statistical inequalities as follows:

Definition 3.1. Let z = (z,,) and y = (y,,,) be two sequences of real numbers. We say that
2m < Y, for almost all m if 6(M) = 1, where M = {m € N: z,, <y}

Example 3.2. Consider

1 if m is non-square
2 = . .
" m+ 1 if m is a perfect square

and
_J3 if mis non-square
Ym m if m is a perfect square

Clearly, M = {m € N : z,, <y} = {m € N : misnon-square} and §(M) = 1. Therefore,
Zm < Ym a.am.

Definition 3.1 may also be generalized for three sequences of reals as follows:

Definition 3.3. Let 2 = (2,,), y = (ym), and ¢t = (t,,,) be three sequences of real numbers. We
say that z,, <y, < t,, for almost all m if 6(M) = 1, where M = {m € N: z,, <y, <t}
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Example 3.4. Consider
= QiR
" Ym+2 iftm=nd T
Ym = i mEw oy
" m+1 ifm=n? B
and

1 3
tm—{m ?fm#”g n=123,...
m ifm=n

Clearly, z,,, < ym < t,, a.am., as (M) = §({m € N : m # n’}) = 1. From this example, we
observe that all three sequences converge to the same statistical limit, implying a result similar
to the squeeze principle.

Theorem 3.5. If sequences z = (z,,) and t = (t,,,) statistically converge to the same limit L and
2m < Ym < by a.a.m., then y = (ynm,) also statistically converges to L.

Proof. Let stat-lim,,,, oo 2, = L, so there exists M1 C Nsuch that 6(M;) = 1 and limy,epr, 2, =
L (refer to Theorem 1.10.). Similarly, there exists M> C N such that §(M) = 1 and limy,e pr, £ =
L. Let M’ = M, N M,. Since the intersection of two statistically dense sets is again statistically
dense, we have §(M’) = 1, and

lim z, = lim t,, = L.
meM’ m meM’ m

On the other hand, z,, < v, < t,, a.a.m. suggests a statistically dense set M C N where

M" ={m € N: z,, <y < tp}. Construct a common unital density set M = M’ N M" such
that

lim 2z, = lim ¢, =L and 2z, <y, <t,forallm e M.
meM meM

Let € > 0 be given. There exists a positive integer mg such that
|zm — L] <€ and |t, —L| <e forallm e M and m > my.
Since z,, < Y < t,, for all m € M, we have for any m € M with m > my,
L—e<zm<ym<tm<L+e
which implies
L—e<yny<L+e forallme M and m > my.
Thus, |y, —L| < eforallm € M and m > my. Since §(M) = 1, it follows that stat-lim,,, o ¥m =
L by Theorem 1.10. O

Corollary 3.6. (Squeeze Principle): If sequences z = (z,) and t = (t,,) converge to the same
limit L and 2y, < Yy <ty forall m € N, then y = (y,,) also converges to L.

Proof. Taking M = N in Theorem 3.5., the result follows. O
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