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Abstract Let p be a prime and m, e be positive integers such that e > 2. Consider the ring
R, = F’ZZL[;‘ | and a unit A\ = Ao + yu, where \g € Fy.. and v € R}. This paper provides
a classification of A-constacyclic codes of length np® over R. by determining their generator
polynomials, enumeration, and dual codes. Here s, n are positive integers such that ged(p,n) =
1. In particular, for p # 7, we establish a complete classification of A-constacyclic codes of

length 7p® over R, by determining the factorization of 7 — ¢ over F,m, where £7" = ).

1 Introduction

Constacyclic codes play a crucial role in the field of error-correcting codes due to their efficient
encoding via simple shift registers and their rich algebraic structures, which enable effective
error detection and correction. These properties make them particularly valuable in engineering
applications. In particular, constacyclic codes defined over specific classes of finite rings have
emerged as a compelling research topic in algebraic coding theory [3, 4, 5, 6, 14, 15, 16].

Let R be a finite commutative ring with identity 1 # 0, and let R* denote its group of units.
A code of length n over R is a nonempty subset C' C R", where each element c in C is called a
codeword. A code C is said to be linear if it forms an R-submodule of R". Given a unit A € R*,
a linear code C of length n over R is called a A-constacyclic code if it satisfies the shift property:
for every codeword (cg, c1,...,cn—1) € C, the vector (Ac,—1,co,¢1,---,Cn_2) also belongs to
C. Each codeword ¢ = (cp, c1,...,cn—1) € C can be naturally associated with the polynomial
c(z) =co+ecrxz+--+cp12""! € R[x]. Itis well known that a linear code C of length n over

Rlz]

R is A-constacyclic if and only if it is an ideal of the quotient ring T

Fprlul has been extensively utilized as an alphabet for

The class of finite rings of the form "

(
constacyclic codes. Notably, the ring 152[2")] exhibits intriguing structural properties: it is addi-

tively isomorphic to IF4 and multiplicatively analogous to Z4. Due to these characteristics, codes

over ?’u2> have attracted significant attention in coding theory (see, for example, [3, 4, 5, 6]).

More generally, the family of rings Fz’;"e[;‘] = Fpm +uFpm + - +u~'F,m has also been widely

studied in coding theory as an alphabet for error-correcting codes. Several investigations have
focused on constacyclic codes over these structures, highlighting their algebraic properties and
applications (see, for example, [7, 8, 9, 2]).

Throughout this paper, we use the notation R, to denote the finite commutative ring

F [U] e—1
Re = P = aiui | a; € Fom .
- (g e}

This ring consists of polynomials over F,~ in the indeterminate u, with degree strictly less than
e, where arithmetic operations are performed modulo «°.
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The set of all units in R, consists of elements of the form A = \g + uX; + - + u® ' Ae_y,
where Ao, A1,...,Ae—1 € Fpm and A # 0. In this paper, we consider only units of Type-1,
which means that A\; # 0. Equivalently, we define

Y= AUt A utT2

which is also a unit in R,.
Let s be a positive integer. Using the division algorithm, we write s = g;m + r,, with
. m (gs+)m—s s
0 <r, <m.Since \j = Ao, we define & = ] =N - . It follows that 7" = ).
Throughout this paper, 7 denotes a positive integer with ged(n, p) = 1. We define the quotient
ring as

m—rg

R[]
G =)

Thus, the A-constacyclic codes of length np® over R, are precisely the ideals of R .

The remainder of this paper is structured as follows. In Section 2, we classify A-constacyclic
codes of length np® over R,., where s and n are positive integers such that ged(p,n) = 1. We
determine their generator polynomials, enumerate the number of distinct codes, and describe
their duals. In Section 3, we focus on the special case where 7 = 7 and establish a complete
classification of A-constacyclic codes of length 7p® over R.. We analyze the factorization of
x” — & over Fm and distinguish two cases: when p™ = 1 (mod 7) (Subsection 3.1) and when
p™ # 1 (mod 7) (Subsection 3.2).

Ry =

2 X-constacyclic codes of length 1p° over R,

In this section, we study A-constacyclic codes of length np® over R.. We recall that a finite
commutative ring is said to be a chain ring if its ideals are totally ordered by inclusion.
The following result is a well-known property of finite commutative chain rings (see [11]).

Proposition 2.1. Let R be a finite commutative ring. The following conditions are equivalent:

(i) R is a local ring whose maximal ideal M is principal, i.e., M = (I') for some element
I'eR.

(ii) R is a local principal ideal ring.
(iii) R is a chain ring whose ideals are (I'*) for 0 < i < r, where 1 is the nilpotency index of T.
Moreover, for each 0 < i < r, the cardinality of the ideal (I') is given by

r—71

()] =

R
M
Clearly, R, is a finite commutative chain ring with maximal ideal (u), nilpotency index e,

and residue field % =Fpm.

