
Palestine Journal of Mathematics

Vol 14(1)(2025) , 477–488 © Palestine Polytechnic University-PPU 2025

ON FOURTH-ORDER FULLY NONLINEAR IMPULSIVE
BVPS ON A FINITE INTERVAL

A. Zerki and Y. Gouari

Communicated by Svetlin Georgiev

MSC 2020 Classifications: Primary 34B37, 47H10; Secondary 34A36, 34A37.

Keywords and phrases: Boundary conditions, differential equations, fixed point, impulsive conditions, fourth-order.

The authors would like to thank the reviewers and editors for their helpful suggestions to
improve the quality of the paper.

The authors declare that there is no conflict of interest regarding the publication of this paper.
No data was used for the research described in the article.

Corresponding Author: A. Zerki

Abstract In this paper, we investigate the existence of solutions for a fourth-order fully non-
linear impulsive boundary value problem on a finite interval. We employ the Schauder fixed
point theorem in our analysis. The impulsive conditions are defined by continuous functions,
and the system’s nonlinearity is fully continuous.

1 Introduction

Differential equations of various orders are widely regarded by mathematicians as indispensable
tools for scientific inquiry, offering a versatile means to interpret and model a broad spectrum of
phenomena across disciplines such as physics, chemistry, biology, and economics. References
such as [13, 15, 20, 23] provide valuable insights into the application of these equations in diverse
fields of study.

Additionally, the exploration of nonlinear Boundary Value Problems (BVPs) plays a pivotal
role in enhancing our understanding of nonlinear physical phenomena. It also facilitates their
practical application across BVPs of different orders. Notably, the investigation into the exis-
tence and uniqueness of solutions for these BVPs is crucial for comprehending the behavior of
such phenomena. References like [3, 6, 8, 9, 10, 17, 21, 22] elucidate various applications aimed
at achieving this goal.

In recent years, there has been a surge in interest in impulsive differential equations, owing
to their ability to offer a robust framework for mathematically describing real-world scenar-
ios. These equations find applications across diverse fields including control theory, physics,
chemistry, population dynamics, biotechnology, and medicine. Noteworthy references such as
[2, 4, 11, 12, 14, 16, 18, 26] delve into the significance and applications of impulsive differential
equations.

Impulsive events, characterized by sudden state changes or impulses, are often modeled as
short-term alterations occurring within the larger context of an ongoing process. Such impulsive
phenomena are accurately captured by impulsive differential equations. Pertinent works, as
documented in references [1, 5, 19, 24, 27], focus on fourth-order impulsive BVPs, offering
valuable insights into their mathematical treatment and applications.

The present study is confined to the investigation of solutions for a fourth-order Boundary
Value Problem (BVP) on a finite interval, incorporating impulsive conditions. We employ the
Schauder fixed point theorem as a foundational tool in our analysis. Notably, this work represents
the first comprehensive study of fourth-order Impulsive Boundary Value Problems featuring fully
nonlinear and fully impulsive conditions.

The fourth-order differential equation under consideration is represented by:
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v(4)(t) + g(t, v(t), v′(t), v′′(t), v′′′(t)) = 0, t ∈ [0, 1]\{t1, t2, ..., tn}, (1.1)

where g : [0, 1]×R4 → R is a continuous function. The boundary conditions are defined as:

v(0) = A, v′(0) = B, v′′(0) = C, v′′′(1) = D, (1.2)

where A,B,C,D ∈ R. The impulsive conditions are delineated as follows:
△v(tk) = I1k(tk, v(tk), v′(tk), v′′(tk), v′′′(tk)),

△v′(tk) = I2k(tk, v(tk), v′(tk), v′′(tk), v′′′(tk)),

△v′′(tk) = I3k(tk, v(tk), v′(tk), v′′(tk), v′′′(tk)),

△v′′′(tk) = I4k(tk, v(tk), v′(tk), v′′(tk), v′′′(tk)),

(1.3)

where △v(i−1)(tk) = v(i−1)(t+k )−v(i−1)(t−k ), Iik ∈ C([0, 1]×R4,R), i = 1, 2, 3, 4 with 0 < t1 <
t2 < ... < tn < 1. Here, J = [0, 1], J ′ = [0, 1]\{t1, . . . , tn}, J0 = [0, t1], and Jk = (tk, tk+1] for
k = 1, . . . , n, with tn+1 = 1.

