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Abstract In this paper, the concept of the extension of intuitionistic fuzzy ideals with respect
to an element of a I'-ring is introduced, and some of the basic properties are investigated. Finally,
we explore the nature of extended ideals in the special case when the given intuitionistic fuzzy
ideal is an intuitionistic fuzzy prime ideal or an intuitionistic fuzzy semi-prime ideal. Some
related results have been examined.

1 Introduction

Ideals play an important role in the algebraic structure of rings with wide-ranging applications
in various fields. Chaudhari and Nemade [ 1] extended the concept of subtractive extension of an
ideal to a commutative (m,n)-semiring with identity. This theory gets a more generalized form
when Nobusawa [2] introduced the notion of a I'-ring. By choosing a specific subset I, any
traditional ring will become a particular case of a I'-ring. Later Barnes [3] weakened slightly
the conditions in the definition of I'-ring in the sense of Nobusawa. After these two papers were
published, work has been done for extending various basic results proved for ring theory to I'-
rings theory. Paul [4] discussed different types of gamma ideals in I'-ring and maintained them
with corresponding operator rings of I'-rings.

Jun [5] was the first to study the fuzzy ideal of a I'-ring and obtain several characteristics for
a fuzzy ideal to be a fuzzy prime ideal. Dutta and Chanda [6] characterize fuzzy prime ideals
of T'-rings via their operator rings. Ersoy [7] characterizes fuzzy, semi-prime ideals and vari-
ous types of I'-ideals and the relation between fuzzy semi-prime ideals and fuzzy prime ideals.
Aggarwal et al. in [8] examined fuzzy primary ideals and a few theorems related to fuzzy prime
ideals of the T'-ring. Venkateshwarlu and others in [9] studied the extension of fuzzy ideals in
I'-semirings. Atanassaov first flipped the intuitionistic fuzzy (IF) sets concept [10, 11, 12], and
this was a generalization of Zadeh [13] theory of fuzzy sets. Basnet [14] explores the basic alge-
braic structure of intuitionistic fuzzy set theory. Kim et al. in [15] carry forward this theory by
intuitionistic fuzzification of the ideal of T'-ring and theory related to prime ideals of I'-ring and
corresponding operator ring was given by Palaniappan et. al. in [16, 17, 18]. The authors in
[19, 20, 21, 22] have studied the notion of IF characteristic ideals, IF structure space, IF prime
radical of T-ring, IF f-primary ideals of I'-rings, and finally IF primary decomposition of ideals
for a commutative Noetherian I'-ring was established in [23] and obtained many new results.
Majumder discussed Atanassov’s Intuitionistic Anti-Fuzzy Interior Ideals of semigroups in [24]
which could help extend future research work. The objective of this paper is expressed in the
abstract.

In the second part, we recall some groundwork related to intuitionistic fuzzy ideals (IFls),
intuitionistic fuzzy semiprime ideals (IFSPIs), and intuitionistic fuzzy prime ideals (IFPIs) which
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are necessary for the framework of the concerned subject matter. In the third part, we try to
extend an IFI with respect to an element of the I'-ring.

2 Preliminaries

Definition 2.1. ([2, 3]) “If (H,+) and (T, +) are additive Abelian groups. Then H is called a
I'-ring ( in the sense of Barnes [3]) if there exist mapping H x I' x H — H [image of (h;, a, hy)
is denoted by hiaha, hi, hy € H,~ € I'] satisfying the following conditions:

(1) hyahy € H.

(2) (h1 + h2)ahs = hiahs + hoahs, hi(a + B)ha = hiahy + hifhy, hya(hs + h3) = hiahy +
hlahg.

3) (hlahz)ﬁh3 = h]&(hzﬁhﬁ. for all h],hz, h; € H, and S r."

Definition 2.2. ([2, 3]) “A I'-ring H is said to be commutative if hjyhy = hoyh; for all hy, hy €
H~yel."

Definition 2.3. ([2, 3]) “Let H be a I'-ring. Then a subset IV of H is called left (resp. right) ideal
if H'N = {hjahylhy € Hya € T',hy € N} C N (resp.NI'H = {hjahy|hy € N,a € T, h; €
H} C N). A left as well as right ideal is called an ideal.”

Definition 2.4. ([4]) “Let H be a I'-ring. A proper ideal L of H is called prime if for all pair of
ideals S and T" of H, STT C L impliesthat S C LorT C L."

Theorem 2.5. ([5, 6]) “If K is an ideal of a I'-ring H, the following conditions are equivalent:
(i) K is a prime ideal of H;
(ii) If a,b € H and oI’ HI'b C K thena € K orb e K."

