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Abstract. Here, we introduce a new recurrence sequence using balancing and Lucas-balancing
numbers known as balancing and Lucas-balancing sedenions involving some interesting results.
We find various types of generating functions and Binet formulas with some well-known identi-
ties for both balancing and Lucas-balancing sedenions. Additionally, we give some combinato-
rial properties for balancing and Lucas-balancing sedenions.

1 Introduction

The quaternions were first introduced in 1843 by William Rowan Hamilton. Quaternions form
a 4-dimensional real vector space with a multiplicative operation. The quaternions have many
applications in applied sciences such as physics, computer science, and Clifford algebras in
mathematics. A quaternion with real coefficients is of the form ¢ = a + be; + cep + des, where
{1, ey, €2, e3} is the quaternion basis satisfying

e% = 6% = e% = —1, €16 = —€2€1 = €3, €263 — —€3€y) — €1, €3e] — —€1€3 = €3.
In abstract algebra, the sedenions form a 16-dimensional non-commutative, non-associative, and
non-alternative but power-associative algebra over the real numbers, obtained by the Cayley-
Dickson construction. The well-known sedenion algebra plays a great role in mathematics, cod-
ing theory, physics, robotics, computer science, etc. In recent years, several authors have studied
the quaternions, octonions, sedenions and their generalizations [1, 2, 3, 4, 5, 6, 8, 15, 20].
A sedenion is defined as follows

15
S="ae, (1.1

i=0
where a9, a1, az, ..., a1s € Randey =1, ey, ey, ..., eys, is the sedenion basis satisfying the

multiplication table [2, 3].
Panda and Ray [14] introduced balancing numbers n,r € Z*, as a solution of the equation

1+2+...+(n=1)=n0+1)+n+2)+...+(n+71), (1.2)

where n is a balancing number with balancer r. For example 6, 35, 204, ... are balancing num-
bers with balancer 2, 14, 84, ..., respectively.
The nth balancing number B,, is given by

B, =6B,_1 — B,_2, for n>2, (1.3)
with initial values By = 0 and B; = 1. The recurrence relation for Lucas-balancing number is

C,=6C,_1 —Cp_a, fornz=2, (1.4)
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with initial values Cyp = 1 and C| = 3. The characteristic equation for balancing number is
2 —6x+1=0, (1.5)

with roots A\; = 3 4 v/8 and \, = 3 — /8. Behera et.al[14] established the generating function
for balancing number is

T

=— 1.
Glo) 1 — 62+ 22 (1.6)
and the Binet formula for balancing and Lucas-balancing numbers are given by
A \D
B,="1-"22 1.7
s W (1.7
and
AT+ MY
C, = % (1.8)

In [7]Horadam quaternions are important steps in the development of contemporary the Caley-
Dickson algebra theory. Later, in [6] Halici gives Binet’s formulas, generating functions, and
some properties of Fibonacci and Lucas numbers. Patel and Ray [15] introduced two new classes
of quaternions known as balaning and Lucas-balancing quaternions in 2021, and in [1] Asci
and Aydinyuz present new kinds of sequences of quaternions called as Gaussian balancing and
Gaussian cobalancing quaternions that are based on balancing and Lucas-balancing numbers. In
addition, “Bi-periodic balancing quaternions" were studied by Sevgi and Tasci in [19], and for
some related studies, see [11, 12, 16].

In this article, we introduced the balancing sedenions and Lucas-balancing sedenions with some
interesting properties, generating functions, Binet formula, various identities, etc.

2 Balancing and Lucas-balancing Sedenions

In this section we define balancing and Lucas-balancing sedenions and calculate some properties
of these sedenions.

Definition 2.1. We define the balancing and Lucas-balancing sedenions over the sedenion alge-
bra S. The nth balancing and Lucas- balancing sedenions are defined respectively as

15

SBy, = Bpeo + Bpiier + ...+ Bpyisers = ZBn+sesa 2.1
s=0
and
15
SCp = Cheg+ Cpyrer + ...+ Cryisers = Z Chts€s, (2.2)
s=0
where eg, €1, €2 , . .. , €15 are the standard basis vectors in R!.

Proposition 2.2. The recurrence relations for balancing and Lucas-balancing sedenions are re-
spectively

SB, =6SB,_1 —SB,,—» and SC, =6S5C,_; —SC,_,, forn>2,

where SBy = Zio B.es, SB; = Zio By e and SCy = Zio Cses,
SC = Zio Clyses.
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Proof. Using the recurrence relation of { B, },,>2, we have

15
SB, = ZB’YLJrSeS
s=0
15
= Z(6Bn71+s - Bn72+s)es
s=0

15 15
=6 § B71,+s—les - § Bn+s—2€s
s=0 s=0

- 6SBn71 - SBn72a

which completes the proof. The proof is similar for Lucas-balancing sedenions.