2 Preliminary results

Consider the set

PCm[0, 1] ={v ∈ Cm([0, 1],R), for t ̸= tk, v
(i)(tk) = v(i)(t−k ), v

(i)(t+k ) exist

for k = 1, 2, 3, · · · , n, for i = 0, 1, · · · ,m}.

In this work we consider the space X = PC3[0, 1] which is a Banach space with the norm
∥x∥X := max{∥x∥∞, ∥x′∥∞, ∥x′′∥∞, ∥x′′′∥∞}, where

∥ω(i)∥∞ = sup
0≤t≤1

|ω(i)(t)|, i = 0, 1, 2, 3.

We give the solution of the linear impulsive problem associated with (1.1), (1.2) and (1.3).

Lemma 2.1. Let η ∈ L1[0, 1]. Then the linear impulsive BVP

v(4)(t) + η(t) = 0, t ∈ J ′, (2.1)

with conditions (1.2) and (1.3), has a unique solution in X expressed as

v(t) =A+Bt+
C

2
t2 +

D

6
t3 +

∑
0<tk<t

I1k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

+
∑

0<tk<t

I2k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))(t− tk)

+
∑

0<tk<t

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

(
t2

2
+

t2
k

2
− tkt

)

+

∫ t

0

(
t2 + s2

2
− ts

)∫ 1

s

η(µ)dµ−
∑

1>tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

 ds.

(2.2)

Proof. For t ∈ (0, t1], by (2.1), we find that

v′′′(t) = v′′′(0)−
∫ t

0
η(s)ds

and

v′′′(t−1 ) = v′′′(0)−
∫ t1

0
η(s)ds (2.3)
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and, for t ∈ [t1, t2],

v′′′(t) = v′′′(t+1 )−
∫ t

t1

η(s)ds. (2.4)

By (2.3) and (2.4), we have

v′′′(t−1 ) + v′′′(t) = v′′′(0) + v′′′(t+1 )−
∫ t

0
η(s)ds.

Hence

v′′′(t) = v′′′
(
t+1
)
− v′′′

(
t−1
)
+ v′′′(0)−

∫ t

0
η(s)ds

= I41 (t1, v (t1) , v
′ (t1) , v

′′ (t1) , v
′′′ (t1)) + v′′′(0)−

∫ t

0
η(s)ds.

Repeating this process for every positive t, we find

v′′′(t) = v′′′(0)−
∫ t

0
η(s)ds+

∑
0<tk<t

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk)) .

Thus, we obtain

D = v′′′(0) +
n∑

k=1

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))−

∫ 1

0
η(s)ds.

It follows that

v′′′(0) = D +

∫ 1

0
η(s)ds−

n∑
k=1

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk)) .

Hence

v′′′(t) =D +

∫ 1

t

η(s)ds+
∑

0<tk<t

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))

−
n∑

k=1

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk)) .

Equivalently, one has

v′′′(t) = D +

∫ 1

t

η(s)ds−
∑

1>tk>t

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk)) . (2.5)

Integrating (2.5) gives

v′′
(
t−1
)
= C +

∫ t1

0

D +

∫ 1

s

η(τ)dτ −
∑

1>tk>s

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))

 ds

and

v′′(t) = v′′
(
t+1
)
+

∫ t

t1

D +

∫ 1

s

η(τ)dτ −
∑

1>tk>s

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))

 ds.

Hence

v′′(t) =v′′
(
t−1
)
+ I31 (t1, v (t1) , v

′ (t1) , v
′′ (t1) v

′′′ (t1))

+

∫ t

t1

D +

∫ 1

s

η(τ)dτ −
∑

1>tk>s

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) v
′′′ (tk))

 ds.
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For all positive t, one has

v′′(t) =C + I31 (t1, v (t1) , v
′ (t1) , v

′′ (t1) , v
′′′ (t1))

+

∫ t

0

D +

∫ 1

s

η(τ)dτ −
∑

1>tk>s

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))

 ds

=C +
∑

0<tk<t

I3k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))

+

∫ t

0

D +

∫ 1

s

η(τ)dτ −
∑

1>tk>s

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))

 ds.