We define the natural projection
Re[z] = Fprlz],  f(2) = f(2),

where f(x) is obtained by reducing all coefficients of f(z) modulo (u).
Two polynomials fi(x), f(x) € R.[z] are called coprime if

(fi(@)) + (fa(x)) = Rela],
or equivalently, if there exist polynomials g; (), g2(x) € R.[z] such that
fi(x)gi(z) + fa(z)ga(x) = 1.

The coprimeness of two polynomials in Fy,m [x] is defined similarly.
Now, since 7 and p are coprime, the polynomial " — £ has no repeated factors. Let

" — &= fi(x)folx) - fe(x)
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be its factorization into pairwise distinct monic irreducible polynomials in [F,,m [z]. Raising both
sides to the power p® gives

s

2 = Xo = fi(z)” falz)? - folz)P

By Hensel’s lemma [10, Theorem XIII.4], there exist pairwise coprime monic polynomials

bi(@), Y2 (@), i(@) € Re[x]

such that .
™ — X =i (x)Pa(z) - Ye(), 2.1

with
Pi(z) = fi(x)?", foralli=1,... ¢t

For each 7, we define:

. Ry = Al

@i@)
. b _ hi(z) ()
¢i(z) = Yi(z)
. gi(z) = fl(x};é-mf)t(m)’

Since ¢;(x) and v;(x) are coprime in R.[z], there exist polynomials s;(x),r;(xz) € Re[z]
such that
si(2)¢i(x) + ri(z)vi(z) = 1. 2.2)

Define ¢;(z) = s;(z)¢i(z).
Lemma 2.2. In the ring Ry, the polynomials e;(z) satisfy the following:
t
(i) > en(z)=1;
k=1
(ii) forall 1 <i#j <t gi(x)e;(x) =0;
(iii) forall 1 <i <t, g;(z)e;i(x) = g;(x).
Proof. (i) Foreachi=1,..., ¢, we have

t

> er(w)—1=ei(x)—1 (mod ¢y(x)) = ri(w)i(z) (mod ¢i(z)) =0 (mod ¢5(x)).

k=1
Since ¢ (z), ..., 1 (z) are pairwise coprime, it follows that

t

Zsk(m) =1 inR,.
k=1
(ii) If i # j, then &;(2)e; () is divisible by 27" — &, implying that in R,
gi(x)ej(z) =0.
(ii1) By (i) and (ii),
gi(z) = ei(x) Zsk(x) =e2(2).

Theorem 2.3. (i) Ry =¢c1(2)RA @ ... Ber(x)Ry;

(ii) foralli =1,... t, themapm;: R; — ei(x)Rx isa ring isomorphism.
clz) — egi(x)c(x)
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Proof. (i) According to the previous lemma, for any c(z) € R,

t

c(x) = c(x) Zsz(x) = Zsl(x)c(x) Ce()Rr+ ... +ee(x)Ra.

i=1
t
Then Ry = &1(x)Rx + ... + £.(z)Rx. On the other hand, if )" ¢;(z)¢;(x) = 0, then for
=1

t
allj =1,...,t,&;(z) Y &(z)e;(x) = 0, using previous lemma again £, (x)c;(xz) = 0. So
we have Ry = el(x)R; D...0er(x)Ra.

(i) Leti = 1,...,t, if g;(x)c(x) = 0 in g;(x)Ry, then there exists b(x) € Rc[z] such that
ei(z)e(z) = b(z) (2™ —¢€), ie.,
(1 = ri(2)i(z)) e(z) = b(x) (xnp" - 5) , in Re[z].

Then ¢(z) = 0 in R;. So we have shown that 7; is an injection. The surjection is obvious.
]

We can therefore conclude the following theorem.

Theorem 2.4. Let C' be a subset of Rx. Then C is an A-constacyclic code of length np® over
R, if and only if for each integer i,1 < i < t, there is a unique ideal C; of R; such that
t

i=1

Lemma 2.5. The polynomial g;(z) is a unit in R;.

Proof. To prove this, we show that g;(x)?" and 1 (z) are coprime in R.[z].
Since g;(x)?" and f;(z) are coprime in F, [z], there exist polynomials a;(x), b;(x) € Fpm[z]
such that
a;(z) fi(x) + bi(x)gi(x)” = 1.
Using ¢;(x) = f;(x)P", we express ¢; () in R.[z] as
Pi(x) = fi(2)" + uei(z),
for some ¢;(x) € R.[z]. Substituting this into the previous equation yields

a;(2)vi(x) + bi(2)gi(2)P" =1+ ua;(z)e;().