Definition 2.6. ([7]) “Let H be a I'-ring. A proper ideal L of H is called semiprime if for any
ideal S of H, ST'S C L implies that S C L."

We now review some intuitionistic fuzzy logic concepts. We refer the reader to follow [12]
and [14] for complete details.

Definition 2.7. ([11, 15]) “An intuitionistic fuzzy set G in H can be represented as an object
of the form G = {{h, ug(h),ve(h)) : h € H}, where the functions pug : H — [0,1] and vg :
H — [0, 1] denote the degree of membership (namely (1)) and the degree of non-membership
(namely v (h)) of each element h € H to G respectively and 0 < ug(h) + vg(h) < 1 for each
heH"

Remark 2.8. ([11, 13, 15])

“(i) When p(h) + va(h) = 1, ie., vg(h) = 1 — pe(h),Vh € H. Then G is called a fuzzy set.
(ii) An intuitionistic fuzzy set IFS) G = {(h, ug(h),va(h)) : h € H} is shortly denoted by
G(h) = (pg(h),vg(h)), forall h € H."

Proposition 2.9. ([11, 15]) “If G|, G, be two intuitionistic fuzzy sets of H, then
(i)G1 C Gy, & ,uGl(h) < ,LLGZ(h) and vg, (h) > VGZ(h),Vh € H;
(ii) Gy = G2 & Gy € Gy and G, C Gy, i.e., G1(h) = Go(h), forallh € H."

Definition 2.10. ([19]) “For any subset I of H, the intuitionistic fuzzy characteristic function
(IFCF) x; is an IFS of H, defined as x;(h) = (1,0),Vh € I and x; (k) = (0,1),Vh € H\ I."

Definition 2.11. ([11, 12, 14]) “The crisp set G, 5) = {h € H : ug(h) > a and vg(h) < B} is
called the («, 3)-level cut set of G for o, 8 € [0,1] with o+ 3 < 1"

Remark 2.12. ([11, 12, 14]) “G, = {h € H : pc(h) = nc(0x) and vg(h) = ve(04)}."

Definition 2.13. ([15, 16]) “Let G be an IFS of a I'-ring H. Then G is called an intuitionistic
fuzzy ideal (IFI) of H if for all m,n € H,a € T, the following are satisfied

() pa(m —n) > pa(m) A pa(n);
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(ii) pe(man) > pg(m) vV pe(n);
(iii) vg(m — n) <vg(m) Vvg(n);
(iv)vg(man) < vg(m) Avg(n)."

Definition 2.14. ([12, 14]) Let G|, G, be two IFSs of a I'-ring H. Then their cartesian product
G x Gy isan IFS on H x H and is defined as

16, xG, (h, k) = pa, (h) A pe, (k) and v, x 6, (h, k) = va, (h) V va,(k),
forall (h,k) € H x H.

Theorem 2.15. If G, G, are IFIs of a U-ring H, then G| x G, is also an IFI of H x H.

Proof. Let (h],k]), (hz,kiz) € Hx H,« €T Then

peyxc, (b k1) — (ha,k2)) = peixa, (bt — hao ki — k2) = pa, (bt — ha) A pe, (ki — k)
> [pe (h) A pe, (h2)] A lpe, (k1) A pe, (k)]
= [ue, (h1) A pe, (kDI A [pe, (h2) A pe, (k)]
= pexc, (1, k1)) A pgxa, ((he, k2)).
Similarly, we can show that v, x, ((h1, k1) — (ha, k2)) < v, xa, ((h1, k1)) V pe, xa, (R, k2)).
Also, g, xa, ((h, k1)a(he, k2)) = pe xa, (hahy, kiaky) = pg, (hiahy) A pe, (kak,).

Therefore, either ug, xa, ((h1, k1)a(ha, k2)) = pg, (hiahy) or pg, (kiak,), then
ey xc, (b, k1)a(ha, k2)) > pg, (h1) V pg, (h2) or pe, (k1) V pg,(k2). Thus we conclude that

1GixG, (1, k)alha, k) > e, (h) V pg, (h)] A pe, (k1) V pe, (k2)]
> [uc, (M) A pe, (k)] V s, (ha) A pe, (k)]
HaG, ><G2(<h1’ 1)) Vpa, ><G2(<h25 kZ))

[Because (aVb)A(cVd) =[(aVb)Ac]V[(aVd)Ad] =[(anc)V(bAc)]V[(and)V (bAD)] >
(anc)V(bAd) and (anb)V(cAd) = [(anb)Vc]A[(anb)Vd] = [(aVe)A(bVE)A[(aVd)A(bVd)] <
(aVe)A(bVd),Va,b,c,de0,1]].