Integrating the last equation, we have that

v′
(
t−1
)
= B +

(
C +

∑
tk<t1

I3k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))

)
t1

+

∫ t1

0

∫ r

0

D +

∫ 1

s

η(τ)dτ −
∑

1>tk>s

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))

 dsdr

and

v′(t) = v′
(
t+1
)
+

C +
∑

0<tk<t

I3k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))

 (t− t1)

+

∫ t

t1

∫ r

0

D +

∫ 1

s

η(τ)dτ −
∑

1>tk>s

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))

 dsdr.

Since v′ (t+1 )− v′
(
t−1
)
= I21 (t1, v (t1) , v′ (t1) , v′′(t1), v′′′(t1)), one has

v′(t) =B +

C +
∑

0<tk<t

I3k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))

 (t− tk)

+

∫ t

0

∫ r

0

D +

∫ 1

s

η(τ)dτ −
∑

1>tk>s

I4k (tk, v (tk) , v
′ (tk) , v

′′ (tk) , v
′′′ (tk))

 dsdr

+ I21 (t1, v (t1) , v
′ (t1) , v

′′(t1), v
′′′(t1)) .

By repeating the same process as described above, we arrive at

v′(t) =B + Ct+
∑

0<tk<t

I2k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

+
∑

0<tk<t

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))(t− tk)

+

∫ t

0
(t− s)

D +

∫ 1

s

η(τ)dτ −
∑

0>tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

 ds

=B + Ct+
t2

2
D +

∑
0<tk<t

I2k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

+
∑

0<tk<t

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))(t− tk)

+

∫ t

0
(t− s)

∫ 1

s

η(τ)dτ −
∑

1>tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

 ds.



ON FOURTH-ORDER FULLY NONLINEAR IMPULSIVE BVPS 481

Similarly, we find that

v(t) =A+Bt+
C

2
t2 +

D

6
t3 +

∑
0<tk<t

I1k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

+
∑

0<tk<t

I2k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))(t− tk)

+
∑

0<tk<t

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

(
t2

2
+

t2
k

2
− tkt

)

+

∫ t

0

(
t2 + s2

2
− ts

)∫ 1

s

η(µ)dµ−
∑

1>tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

 ds.

To apply the Schauder fixed point theorem, we rely on the following lemma.

Lemma 2.2 ([7]). A set M ⊂ X is relatively compact if the following two conditions hold:

(i) all functions from M are uniformly bounded;

(ii) all functions from M are equicontinuous.

Theorem 2.3 ([25] Schauder’s Fixed Point Theorem). Let E be a Banach space, and Ω ⊂ E a
nonempty, bounded, closed, and convex subset of E. Let T : Ω → E be a completely continuous
operator with T (Ω) ⊂ Ω. Then T has a fixed point.

3 Main result

The existence of at least one solution for problem (1.1), (1.2), (1.3).

Theorem 3.1. Let g : [0, 1] × R4 → R be a continuous function. If there exist ρ1 > 0 and a
positive Mρ1 such that

ρ1 ≥ |A|+ |B|+ |C|+ |D|+
4∑

i=1

sup
∥v∥X<ρ1

n∑
k=1

∣∣∣Iik(tk, v(tk), v′(tk), v′′(tk), v′′′(tk))∣∣∣+Mρ1 (3.1)

and
||g(., v, v′, v′′, v′′′)||L1[0,1] ≤ Mρ1 ,

for all v ∈ X satisfying ∥v∥X < ρ1, thus problem (1.1), (1.2), (1.3) has at least a solution v ∈ X .