Since w is nilpotent in R.[z], the term 1 4 ua;(z)c;(z) is a unit in R.[z]. Therefore, ¢;(z)
and g;(z)?" are coprime in R, [z], proving that g;(z)?" is a unit in R;. O

Theorem 2.6. In R;, the following properties hold:
(i) (fi(x)P") = (u), and thus f;(x) is nilpotent with nilpotency index ep®.
(ii) The ring R; is a chain ring with the following ideal chain:
Ri= (1) 2 {fi2)) 2 2 (i)™ ™") 2 (fia)?") = (0). (2.3)
(iii) Each ideal (f;(z)7) contains p& fim(er" i) elements for all 0 < j < ep®.

Proof. (i) Since 1;(x) divides 2" — X in R.[z], it follows that in R;, we have 277" — X = 0.
Moreover, using 77" — X\ = (2" — £)P" — uy, we obtain

yu= (" =€ = fi(2)? gi(2)”.

By Lemma 2.5, gi(m)ps is a unit in R;, and since - is also a unit, it follows that

{fi2)?") = (u).

Consequently, as  has nilpotency index e, we conclude that f;(x) has nilpotency index ep®.
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(i) Let I be a nontrivial ideal of R; and denote by I, its reduction modulo u. Since I, is an

ideal of % it takes the form

L= (fiz)"), 1<j<p"
Every c(x) € I can be written as

c(z) = g(x) fi(x)” + uh(x),

for some g(x), h(x) € R;. By part (1), since u € (f;(x)?"), we deduce that I C (fi(x)).
Hence, R; is a local ring with a principal maximal ideal (f;(z)). By part (1), f;(x) is
nilpotent with nilpotency index ep®. By Proposition 2.1, R; is a chain ring with ideals
given by (2.3).

(iii) By Proposition 2.1, the number of elements in {f;(z)’) is given by

Ri ep®—j

(fi(x))

Since % & F a5, has p™ € /i elements, it follows that

)] =]

| (fi(z)7) | = pleg fim(ep®—j)

According to Theorem 2.4 and Theorem 2.6, we establish the following result:

Theorem 2.7. Every \-constacyclic code of length np*® over R, has the form

t

C = @Ei(x)<fi(x)2i>7

i=1

where 0 < z; < ep®.
The number of codewords in C'is given by

t
3- deg fim(ep® —z;)
pi:l .

Furthermore, the total number of A-constacyclic codes of length np® over R, is
(ep® + 1)

Alternatively, the structure of A-constacyclic codes can be described in terms of their gener-
ator polynomials.

Theorem 2.8. The \-constacyclic codes of length np® over R, are given by

Czl,...,zt = <H fl(lt)z1>

Moreover, the number of codewords in C, .., is

ey

t
3= m deg fi(ep® —z:)
‘Czl,...,Zg‘ :pi:I K

where for all 1 < i <t, we have 0 < z; < ep®.

t
Proof. Tt suffices to show that @ ¢;(x)(f;(x)*)

=1

Il
(\
e bs

=
—~
o

]

\/
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t
Let C = @ gi(z) (fi(x)*) and D = <H fl(x)z> By using same proof of Lemma 2.5 for
i=1
alli,j=1,. tandz;«é] /() is a unit in R;, we have:

<Hf1 > (fi(x)*) in R;.

Since Y €;(x) = 1, we can conclude that
i=1

C=Pei) (fi(x)") = Peile <Hfi<x>Zi> <Hfz >=
i=1 i=1 i=1

The dual of an ideal C' in TH denoted by C*, is defined as

np°—1 np°—1 np°—1
CJ‘:{a(a:):Z Zm b; = 0, for any b(z be GC’}

=0 =0
Proposition 2.9. [11] If C is a A-constacyclic code of length np® over R., then
C] - |CH] = |RAl-

The reciprocal polynomial of a polynomial a(z) € R.[z] of degree r, denoted by a*(x), is
defined as

a*(z) = z"a(z™h).
The annihilator of an ideal C' in R, denoted by A(C), is given by
A(C) = {a(z) | a(z)b(z) = 0 for any b(z) € C}.

Proposition 2.10. [12] If C is a A-constacyclic code of length np® over R., then its dual is a

X~ !-constacyclic code of length np® over R., i.e., an ideal of %

L2 A5(0) = o () | ala) € AC)).