Similarly, we can prove that vg, x g, ((h1, k1)a(ha, k2)) < v, xc, (1, k1)) A va,xa, (h2, k2)).
Hence Gy x GhisanIFl of H x H. O

Definition 2.16. ([16, 18]) “Let G, G, be two IFSs of a I'-ring H. Then the product G;I'G; of
G and GG, is an IFS on H and is defined by

(SUPy—pyymy 110G, (1) A i, (h2) }, infpep oy {ve, (1) V va, (ha)}), if h = hiyhe
(0,1), otherwise”

GiTGs(h) = {

Definition 2.17. ([18]) “Let H be a I'-ring. A non-constant IFI P of H is called an intuitionistic
fuzzy prime ideal (IFPI) of H, if for all pair of IFIs G1,G, of H, GiI'G, C P implies that
GiCPorG,CP"

Theorem 2.18. ([18]) “If P is an IFPI of a I'-ring H, then the following conditions hold:
(i) up(0g) = 1,vp(0y) =0,

(ii) Py is a prime ideal of H,

(iii) Img(P) = {(1,0),(6,n)}, where 0 < 6,1 < 1 such that 6 +n < 1."

Definition 2.19. ([17, 19]) “A non-constant IFI P of a I'-ring H is said to be an intuitionistic
fuzzy semi-prime ideal (IFSPI) if for any IFI G of H, G1I'G| C P, implies that G; C P."

Proposition 2.20. Let P be a non-constant IFI of a T-ring H, then the following conditions are
equivalent:

(i) Pis an IFSPI of H
(ii) For any a € H,
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infine iy mer{pp(ayimyna)}t = pp(a) and sup,,,c g . o cr{ve(avimya)} = ve(a).

Proof. (i) = (ii) Let P be an IFSPI of H. Since P is an IFI of H, it follows that
wp(ayimmya) > pp(a) and vp(ayymya) < vp(a),Ym € H,v,72 €T.

If possible, suppose that pp(ayimy2a) > pp(a) and vp(ayimya) < vp(a), for some a € H.
Let (a) be the ideal generated a. Define the IFS C on H by

Mc(l’):{t’ if:v€<.a>; Vc(x):{s, ifx6<.a>

0, otherwise 1, otherwise.

where ¢, s € (0,1) such that ¢t + s < 1. Then C is an IFI of H.
Consider « € H such that x # u~yv, for some u, v € (a), then CT'C(z) = (0, 1) an

CFC( ) (supm uyv,u,vE{a {/‘C( ) A NC(U)}v infﬂc:u’ﬂhu,vé(a) {NC(U) (v)})

Now any u € (a) is of the form u = Y0, mv;a; m; ,m;,m; € H,~;,~; € Candp € Z*.
Similarly, v = >%_, m; L1305 1 T, /E fl,q,/,j,v,; E,F andge Z7.
I;Ilow uy = (30, myyary; m, )(Z?:l m;vy ay;m;,m;). Since P is an IFI of H, it follows
that
pp(z) = pp(uyv) > pplayim'12a) > Infueny mer{up(anmmpa)} > t = perc(z), for
some m € H. Similarly, we can show vp(z) < vore(z). So we get CTC C P. As P is an
IFSPI of H, it follows that C C P.
Hence t = pc(a) < pp(a) and s = ve(a) > vp(a), a contradiction. Consequently we have

infrey mer{pp(ayimya)t = pp(a) and sup,, ey ., . cr{ve(avimmna)} = vp(a).

(74) = (i) Let us assume that P be an IFI of H satisfying for any a € H,

infne by per{np(anmyna)}t = pp(a) and sup,,c g, o er{ve(anmyna)}t = ve(a).

Let C be an IFI of H such that CTC' C P and C' ¢ P. Then 3° b € H such that pic(b) > pp(b)
and vo(b) < vp(b). Now pup(byimvyb) > porc(byimyb) > pe(b) and vp(byymyb) <
vere (byimyb) < ve(b), Vm € H,yi,v € T So infcp 4, yer{np(byimy2b)} > pc(b)
and SupmGH,wl,WZGF{VP(b71m72b)} < vo(b). Thus pp(b) = infien y mer{up(brimyb)} >
pc(b) > pp(b) and vp(b) = sup,,cpr o, ,erivp(byimmb)} < ve(b) < vp(b), a contradiction.
So Pis an IFSPI of H. O

3 Extensions of Intuitionistic Fuzzy Ideal of I'-Ring

In this section, we try to extend an IFI with respect to an element of I'-ring, and thus introduce
the notion of extensions of IFI of I'-ring. A suitable characterization of IFPIs and IFSPIs will be
developed. Throughout the paper, H will always be regarded as a commutative I'-ring.