O

We can observe from the equations (2.1) and (2.2) that addition, subtraction, and multiplica-

tion of these sedenions can be obtained as follows:

15
SBy +8C, = (B, +Cy)es,
s=0

and

SB, x SC, = Ssp,Ssc, + SsB,Vsc, +Vsp,5sc, — Vss,Vsc, + Vsr, Vsc,,

where Ssp,, Ssc, are scalar part and Vgg,, Vsc, are vector part of balancing and Lucas-

balancing sedenions respectively.

Definition 2.3. The conjugates of SB,, and SC,, are respectively defined as

15

SBy, = Brey — Byi1e1 — Bpiaer — ... — Byiise;s = By, — E Biyses

s=1

15

and SC,, = Cheg — Cry1e1 — Cpirer — ... — Cppises = Cp — E Chysts,

s=1

and the norms of SB,, and SC,, are respectively defined as

15
Nsp, = SBnSBy = BrZL + Bzﬁ-l + B’r27,+2 +...t Brzﬂ—ls = ZBi-«-s
s=0

and Nso, = SC,SC, =C2+C2  +C>+...+C2, 5= 215: 2.
s=0

Proposition 2.4. For all n > 0, we have

(i) SB,, + SB, =2B,,.

(ii) SC,, + SC,, = 2C,.
(iii) SB2 + SB, SB,, = 2B,SB,,.

(iv) SC? + SC, SC,, = 2C,,SC,,.
Lemma 2.5.

SC, +V8SB, =uX\} and SC, —V8SB, =uv\},

15 15
where u=7)"g\es, v=7> " )Aes.
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Proof. Using Binet formula for C,,, B,, we have C,, + v/8B,, = AT. Thus we have

15 15
SCn 4+ V8SB, =Y Crnyses+ V8> Buises
s=0 s=0

15
= (Cn+s + \/§3n+s)es
s=0

15
— § /\?Jrses
5=0

15
= AT Aje,
s=0
= uAl.
Using the identity C,, — V8B, = A}, we can easily obtain SC,, — V8SB, = vAY. O
Proposition 2.6. For integers m, n > 0, then we have

SBpin = B SCy, + C,SBy,
and SCypin = Cp,SCy, + 8B, SB,,.

Proof. Using the result B,,,.,, = B,,Cy, + C,,, B,,, we have

15
SBin = § Brtn+ses
s=0

15
= Z(BanJrs + CmBn+s)es
s=0
15 15

=B, Z Cn+5€s +Cn Z Bn-‘rses
s=0 s=0

= B,,SC, + Cp,SB,,.

Similarly, using C},, ., = C,,,C, + 8B, B;,, we can easily obtain the second result. This proves
the result. U

Proposition 2.7. For n > 2, we have
1. SB, =3SB,_1 + SC,_1.
2. 8C, =8S5B,_1 +35C,_1.
3. 25C,, = SBp4+1 — SBp—1.
Proof. Using the identity B,, = 3B,,_; + C,,_1, we have

15
SBn = Z Bn+ses
s=0

15

= Z(3Bn—l+s + Cn—1+s)es
5=0

15 15
=3 E anlJrses + chfH»ses
s=0

s=0
=35B,_1 +5C,_;.
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Using the result C,, = 8B,,_1 + 3C,,_1, we have

15
SCh = Crises
s=0
15
= Z(SBn—lJrs + 3Cn—l+s)€s

s=0
15 15
=38 Z Bn—l-‘rses +3 Z Cn—1+ses
s=0 s=0
=8SDB,_1 +35C,_;.

Again by employing 2C,, = B, 1| — B,,—1, we have

15

2SC, =2 Crises
s=0

15
- E (Bn+l+s - Bn—l+s)es
s=0

- SBnJrl - SBn71~
Thus the required results. O

Theorem 2.8. (Binet formula) For n > 0, we have

U — v Ay
Bn — 1 2
S Al — X2
and
SO — UA] + VAT
n 2 bl

where u = Y1 Xeg and v = Y2 Ae..

Theorem 2.9. (Generating function) The generating function of the balancing sedenions is given
by

o SBy + t(SBl — 6530)

N 1—6t+12

Gsg, (1)
Proof. Let
Gsa, (t) = Z SB,t"
n=0

be the generating function for SB,,.