. Moreover,

t
Theorem 2.11. Let C,, . ., = <H f,»(x)z"'> be a \-constacyclic code of length np* over R..
Then

Proof. 1tis clear thatin R,

[ i)™ = ] fitw)= =o.
i=1

i=1

Therefore,
t
= <H fi(x)ep82i> - -A(Cth,Zt) .
i=1

By Proposition 2.10,

¢
- <H fi*(:c)epé‘zi> CCr. ..
i=1
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On the other hand, by Theorem 2.8 and Proposition 2.9,

[Ral=1C[-1C5 .|

>|C|-|D"|

=|C|-|D|

_ pZZ; mdeg fi(ep® —z;) ' pé mdeg fi(ep® —(ep”—2;))
= [Ral.

Thus,

3 Type-1 A-constacyclic codes of length 7p® over R,

In this section, we classify all A-constacyclic codes of length 7p® over R, in terms of their gener-
ator polynomials and determine their duals. The structure of C is determined by the factorization
of 27 — & over Fpym.

Let ¢ be a primitive (p™ — 1)th root of unity, so that

Fr,. = {1,5,8,...,gp’"’*z,gp’"’*l}.

Consider § = ¥ € ... The order of £ in the multiplicative group /.. is given by

mo_ ]

P =7
gcd(vam - 1) .

We consider two cases: p™ =1 (mod 7) and p™ # 1 (mod 7).

3.1 Case whenp™ =1 (mod 7)

We begin with the following lemma:

Lemma 3.1. /13, Theorem 3.75] Assume that n > 2. For any a € F; with ord(a) = k, the
binomial ™ — a is irreducible over I, if and only if both of the following two conditions are
satisfied:

* Every prime divisor of n divides k, but does not divide (q — 1) /k;
o If4d|n, thend | (qg—1).

Then in the case p™ = 1 (mod 7), the polynomial =/ — ¢ is irreducible over the finite field
F, if and only if 7 divides gaj(ﬁip;i—l) but does not divide w, it follows that 27 — ¢ is irreducible
over [F= if and only if 7 does not divide w.

In the case where 7 divides w, for any 0 < i < 6, the element & %fi# is aroot of 27 — €,
and these roots are pairwise distinct. Consequently, the polynomial 27 — ¢ admits the following
factorization:

o — €= f[ (a: - ﬁg“’mf‘) .
=0

We now list all the A-constacyclic codes of length 7p°® over R, and their duals in the case
where p™ = 1 (mod 7) in Table 1, where 0 < z, z; < ep®.
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Case A-constacyclic codes C' ct
7 does not divide w (27 — €)?) (&7 — 1)P"e=2)
o 6 o L p™ o1\ i 6 o T pMe—z;
7 divides w 11 (x—ﬁ?fl 7 ) I (575’ 7 1:—1)
i=0 i=0

Table 1. The A-constacyclic codes of length 7p* over R, and their duals in case p™ = 1 (mod 7).

3.2 Case when p™ # 1 (mod 7)

In this case, 7 and p™ — 1 are coprime. Therefore, there exist two positive integers r and ¢ such
that

Tr+ (™ —1)t=1.
Consequently,

Troo+ (pm — 1)itw = .

Let us define 6 = £~ and set y = %x. Then, we have
§'=¢ and 2’ —¢=6"(y - 1).

Let 6 be a primitive 7th root of unity in an extension field of F,». Foreach £ = 0,1,...,6,
the minimal polynomial of 6% over F,= is given by

My(z) = I (z-0%),

1ECK

where %}, denotes the cyclotomic coset of £ modulo 7 over [Fj», defined as:

€= {k-(p™)'mod7|¢=0,1,...}.

The irreducible decomposition of y” — 1 in Fym [z] is given by the following expression ( see
[17, Theorem 4.1.1]):

y7 —-1= H M1($)7

€T

where 7 is the set of representatives of the cyclotomic cosets modulo 7.
We obtain the factorization of 27 — ¢ into irreducible factors over F, as follows:

(z = 8) fi(z) fa(2) f3(x), ifp™=6mod7,
ol — €= (x = 0) fa(z) f5(2), if p =2 or4 mod 7,
(z —0) fo(w), if p™ =3 or 5 mod 7.

Where

where a = 6 + 0° and b = 0 + 62 + 6*.
We then present all the A-constacyclic codes of length 7p® over R, and their duals in case
p™ =1 (mod 7) in Table 2, where 0 < z; < ep®.
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Case C ct
pr=6mod7  ((x—0)*fi(x)* fox)™ f3(x)?) (0 — 1)P" ez fr(g)pema
Bt fr(z)pte)
p™ =2or4mod7 ((x = 8)™ fa(z)* fs(x)*) (6 — 1P em =0 fr(a)p e f2 (x)P" =)
p™ =3 or5 mod7 {(x — )™ fe(x)™) (6 — 1)P"e=20 fr ()P e==1)

Table 2. The A-constacyclic codes of length 7p® over R, and their duals in case p™ # 1 (mod 7).
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