Definition 3.1. Let G be an IFS of aI'-ring H, h € H, then the IFS < h, G > on H defined by

N<h,G>(h//) =infcp ,’YZEF{MG(h’Vlm'72h//)} ;
venas(h) = SqueHm,wzer{’/G(h%mVZh )}

is called the extension of G with respect to h.

Proposition 3.2. If G is an IFI of a commutative I'-ring H and h € H, then the extension
< h,G > of G with respect to “R” is also an IFI of H.
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Proof. Letm,my € H,y €T, we have

- = inf h _
fi<n,c>(my —my) meHm,wzer{MG( yimya(my —ma))}
= inf h —h
mGH,'ymzeF{MG< Timaamy ymyamy))}
> inf  {ug(hyimyami) A pe(hyimyama)}
meH,y,mel

{WEH{I;]KYZEF(MG( ’Y]m’hml))} {mEHl,I"}l,’Yzer(MG( 71m’yzm1))}

= picn,as(mi) A pen,as(ms).

Thus pi<p,g>(mi —ma2) > picn,e>(m1) A picn,g>(ma). Similarly we can show that
Ven,as(mi —ma) < vepas(mi) V vepes(ma). Also,

p<n,cs(miymy) = meHigfwer{MG(h’hm%(mwmz))}

= inf h
meHl.{yl],'yzel"{'uG(( Yimyami)yma)}

> inf h
= mel"{uG( yimyamy) }

= M<h,G>(m1)

Since H is a commutative I'-ring mym, = myymy, for all m;,m, € H,v € T
fen,a>(miyma) = penas(maymy) = inf  {ug(hyimyz(maymi))}
meH vy, €l

= inf h
mEHl,Ivll,'yzel"{uG(( yimyama)ymy)}

> inf h
> meHl’{Ylmer{MG( yimyama)}

= M<h,G>(mz)

Thus picp,g>(miyma) > picn,c>(m1) V pien,g>(m2). Similarly, we can show
Veh,G> (mwmz) < H<h,G> (ml) NV<h,G> (mz) Hence < h, G >isanIFl of H. O

Remark 3.3. The converse of the Proposition (3.2) need not be true, see the following example:

Example 3.4. Consider H = I' = Zy = {0,1,2,3,....,8} under the addition modulo 9 and
multiplication modulo 9 operations. Then H is a I'-ring. Define an IFS G of H as

1, ifh=0 0, ifh=0
pa(h) =04, ifhe{3,6}; wvg(h)=1<¢05, ifhe{3,6}
0.7, otherwise 0.2, otherwise.

It is easy to see that G is not an IFI of H, for ug(4—1) = pe(3) =04 2 0.7 = pa(4) Apc(1).
However the extension of G with respect to 3 , i.e., the IFS < 3 + G > is defined as

1
0.4, otherwise

, if h € {0,3,6 0, if h € {0,3,6
p<sras(h) = { { s, = { { J

: h) = ;
vesras(h) 0.5, otherwise.
is an IFI of H.

Proposition 3.5. If {G; : i € J} be an arbitrary family of IFls of a T-ring H and “h” be any
element of H, then < h,(\;c; Gi >=(;c; < h, G; >.
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Proof. Let h' € Hbe any element, then we have

’

H<h e, Gis(h) = mengf zer{ﬂmiejci(hvlﬂ”LVzh )}

= inf  {i §{Mci(hW1m72h/)}}

meH,y1,mel i€

— inf inf (h K
z‘ng{meHl,rvll,wzel"{Mcl( yimyah )}

= inf{jcncs(h))

’

= Minfies<h,i> (M)
Similarly, we can show that v, . _, as(h) = Vsup; o, <h,Gi> (h').
Hence < h,(;c; Gi >= (N;cy < h, Gi >. |

Proposition 3.6. If G, G, are two IFIs of a T-ring H, then for any (h,k) € H x H,
< (h,k),G1 x Gy > isalso an IFI of H x H.