Gsp,(t) =) _ SB,t"
n=0

=SBy+SBit+»_ SBt"
n=2

=SBy + SBit+ Y [6SB,_1 — SBu_o]t"

n=2

=SBy+ SBit+6 Z SB, _t" — Z SB, t"
n=2

n=2

= SBy+ SBit + 6t Z SB,t" — t? Z SB,t"

n=1 n=0

=SBy + SBit + 6t[Gsp, (t) — SBy] — t*Gsp, (t),
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by making necessary arrangement, the generating function of balancing sedenions is found as

follows: S5 (SBy — 65B)
_ 0o+ 1 1~ 0
G, (t) = 1 —6t+ 1

O

Theorem 2.10. (Ordinary even and odd indexed generating functions) The ordinary generating
function of even and odd indexed for SB,, are given by respectively,

. SBy + t(GSBl — 35530)

Gs,, (1) 1+ 12— 34t
SB| +t(SBy — 658y,
and GSanH (t) = 1 1 _£t2 _1 34¢ )

Proof. We have
Gsa,, (t) = Z SBy,t"
n=0

_ Gsg, (Vt) +Gsp, (—V1)
2

and GSan+1 (t) = Z SBypit"
n=0

_ Gsp, (Vt) — Gsp, (—V1)
= o ,

Now using Theorem 2.9 and after some mathematical calculation, we have Gsp, (t)+Gsg, (—t) =

2[SBy+t*(65 B, —355Bo)] _ 2t[SB,+t*(SB,—6SBy)]
T+t —34t2 and Gsp, (t) — Gsp, (—t) = T+t —34t2

. Thus, we have

 SBy+t(65B) —355By)

Gsp,, ()

1+ 234t
SB; + t(SBl — 6SB())
and Gsp,,, (1) = 15 2 — 34t
are the required results. O

Theorem 2.11. ( Exponential Generating function) The exponential generating function of the

balancing sedenions is

At Aot

ue —ve

Bom (=55

Proof. Let

n

> t
Esp, (t) = SBn—
n=0 :

be the exponential generating function for SB,,.

[e’e} m
ESB” (t) - Z SB”E
n=0 ’

_ i (u)\? - mg>ﬁ
o )\1 - /\2 n!

n=0
o i (o w i (Aa2t)™
o )\1 — )\2 0 n! )\1 — )\2 0 n!
- (ueMt — vet)

Al — X ’

which is the required result. O
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Theorem 2.12. [Exponential odd and even indexed Generating function] The exponential gen-
erating function of even and odd indexed for S B,, are given by respectively

ucosh(A\/t) — vcosh(A/t)

E t) =
SBZn( ) )\1 _ )\2
inh(AVt) — vsinh(AvVit
and Esp,, (1) = "D~ veinh (e D)
Vi — A2)
Proof. Using the values of Egp, (t) &+ Egp, (—t) obtain from Theorem 2.11 and the result
2sinh(kt) = e** — e* and 2cosh(kt) = ekt 4 e~k!, we have the required results. O

Theorem 2.13. The generating function of the Lucas-balancing sedenions is

SCy + H(SCy — 65Cy
Gsen(t) = 1£6t1+t2 2

Proof. The proof is analogous to Theorem 2.9. O

Theorem 2.14. (Ordinary even and odd indexed Generating functions) The ordinary generating
function of even and odd indexed for S B,, are given by respectively

 8Cy+H(6SC, —355C))

Gson(t) = 1+ —34¢
SC) + t(SCy — 65Cy)
d t) = .
an GSCZn+]( ) 1 + t2 _ 34t
Proof. The result is similar to Theorem 2.10. O

Theorem 2.15. ( Exponential Generating function) The exponential generating function of the
Luas-balancing sedenions is
At Aot
ue™t + ve
Fselt) ==
Proof. The proof is similar to Theorem 2.11. O

Theorem 2.16. [Exponential odd and even indexed Generating function] The exponential gen-
erating function of even and odd indexed for SC,, are given by respectively

ucosh(AV/t) + vcosh(Av/t)

Esc,, (t) = 3
usinh(A\v/t) + vsinh(AV/t)
and ESCZn+1 (t> = 2\/7? .
Proof. 1t can be proved by similar argument to Theorem 2.12. O

Theorem 2.17. (Catalan’s identity) For n > 0, let s € N be such that n > s, then we have

1

2 - -
SBn SB’I’L-FSSB’H*S (/\l o )\2)2[

uv( AT — 1) + vu(\3* — 1))

and

1
SC’I%L — 8C45SCy—s = Z[UU(I — )\%S) + Uu(] — /\%"‘)}

Proof. We have

U] — UA?)Z B (u)\?” — v)\g+5> (u)\’ffs — v)\’;fs)
/\1—)\2 )\1—)\2 )\1_)\2
g
(A1 —A2)?
after some mathematical calculations, we have
—
(A1 = A2)?