Proof. Problem (1.1), (1.2), (1.3) has at least one solution:
Let us define the operator T : X → X k = 1, 2 · · · , n by

Tv(t) =A+Bt+
C

2
t2 +

D

6
t3 +

∑
tk<t

I1k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

+
∑
tk<t

I2k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))(t− tk)

+
∑
tk<t

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

(
t2

2
+

t2
k

2
− tkt

)

+

∫ t

0

(
t2 + s2

2
− ts

)(∫ 1

s

Gv(µ)dµ−
∑
tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)
ds,

where

Gv(s) := g(s, v(s), v′(s), v′′(s), v′′′(s)),
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then, for all v ∈ X such that ∥v∥X < ρ, there are a1,ρ, a2,ρ, a3,ρ, a4,ρ,Mρ ∈ R+ such that

sup
∥v∥X<ρ

n∑
k=1

∣∣∣I1k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣ ≤ a1,ρ < +∞,

sup
∥v∥X<ρ

n∑
k=1

∣∣∣I2k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣ ≤ a2,ρ < +∞,

sup
∥v∥X<ρ

n∑
k=1

∣∣∣I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣ ≤ a3,ρ < +∞,

sup
∥v∥X<ρ

n∑
k=1

∣∣∣I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣ ≤ a4,ρ < +∞,

and
sup

∥v∥X<ρ

sup
t∈[0,1]

∣∣∣Gv(t)
∣∣∣ ≤ Mρ.

By Lemma 2.1, the fixed points of T are solutions of problem (1.1), (1.2), (1.3). So it is
sufficient to prove that T has a fixed point.

(i) T is continuous:
Let vm → v in X , there exists ρ > 0 such that supm ∥vm∥X < ρ.
Then,

sup
0≤t≤1

|(Tvm)′′′(t)− (Tv)′′′(t)|

= sup
0≤t≤1

∣∣∣ ∫ 1

t

Gvm(µ)dµ−
∑
tk>t

I4k(tk, vm(tk), v
′
m(tk), v

′′
m(tk), v

′′′
m(tk))

−
∫ 1

t

Gv(µ)dµ+
∑
tk>t

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣
≤ sup

0≤t≤1

∫ 1

t

∣∣∣Gvm(µ)−Gv(µ)
∣∣∣dµ

+ sup
0≤t≤1

∑
tk>t

∣∣∣I4k(tk, vm(tk), v
′
m(tk), v

′′
m(tk), v

′′′
m(tk))− I4k(tk, v(tk), v

′(tk), v
′′(tk), v

′′′(tk))
∣∣∣

≤
∫ 1

0

∣∣∣Gvm(µ)−Gv(µ)
∣∣∣dµ+

n∑
k=1

∣∣∣I4k(tk, vm(tk), v
′
m(tk), v

′′
m(tk), v

′′′
m(tk))

− I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣.
By Lebesgue Dominated Convergence Theorem, we have∫ 1

0

∣∣∣Gvm(µ)−Gv(µ)
∣∣∣dµ → 0,

as m → +∞. Moreover,

n∑
k=1

∣∣∣I4k(tk, vm(tk), v
′
m(tk), v

′′
m(tk), v

′′′
m(tk))− I4k(tk, v(tk), v

′(tk), v
′′(tk), v

′′′(tk))
∣∣∣→ 0,

as m → +∞, so,
∥(Tvm)′′′ − (Tv)′′′∥∞ → 0,
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as m → +∞. Also

sup
0≤t≤1

∣∣∣(Tvm)′′(t)− (Tv)′′(t)
∣∣∣

= sup
0≤t≤1

∣∣∣ ∑
tk<t

I3k(tk, vm(tk), v
′
m(tk), v

′′
m(tk), v

′′′
m(tk))

−
∑
tk<t

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

+

∫ t

0

(∫ 1

s

Gvm(µ)dµ−
∑
tk>s

I4k(tk, vm(tk), v
′
m(tk), v

′′
m(tk), v

′′′
m(tk))

)

−

(∫ 1

s

Gv(µ)dµ−
∑
tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)
ds
∣∣∣

≤ sup
0≤t≤1

∣∣∣ ∑
tk<t

I3k(tk, vm(tk), v
′
m(tk), v

′′
m(tk), v

′′′
m(tk))

−
∑
tk<t

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣
+ sup

0≤t≤1

∫ t

0
∥(Tvm)′′′ − (Tv)′′′∥∞ds.