Proof. Since G, G, be two IFIs of a I'-ring H. Then by Theorem (2.15), G| x G is an IFI of
H x H and then result follows by Proposition (3.2). O

Theorem 3.7. If G, G, are two IFIs of a I'-ring H. Then for every (h,k) € H x H, we have
< (h,k),Gy x Gy >=< h,G| > x < k,Gp >.
Proof. Forany (h', k') € H x H, we have

Le(hi).cixcns(h k) = inf  {pe e ((h, k)yimya (B, k))}

meEH, v, €l

_ inf h ',k K
mEH{I’:flh’YzEFMG]XGZ(( 2R B ))

— . f . / /
meHl,gmer[mm{“G‘ (hmimyah ), pa, (kyimyak ) }]

= mi inf h R,  inf (k K
mm[meH{g]meFMGI( yimy2h) meHlfwl,merMG“( yimy2k )]

’ ’

= min{p<nc > ), p<r,c>(k )}
= :u<h,G|>><<k:,Gz>(h/7k/)'
Similarly, we can show that v (j, 1) ¢, x> (W K) = venasxeras(h k).
Hence < (h, k), Gy x G, >=< h,G1 > x < k,Gy >. O
Proposition 3.8. Assume that H is a commutative I'-ring. If G is an IFI of H and h € H. Then
the following conditions hold

(i) GC< h,G >

(ii) < (hy)" " 'h,G >C< (hy)"h,G >, wherey €T
(iii) If h € Supp(QG), then Supp(< h,G >) = H, where Supp(G) is defined by

Supp(G) ={h € H : pg(h) > 0,vg(h) < 1}.

Proof. (1) Leth’ € H. Since G is an IFI of H, we have ji<j, g=(h') = infoe r , pper{pa(hymmyh’)} >

pe(h') and vop gs (B') = supmeHmmer{yg(h'ylmvzh/)} <wvg(h'),vh e H
Thus G C< h,G >.
(2)Letn e N, h € H. Since G is an IFI of H, we have

’

Pc(hyrhes(h) = meH{gf%F{uG((hv) hyimyah )}
= inf hy)"'h '
meH{ngF{uG((hv( )" hymyh )}
> inf n—1 '
> meH{ngF{uG((hv) hyimysh )}

’

=  H<(hy)»—1h,G> (h )
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Thus e (pyynn,e> (n') > u<(m)n71h7g>(h/). In the same manner it can be seen that

Ve(hpynas(h') < veim-tn.as(h'), forall k' € H. Thus < (hy)"~'h,G >C< (hy)"h, G >.
3) Sin/ce < h,G >is an IFl of H, we haye forh' € H

pena>(h) = infnepq per{ng(hymyh )} > pa(h) > 0 and ,

Ven,Gg>(R) = SUp,c o periva(hyimmh )} < wve(h) < 1 Itimply b € Supp(< b, G >).

So H C Supp(< h,G >). But Supp(< h,G >) C H always, so Supp(< h,G >) = H. o

Theorem 3.9. Assume that H is a I'-ring and G is an IFPI of H. Then for all hy,h, € H

infyem  per{pa(himmynhe)} = pe(hi) V pg(he) and sup,,c g - criva(himmmha)} =
vg(h1) Avg(hy). Conversely, let G is an IFI of a U-ring H such that Img(G) = {(1,0),(0,7)},
where 0 < 0,n < 1withf+n < 1and infmeﬂ,m77261“{”@(]7,1’)/1771’)/2]7,2)} = ,uc;(hl) V ,ug(hz)
and sup,,c ., ~,erivc(himimmha)} = va(hi) Avg(he) holds for all hy, hy € H, then G is an
IFPI of H.

Proof. Let G be an IFPI of H. Then (i) ug(0g) = 1,v6(0g) = 0 (ii) G, is a prime ideal of H
(ii) Img(G) = {(1,0),(6,n)}, where 0 < 6, < I s.t. 6 + 7 < 1.
Clearly inf,,,c i, v er{tc(hi71my2h2)} = 1 or 6; Supmegmmer{VG(hwlm’Yzhz)} =0orn.

Case(i) Let pue(h1) V pe(h2) = 1. Suppose pug(hi) = 1, then vg(hy) = 0. This im-
plies that h; € G,.. Since G, is an ideal of H so hyyymyhy € Gy, for all v;,7, € T
and for all m,hy, € H. Therefore ug(hiyimyhy) = 1 and vg(hiyimyhy) = 0, for all
1,72 € T, m,hoy € H. Hence infcp, ver{na(hmmmh)} = 1 = pa(hi) V pa(ha)
and Supm€H7,Y]7,yzel—{Vg(h]’}/1 m’yzhz)} =0= Vg(hl) A V(;(hz).