Analogously, the second identity follows, which completes the proof. O

SB? — SBp.sSBy_s = (

—uVATAY — vuNFAT + woXTINL T vuy AT,

SB2 — SB,.sSB,_, = uv( A — 1) +vu(\3* —1)].
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Cassini’s identity is a special case of Catalan’s identity, where s = 1. So Cassini’s identities
for balancing sedenion and Lucas-balancing sedenion are following

Corollary 2.18. (Cassini’s identity) For n > 1, we have

SB2 — SBy,+1SBy_ = uwo(A] = 1) +vu(X3 - 1)]

1
(M = /\2)2[

1
and SC? - SC,,,5C,_ | = Z[uv(l =\ +ou(1 = A3)].

Theorem 2.19. (d’Ocagne’s identity) If m, n € N withn > m, then we have

m\n my\n
VUAS' AT — VAT AY

2V8

SBm—HSBn - SBmSBn—H =

and
SCy15C, — SC,SCh11 = \/E(uv)\{”/\g — vuATAT).

Proof. Using Binet’s formula, We have

SBm,+1 SBn - SBmSBn+l

(qu"“ — U)\E”+1> (u)\? - vAQ) B (u)\]” — v)\a”)

/\1—)\2 /\1—/\2 /\1_/\2
(,U)\?Jrl 71))\;&1)
Al — X2

1
(A1 = XN)? |

_u2/\qn+n+l + uv)\;ﬂ)\;ﬂ»l + UU)\T/\?JFI _ UZ/\EnJrH»n]’

u2/\71n+n+1 _ UU/\TH)\EL _ ,Uu)\gﬂrl/\? + UZ)\ng»lJrn

after simplification, we find the result

VUATAT — uv AT AY
SByi1SB, — SBpSBLy1 = 2 12 7 172 (2.3)

Again, we have

SCs1SCy — SCmSChiy = (“Al”“ ;ME"“ ) (uA? : vAg) - (uxln ermg@>
u)\?+l + v/\;+l
(=)

1
= AT AT ouA AT oA

_u2)\71n+n+l _ uvA’in)\;+l _ U’LL/\En/\’lLJrl _ U2A£n+l+n]’

after simplifying, we find the result

1
SCpm415C, — SC,SCry1 = Z[(/\l — 22) (uoATP AL — vudP AT
= V2(uoA' A} — vudTA}). (2.4)
This completes the proof. O

Theorem 2.20. (Honsberger’s identity) For integers m and n, we have

1
fB(uz)\{nﬂl + vzx\g””) — uv)\in_"_l - vu)\gn_"_l}

SByp_15B, +5B,5B,1 = 6

1
and SC,,_1SC,, + SCmSCn-H = 5[3(u2)\§n+n + ,UZ)\EnJrn) + UUAT7H71 + ’UU)\;ninil].
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Proof. The proof holds using the Binet’s formula for balancing sedenion and Lucas- balancing
sedenion respectively. O

In context of partial sums, we require the negative balancing sedenion and negative Lucas-
balancing sedenions SB_;, SB_,, SC_; and SC_, which are obtained by the recurrence rela-
tions. So considering SB_| = 65By — SB; and SB_;, = 65B_; — SBj.

Theorem 2.21 (Partial sum). For the balancing sedenion, we have

ZSB = SBn+1 SB, + SB_ — SBy).
7=0
2. Z SByj = SBz(nH) SBy, + SB_» — SBy).
3. ZSBZJ = —(SB(Z,L 2) = SBan_4+ SB_s — SBy).

Proof. We have

After some mathematical calculation, we have

- 1
> SBj = (SBus1 — 8B, + SB_i — SBy).
§=0
For the second and third identities, a similar argument holds. O

Theorem 2.22 (Partial sum). For the Lucas balancing sedenion, we have

1. ZSO = % (SChi1 — SC, + SC_ — SCy).
2. Z SCoj = 35(SCxns1) = SCon + SC—2 = 5Cy).

1
3. Z §Chj1 = 35(8Com—2 = SCons + SC 2 = SCy).
Proof. The proof is analogous to Theorem 2.21. O

3 Conclusion

In this study, we introduced the balancing and Lucas-balancing sedenions with their various
types of generating functions and Binet-type formulas. Also, by means of sedenions, we find
different results and some well-known identities like Casini’s, Catalan’s, d’Ocagane’s, and Hons-
berger’s identity with partial sum formulae for both balancing and Lucas-balancing sedenions.
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