We have
n∑

k=1

∣∣∣I3k(tk, vm(tk), v
′
m(tk), v

′′
m(tk), v

′′′
m(tk))− I3k(tk, v(tk), v

′(tk), v
′′(tk), v

′′′(tk))
∣∣∣→ 0,

as m → +∞, and

sup
0≤t≤1

∫ t

0
∥(Tvm)′′′ − (Tv)′′′∥∞ds ≤ ∥(Tvm)′′′ − (Tv)′′′∥∞ → 0,

as m → +∞. Moreover, we can prove that ∥(Tvm)′ − (Tv)′∥∞ → 0, by the same way:

sup
0≤t≤1

∣∣∣(Tvm)′(t)− (Tv)′(t)
∣∣∣

≤ sup
0≤t≤1

∑
tk<t

∣∣∣I2k(tk, vm(tk), v
′
m(tk), v

′′
m(tk), v

′′′
m(tk))− I2k(tk, v(tk), v

′(tk), v
′′(tk), v

′′′(tk))
∣∣∣

+ sup
0≤t≤1

∑
tk<t

(t− tk)
∣∣∣I3k(tk, vm(tk), v

′
m(tk), v

′′
m(tk), v

′′′
m(tk))− I3k(tk, v(tk), v

′(tk), v
′′(tk), v

′′′(tk))
∣∣∣

+ sup
0≤t≤1

∫ t

0
(t− s)

∣∣∣(∫ 1

s

Gvm(µ)dµ−
∑
tk>s

I4k(tk, vm(tk), v
′
m(tk), v

′′
m(tk), v

′′′
m(tk))

)

−

(∫ 1

s

Gv(µ)dµ−
∑
tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)∣∣∣ds
≤

n∑
k=1

∣∣∣I2k(tk, vm(tk), v
′
m(tk), v

′′
m(tk), v

′′′
m(tk))− I2k(tk, v(tk), v

′(tk), v
′′(tk), v

′′′(tk))
∣∣∣

+
n∑

k=1

∣∣∣I3k(tk, vm(tk), v
′
m(tk), v

′′
m(tk), v

′′′
m(tk))− I3k(tk, v(tk), v

′(tk), v
′′(tk), v

′′′(tk))
∣∣∣

+ ∥(Tvm)′′′ − (Tv)′′′∥∞ → 0,

as m → +∞. We have by the same technique

sup
0≤t≤1

∣∣∣Tvm(t)− Tv(t)
∣∣∣→ 0,
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as m → +∞.
(ii) T is compact:

Let U ⊂ X be any bounded subset, therefore there is ρ > 0 such that ∥v∥X < ρ for all v ∈ U
and

Lρ = (Mρ+ a4,ρ) .

For each v ∈ U , one has

∥(Tv)′′′∥∞ = sup
0≤t≤1

∣∣∣D +

(∫ 1

t

Gv(µ)dµ−
∑
tk>t

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)∣∣∣
≤ |D|+ Lρ < +∞.

∥(Tv)′′∥∞ = sup
0≤t≤1

|(Tv)′′(t)| ≤ |C|+ |D|+ sup
0≤t≤1

∣∣∣ ∑
tk<t

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣
+ sup

0≤t≤1

∫ t

0

∣∣∣(∫ 1

s

Gv(µ)dµ−
∑
tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)∣∣∣ds
≤ |C|+ |D|+

∣∣∣ ∑
tk<t

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣+ sup
0≤t≤1

∫ t

0
Lρds

≤ |C|+ |D|+ a3,ρ + Lρ < +∞.

∥(Tv)′∥∞ = sup
0≤t≤1

|(Tv)′(t)| ≤ |B|+ |C|+ |D|
2

+ sup
0≤t≤1

∣∣∣ ∑
tk<t

I2k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣
+ sup

0≤t≤1

∣∣∣ ∑
tk<t

(t− tk)I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣
+ sup

0≤t≤1

∫ t

0
(t− s)

∣∣∣(∫ 1

s

Gv(µ)dµ−
∑
tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)∣∣∣ds
≤ |B|+ |C|+ |D|

2
+
∣∣∣ ∑
tk<t

I2k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣
+
∣∣∣ ∑
tk<t

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣
+ sup

0≤t≤1

∫ t

0
(t− s)Lρds ≤ |B|+ |C|+ |D|

2
+ a2,ρ + a3,ρ +

Lρ

2
< +∞.