Case(ii) Let pug(h) V pe(hy) = 6. Then atleast one of pg(hy) or ug(hy) is 6. Suppose
pug(h1) = 6 and so vg(h1) = n. This implies h; ¢ G.. Hence hiy['HTh, Q G.. Thus
3/8, Y1,72 € I and m € H such that hyyimyh; ¢ G.. Hence ug(hwlm’yghz) # 1 and
vg(hiyimyha) # 0. As Img(G) = {(1,0),(0,n)}, so we have ug(hiyimyhy) = 0 and
va(himimyhy) = n. Thus inf,cp v er{nc(hiyimyha)} = 6 = pa(hi) V pe(hy) and
SumeH,m,'yzel“{VG(h]’yl mfyzhz)} =n= VG(h]) A VG(hZ)'

Conversely, to prove the converse it suffices to show that G, is a prime ideal of H. Let
hi,hy € H such that hWyT'HTh, C G,. Then for all v,y € I, m € H, hyyymyhy € G,. So
g (hiyimyhy) = 1 and vg(hiyimyhy) = 0, forall 41,y e Tand m € H.

Hence infmeH,'yl,'yzel"{/iG(hl'Yl m’}/zhz)} =1and supmeHm ),Yzer{ljg(hﬂ/] m’}/zhz)} =0. So

uc(hi) V pg(h) = 1 and vg(hi) A ve(hy) = 0. This implies that ug(hi) = 1,vg(h)) = 0 or
pe(h2) = 1,vg(hy) =0, ie., hy € G, or hy € G,.. Thus G, is a prime ideal of H. Hence G is
an IFPI of H (By Theorem (2.18)). O

Proposition 3.10. Let G is an IFPI of I'-ring H and h € H, then

pena> (k) = infper 4 yer{t<nyimynas (k) } and vy g (k) = SupmGH,"/l,"/ZGF{V<h’YI myh,a> (K},
forallk € H.

Proof. Now

inf (H<hymyh,as(k)) = inf { inf (h/vim’y;k:)}, where h = hyimyh
meH, v, €l meH,y, v, €l MmeH

= inf  {uc(h)V pe(k)} as G is an IFPI
mEH,'y;,’y; er

= inf ~ {pug(hyimmh) Vv puc(k)}

meH, v,y
= inf h h)} v inf k
mEH,'y],'yzel"{'uG( yimy2h)} meHmmer{Mc( )}

= uc(h)Vpc(h) V pc(k) = pc(h) vV pe (k)
= inf F{ug(h%mwk)} as G is an IFPI
€

meH,v3,74
= peng>(k).

Similarly, other results can also be proved. O
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Definition 3.11. If H isaI'-ring. N C H and h € H, we define
<h,N >={h' € HhUHTh' C N}
Proposition 3.12. Let H be a T'-ring and ) # N C H. Then for every h € H, we have
< h,XN >= X<h,N>-

Proof. Leth' € H. Now fich xn>(h') = infrc i, mer{ iy (Byimy2h’ )} = 1 or 0 and
Vanyn>(h) = SUP, e i mer{VXN (hyymmyh )} = 0or 1.

Case(i) If fi<p, > (h') = 1 and s0 vj v (A') = 0 and therefore,

infmGH”Yl”YzEF{:U’XN (h’}/lm’}/zh/)} = land SUP, e H vy, ’yzEF{VXN (hvlm’yzh/)} =0
This implies hfy]m’yzh € N, for all e I,me Handsoh' e<h,N >.

Hence fiy,_,. N>(h ) =1Ly, o (R ) =0.
Thus in this case we have < h, x§y >= X<h,N>-

Case(ii) If 1y (h') = 0and s0 v v (h') = 1 and therefore,

infmeH s 'YZEF{IU’XN (h’Ylm’Yzh/)} =0and SUP e H,y,, ’YzEF{VXN (h’ylm/yzh/)} =1

Hence h'ylmfygh ¢ N, for some v;,7, € I',m € H.

This implies h* ¢< h, N >. Hence 1, _, N>(h ) =0,y v (B) = 1.

Thus in this case we have < h, xny >= x<n,n>. Hence the result proved. O

Theorem 3.13. Let G be an IFPI of aT-ring H, h € H be such that h ¢ G, then < h,G >= G.
Conversely, let G be an IFI of H such that Img(G) = {(1,0),(0,n)}, where 0 < 6,1 < 1 with
0+n<1.1If<h,G>=G, forsome h € H for which G(h) = (0,n), then G is an IFPI of H.

Proof. Let G be an IFPI of H. Then (i) ug(0g) = 1,v6(0g) = 0 (ii) G, is a prime ideal of H
(iii) Img(G) = {(1,0),(6,n)}, where 0 < 0, < 1 with6 +n < 1. Let hp € H.