∥(Tv)∥∞ = sup
0≤t≤1

|(Tv)(t)| ≤ |A|+ |B|+ |C|
2

+
|D|
6

+ a1,ρ + a2,ρ + a3,ρ + Lρ < +∞.

Therefore,

∥Tv∥X = max {∥Tv∥∞, ∥(Tv)′∥∞, ∥(Tv)′′∥∞, ∥(Tv)′′′∥∞} < +∞,

that is, TU is uniformly bounded. As T is continuous and from (3.1), if we take the closed
bounded ball U ⊂ X of center 0 and radius r = ρ1, then we have TU ⊂ U .

TU is equicontinuous, because, for [0, L] ⊂ [0, 1] and r1, r2 ∈ [0, L] ∩ Jk such that k =
0, 1, . . . , n and r1 < r2, we have
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∣∣∣(Tv)′′′(r2)− (Tv)′′′(r1)
∣∣∣

=
∣∣∣ ∫ 1

r2

Gv(µ)dµ−
∑
tk>r2

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

−
∫ 1

r1

Gv(µ)dµ+
∑
tk>r1

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣
≤
∣∣∣− ∫ r2

r1

Gv(µ)dµ+
∑

r2>tk>r1

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣→ 0,

as r1 → r2.

|(Tv)′′(r2)− (Tv)′′(r1)|

=
∣∣∣ ∑
tk<r2

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))−

∑
tk<r1

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

+Dr2 −Dr1 +

∫ r2

0

(∫ 1

s

Gv(µ)dµ−
∑
tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)
ds

−
∫ r1

0

(∫ 1

s

Gv(µ)dµ−
∑
tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)
ds
∣∣∣

≤
∑

r1<tk<r2

∣∣∣I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣+ ∣∣∣Dr2 −Dr1

∣∣∣
+

∫ r2

r1

∣∣∣(∫ 1

s

Gv(µ)dµ−
∑
tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)∣∣∣ds
≤

∑
r1<tk<r2

∣∣∣I3k(tk, v(tk), v
′(tk), , v

′′(tk), v
′′′(tk))

∣∣∣+ ∫ r2

r1

Lρ1ds → 0,

as r1 → r2. Also,

|(Tv)′(r2)− (Tv)′(r1)|

=
∣∣∣Cr2 +

∑
tk<r2

I2k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

+
∑
tk<r2

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))(r2 − tk)

− Cr1 −
∑
tk<r1

I2k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

−
∑
tk<r1

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))(r1 − tk) +

Dt2
2

2
−

Dt2
1

2

+

∫ r2

0
(r2 − s)

(∫ 1

s

Gv(µ)dµ−
∑
tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)
ds

−
∫ r1

0
(r1 − s)

(∫ 1

s

Gv(µ)dµ−
∑
tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)
ds
∣∣∣
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≤
∑

r1<tk<r2

∣∣∣I2k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣+ ∣∣∣r2 − r1

∣∣∣∣∣∣C∣∣∣
+

∑
r1<tk<r2

∣∣∣I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))r2

∣∣∣
+
∑
tk<r1

∣∣∣I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))(r2 − r1)

∣∣∣
+

∑
r1<tk<r2

∣∣∣I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))tk

∣∣∣+ ∣∣∣Dt2
2

2
−

Dt2
1

2

∣∣∣
+

∫ r1

0

∣∣∣r2 − r1

∣∣∣∣∣∣(∫ 1

s

Gv(µ)dµ−
∑
tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)∣∣∣ds
+

∫ r2

r1

∣∣∣r2 − s
∣∣∣∣∣∣(∫ 1

s

Gv(µ)dµ−
∑
tk>s

I4k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

)∣∣∣ds
≤

∑
r1<tk<r2

∣∣∣I2k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣
+ r2

∑
r1<tk<r2

∣∣∣I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣
+

∣∣∣r2 − r1

∣∣∣∣∣∣C|+
∣∣∣r2 − r1

∣∣∣ ∑
tk<r1

∣∣∣I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))

∣∣∣
+
∣∣∣ ∑
r1<tk<r2

I3k(tk, v(tk), v
′(tk), v

′′(tk), v
′′′(tk))tk

∣∣∣+ ∣∣∣Dt2
2

2
−

Dt2
1

2

∣∣∣
+

∫ r1

0

∣∣∣r2 − r1

∣∣∣Lρ1ds+

∫ r2

r1

∣∣∣r2 − s
∣∣∣Lρ1ds → 0,

as r1 → r2. and we have by the same technique |(Tv)(r2)− (Tv)(r1)| → 0 as as r1 → r2.
So, by Lemma 2.2, the set TU is relatively compact.
As T is completely continuous, by Schauder Fixed Point Theorem, T has at least one fixed

point v ∈ X .

4 Example

Consider the impulsive boundary value problem:

v(4)(t) + g(t, v(t), v′(t), v′′(t), v′′′(t)) = 0, a.e. t ∈ [0, 1]\ {0.1, 0.8} , (4.1)

where g(t, x, y, z, w) = 1
10(

y2x
y2+7t+2 + cos(tx)y + x2z

x2+4
√
t+1

+ z4w
z4+3), t ∈ [0, 1] and

v(0) = 0, v′(0) = 1 , v′′(0) = 0.5 v′′′(1) = 0, (4.2)

with the impulsive conditions for tk ∈ {0.1, 0.8},

120I1k(tk, v(tk), v′(tk), v′′(tk), v′′′(tk)) =
v′2(tk)v(tk)
v′2(tk)+2 + v′′4(tk)v

′(tk)
v′′4(tk)+1

+v′2(tk)v
′′(tk)

v′2(tk)+5 +
√
tkv

′4(tk)v
′′′(tk)

v′4(tk)+4 ,

120I2k(tk, v(tk), v′(tk), v′′(tk), v′′′(tk)) = sin(v′′(tk))v(tk) +
v′3(tk)

v′2(tk)+1

+v′′(tk) + tkv
′′′(tk),

120I3k(tk, v(tk), v′(tk), v′′(tk), v′′′(tk)) = v(tk) + v′(tk) +
sin(tkv(tk))v′′(tk)

v′′2(tk)+3

+ v′′′3(tk)
v′′′2(tk)+1 ,

120I4k(tk, v(tk), v′(tk), v′′(tk), v′′′(tk)) = v(tk) + t2
k cos(v(tk))v′(tk)

+v′′(tk) + v′′′(tk).

(4.3)
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The impulsive conditions (4.3) satisfy (3.1), for all v ∈ X such that ∥v∥X < ρ. Indeed,
∑2

k=1

∣∣I1k(tk, v(tk), v′(tk), v′′(tk), v′′′(tk))
∣∣ ≤ ρ

10 < +∞,∑2
k=1

∣∣I2k(tk, v(tk), v′(tk), v′′(tk), v′′′(tk))
∣∣ ≤ ρ

10 < +∞,∑2
k=1

∣∣I3k(tk, v(tk), v′(tk), v′′(tk), v′′′(tk))
∣∣ ≤ ρ

10 < +∞,∑2
k=1

∣∣I4k(tk, v(tk), v′(tk), v′′(tk), v′′′(tk))
∣∣ ≤ ρ

10 < +∞,

and |g(t, v(t), v′(t), v′′(t), v′′′(t))| ≤ 4
10ρ,∫ 1

0
|g(t, v(t), v′(t), v′′(t), v′′′(t))|dt ≤ 4

10
ρ.

Take ρ = ρ1 = 20,
3
2
+

8ρ1

10
= 17.5 ≤ 20. (4.4)

Then, problem (4.1), (4.2), (4.3) has at least one solution v ∈ X .
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[10] S. G. Georgiev, A. S. Doğru and K. M. Eymen, Existence of solutions for first order impulsive periodic
boundary value problems on time scales, Filomat 37.10 (2023): 3029-3042.