Case(i) If h, € G, then h]’}/lm’)/th c G, for all Y1,Y72 € I'm,hy € H. So,
infmGH,'yl,’yzel".{,UfG(hl'Vlm'YZhZ)} =1 = pg(hy) and SupmeH,'yl,—yzeF{V.G(hl'Ylm'YZhZ)} =0=
vg(hy). Thatis pep, a>(h2) = pa(h2) and vep, o> (he) = va(he), ie., < hy,G > (hy) =
G(ha).

Case(ii) Let hy ¢ G.. As G, is a prime ideal of H, hjyymyhy ¢ G., for some 71,7, €
L,m, by € H. Soinfyen , per{pc(hiyimyha)} = 0 = pa(he) and sup,, ey . o, eriva(himimmha)} =
n = Vg(hz), 1.e., ,u<h|)G><h2) = ug(hz) and V<hhg>(h2) = Vg(hz), ie., < hl,G > (hz) =
G(h2). So in both cases, we get < hy,G >= G.

Conversely, let by, h, € H.

Case(i) Let g (h1) = 0, vg(h1) = 1. Now pa(ha) = pan, > (ho) = inf,c 4, mer{a(hiyimyha)}
andvg(ha) = ven, o> (h2) = SUPcpr 4, eriva(hinimy2ha)}. Since Img(G) = {(1,0), (0, )},
where 0 < 6, < 1 such that § +7n < 1. Now ug(hz) >0= ug(hl) and Vg(hz) <0= Vg(hl).

So pc(h) V pa(ha) = pe(he) and v (hi) A v (he) = va(hs). Therefore we have

infremqy mer{ng(hMmmmhe)} = pa(h) V pe(he) and sup,,c gy o o cr{va(himmyha)} =
llg(hl) A Vg(hz).

Case(ii) Let ug(h1) = 1,vg(hy) = 0, then hy € G.. As G is an IFI of H, G, is an ideal of
H. Hence hiyimyhy € Gy, forall yi,v, € I',m, hy € H. So inf,c g, voer{pc(zyimyny)} =
1= ,UG(hl) V ug(hz) and SupmeHW]7,Yzer{Vg(h]’y]m’)/2h2)} =0= Vg(h1) A Vg(hz), for all
hi,hy € H. Hence by the converse of Theorem (3.9) G is an IFPI of H. O

Theorem 3.14. If G is an IFPI of aT'-ring H, h € H be such that h € G, then < h,G >= xp.

Proof. Let G be an IFPI of H. Then (i) ug(0y) = 1,v¢(0g) = 0 (ii) G is a prime ideal of H
(iii) Img(G) = {(1,0),(6,n)}, where 0 < 6,7 < 1 such that + n < 1.
Leth € H and h € G, then hyymyph' € G, forallv,v, € T,m,h" € H. So

fi<h, c>(h') =infep, y,mer{uG(h%m%h,)} =1= /l/xy(hl) anq
V<h, G>(h ) SupmeH7]7,yzer{ug(h7]m’Y2h )} =VU=ryy (h ), forallh € H.
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Hence < h,G >= xp. O
Corollary 3.15. If I is a prime ideal of I'-ring H, then for h ¢ I, < h,x1 >= x1.

Proof. Let I be a prime ideal of H. Then x; is an IFPI of H. Now h ¢ I implies h & (x1)., we
have by Theorem (3.13) < h, x; >= ;- O

Theorem 3.16. If G is an IFS of a I'-ring H such that < h,G >= G,Vh € H, then G is constant.

Proof. For hy,h, € H we have

pa(h1) = p<n,.a>(h1),as < hy,G >= G forevery h, € H
77L€H1,I';11,72€1"{MG( 271172 1)} mengmzeF{MG( 1y1maY2 2)}
= fpi<h,o>(h2)
= pg(hy).

Thus pi(h1) = pe(hy). Similarly we can show v (hi) = vg(hy), for all hy, h, € H. Hence G
is constant. O

Proposition 3.17. Let G be an IFPI of aI'-ring H and h € H. Then either < h,G > is an IFPI
of H or < h,G > is constant.

Proof. Let Gbe anIFPlof H and h € H

Case(i) If h ¢ G.. By Theorem (3.13) < h, G >= G. This proves that < h, G > is an IFPI of

H.

Case(ii) If b € G,. Then hyymy,h € G, forall 41,7, € I',m,h" € H. Hence

pr<n,g>(h') = infem q per{pa(hyimmh)} = Lvep s (b)) = sup,,c i, peribc(hmmyh)} =
0, for all h' € H. This proves < h,G > is a constant. O

Proposition 3.18. Let G be an IFS of a U'-ring H. Then G is an IFSPI of H if and only if
G(hvh) = G(h), forall h € H and for all v € T..