[11] D. Guo, Existence of two positive solutions for a class of third-order impulsive singular integro-
differential equations on the half-line in Banach spaces, Guo Boundary Value Problems (2016).

[12] M. Hannabou, M. Bouaouid and K. Hilal, Existence Results of Impulsive Hybrid Fractional Differential
Equations With Initial and Boundary Hybrid Conditions, Kragujevac Journal of Mathematics, Volume
49(4) (2022), Pages 555–566.

[13] J. H. He, Taylor series solution for a third order boundary value problem arising in architectural engi-
neering, Ain Shams Engineering Journal 11.4 (2020): 1411-1414.

[14] V. Lakshmikantham and P. S. Simeonov, Theory of Impulsive Differential Equations, Vol. 6. World sci-
entific, 1989

[15] Y. Li and W. Ma, Existence of Positive Solutions for a Fully Fourth-Order Boundary Value Problem,
Mathematics 10.17 (2022): 3063.

[16] Y. Liu and D. O’Regan, Multiplicity results using bifurcation techniques for a class of boundary value
problems of impulsive differential equations, Commun. Nonlinear Sci. Numer. Simul. 16, 1769-1775
(2011)



488 A. Zerki and Y. Gouari

[17] D. Quang A and D. Quang Long, Existence results and numerical solution of a fourth-order nonlinear
differential equation with two integral boundary conditions, Palestine Journal of Mathematics 12.4 (2023):
174–186.

[18] B. Roy and S. N. Bora, Impulsive differential equations with Erdélyi–Kober boundary conditions and
fractional derivatives of Caputo Type, Palestine Journal of Mathematics 12.3 (2023): 133–150.

[19] F. Tokmak Fen and I. Yaslan Karaca, Existence of positive solutions for fourth-order impulsive integral
boundary value problems on time scales, Mathematical Methods in the Applied Sciences 40.16 (2017):
5727-5741.

[20] J. R. L. Webb and G. Infante, Positive solutions of nonlocal boundary value problems: a unified approach,
Journal of the London Mathematical Society 74.3 (2006): 673-693.

[21] Y. Wei, Z. Bai and S. Sun, On positive solutions for some second-order three-point boundary value prob-
lems with convection term, Journal of Inequalities and Applications 2019.1 (2019): 1-11.

[22] Y. Wei, Q. Song and Z. Bai, Existence and iterative method for some fourth order nonlinear boundary
value problems, Applied Mathematics Letters 87 (2019): 101-107.

[23] M. Xu and R. Ma, On a fourth-order boundary value problem at resonance, Journal of Function Spaces
2017 (2017).

[24] Y. Yue, Y. Tian, M. Zhang and J. Liu, Existence of infinitely many solutions for fourth-order impulsive
differential equations, Applied Mathematics Letters 81 (2018): 72-78.

[25] E. Zeidler, Nonlinear Functional Analysis and Its Applications. I: Fixed-Point Theorems, Springer, New
York, 1986.

[26] Z. Zhang and R. Yuan, An application of variational methods to Dirichlet boundary value problem with
impulses, Nonlinear Anal. RWA (2008) doi:10.1016/j.nonrwa.2008.10.044.

[27] Y. Zhou and X. Zhang, Triple positive solutions of fourth-order impulsive differential equations with
integral boundary conditions, Boundary Value Problems 2015 (2015): 2015 (2015): 1-14.

Author information

A. Zerki, École Nationale Supérieure d’Hydraulique de Blida & Department of Mathematics, Laboratoire
Théorie du point fixe et Applications, École Normale Supérieure, BP 92, Kouba, 16006, Algiers, Algeria.
E-mail: alizerki28@gmail.com & a.zerki@ensh.dz

Y. Gouari, École Normale Superieure de Mostaganem, Algeria.
E-mail: gouariyazid@gmail.com

Received: 2024-02-19

Accepted: 2024-04-24


	1 Introduction
	2 Preliminary results
	3 Main result
	4 Example