Proof. Let G(hyx) = G(h), for all h € H and for all v € T. Let G’ be an IFI of H such that
GTG CG.LetG ¢ G.Then3* h' € H such that i (h') > pg(h') and vy (h') < v (h').

Now igrrr (W yh') 2 pgr (W) > pa(h’) and vgrpey (KAh') S v () < pe ().
Again pg(h )/: /ﬁg(h Yh') > perre (hyh ) and v (h) = va(hvh') < vgrpe (B yh). This
implies that G I'G = G, which is a contradiction. Hence G C G. Thus G is an IFSPI of H.

Conversely, let G be an IFSPI of H. Now for any h € H, we have

pg(h) = inf  {ug(hyimyh)}( from Proposition (2.18))
meH,y ,"/2€F

> inf h h
R, EF{uc( yimy2h)}

> pg(hvih).

Again pg(hyih) > pa(h). Thus pe(hy;h) = pe(h). In the similar manner it can be seen that
ve(hyih) = vg(h). That is G(hyh) = G(h) forall h € H,y € T. o

Proposition 3.19. Assume for a commutative I'-ring, G be an IFSPI of H. Then < h,G > is an
IFSPI of H for every h € H.

Proof. Let GG be an IFSPI of H and i € H. Then by Proposition (3.2) < h,G > is an IFI of H.
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Foreach h' € H, ~v €I, we have

’

n) = inf h n
pr<n,a>(h) meHl,I'}l,'yzEF{ﬂG( yimy2h )}
= inf  {pc{(hyimyh )y(hyymyah' )} (as G is an IFSPI )
meH ,v,»el
= meH{gfvzer{MG{(h71 my2h )y(h yihyam)}t}
> inf  {ug(hymmyph'vh')}

meH,y,mel

= inf h B ~yR'
meHl,I';l,'yzEF{MG( yimy2(h yh'))}

= pengs(BAh).

Again pop.as(h'yh') > pg(h'), as < h,G > is IFL of H. Thus pcp.gs(h'vh') = pa(h).
In the similar manner it can be seen that v g~ (h'vh') = vg(h') forall ° € H,y € T, by
Proposition (3.18), < h, G > is an IFSPI of H. O

Corollary 3.20. Assume that for a comm. U-ring H and {G,; : i € J} # 0 family of IFSPIs of H.
If pa(h) = infie j{pc, (h)} and vg(h) = sup,c ;{vg,(h)}. Then for any h € H, < h,G > is an
IFSPI of H.

Proof. GisanIFS of H. Let m;, my € H,~v € I, then
pe(my—ma) = infiug,(mi —ma)}
> inf{uc, (m1) A pe, (m)}
= Ainf{uc, (mi)}} A{inf{uc, (m2)}}
= pa(m) A pe(ma).
Similarly, we can show that vg(m; — m2) < vg(mi) V vg(m,). Also
pe(miyma) = iiélg{u(;i (m1yma)}
> inf{ug, (m1) V pe; (mi)}
= {inf{p, (m)}} v {inf e, (m)})
= pg(mi)V pg(ms).

Similarly, we can show that vg(miym;) > vg(my) A vg(my). Thus G is an IFI of H. Let
h € H,v € T, we have pug(h) = inficj{ug, (h)} = inficj{ug, (hvh)} = ug(hvyh), as each
G, is IFSPIs of H. Similarly, we can show that vg(h) = vg(hyh), for all v € T'. Then by
Proposition (3.18), GG is an IFSPI of H and the result follows by using Proposition (3.19). O

Corollary 3.21. Assume that for a U-ring H which is commutative and {P; : i € J}# () family
of semi-prime ideals of H and P = (\,.; P; # 0. Then < h,xp > is an IFSPI of H for every

ieJ
heH.
Proof. Since P = ﬂie 5 Pi, is a semi-prime ideal of H (By [5], Theorem 4). Then xp is an
IFSPI of H. Thus by Proposition (3.19) < h, xp > is an IFSPI of H. O

Conclusion

This article defines, the concept of extension of an IFS G of a I'-ring H with respect to an
element h € H, denoted by < h,G >, has been defined and their properties studied. It is
shown that if G is an IFI of H, then < h,G > is also an IFI; however, the converse need not
be true. The study of the extension of an IFS G, in the special case when G is an IFPI or an
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IFSPI, has been explored. It is shown that when G is an IFPI, then the extension ideal < h,G >

is either an IFPI or is a constant depending upon h ¢ G. or h € G, respectively, where
G.={h € H: pug(h) = pc(0) and vg(h) = vg(0)}. Also, when the IFI G is an IFSPI, then
the extension ideal < h, G > is always an IFSPI. Some more related results have been examined.
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