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Abstract This paper is devoted to the study of the existence and uniqueness of fixed points
for a class of sum-type vector operators in ordered Banach space, and their applications. In
particular, we show that some fixed point results for such operators in the scalar case can be
extended to the vector case and applied to obtain sufficient conditions for the existence and
uniqueness of a solution for a nonlinear fractional boundary value problem.

1 Introduction

Since their introduction by Guo and Lakshmikantham in [8], the study of mixed monotone op-
erators has been an active area of research in nonlinear functional analysis. For further reading,
the reader is referred to the following sources: [4, 8, 9, 15, 24, 32, 36].

Later, H. Wang et al. [25] studied the existence and uniqueness of fixed points for nonlinear
sum operators of the form Az + Bz + C(xz,x), where A is an increasing a-concave (or sub-
homogeneous) operator, B is a decreasing operator, and C is a mixed monotone operator. In [26],
the authors studied a different sum-type operator equation of the form A(z,z)+ B(z,z) +Cx =
x, where A and B are mixed monotone operators, and C' is an increasing operator. In [21],
Y. Sang et al. established the existence and uniqueness of a solution for the operator equation
A(z,x) + B(z,z) + Cz 4+ e = z. The authors generalized the results obtained in [34] from the
cone case to the non-cone case. In all three works mentioned above, the authors applied their
fixed point results to the solvability of some nonlinear fractional differential equations.

In 2021, the authors [20] studied the existence and uniqueness of a fixed point for the vector
operator equation ®(z,y, x,y) = (A1 (z,z,y), A2(x,y,y)) = (z,y), where @ : P, X Py X Pj, X
P, — P, x P, has certain mixed monotone properties. They applied these existence results
to obtain the existence of a positive solution to a nonlinear Neumann boundary value problem.
Building upon [20, 22] and other works, we present in this paper some fixed point theorems for
a class of sum-type vector operators with specific mixed monotone properties. We apply these
theorems to study the existence and uniqueness of solutions to systems of fractional differential
equations.

The paper is organized as follows. In Section 2, we recall definitions and results from the
theory of mixed monotone operators and cones in Banach spaces. Section 3 is devoted to the
theoretical existence results, where we provide two fixed point theorems for specific vector oper-
ators in a partially ordered Banach space. In brief, we first consider the existence and uniqueness
of solutions to the following operator system:

Al(xa‘ray):xv (1 1)
A (x,y,y) =y, '
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where A and A, are operators with certain mixed monotone properties. Our theoretical theorem
generalizes a result in [20] from cone mappings to the non-cone case. This result is then used to
establish the existence and uniqueness of a solution to a class of sum-type operator systems.

Al(x,m,y)+B1($,x)+€=x,

(1.2)
Ao (x,y,y) + Ba(y,y) + [ =,

where Ay, Ay, By, and B, are mixed monotone operators, and e, f € P, where P is a cone in a
Banach space E. In the last section (Section 4), we demonstrate that such more general vector
operators can be applied to establish the existence and uniqueness of solutions to a system of
nonlinear fractional differential equations of the type:

t),y(t)) + Gi(t,z(t)) —a, 0 <t <1,

(t),y(t)) + Ga(t,y(t)) = b, 0 <t <1, (1.3)

where D, ,Déﬂ, D(’)ﬁ , Dg‘ are the Riemann-Liouville fractional derivatives of orders «, 3,7, 6,
respectively. Here,n — 1 < o, 8 < m,and 1 <, < n —2,withn > 3 (n € N). Additionally,
a,b > 0 are constants, and F;, G; (i = 1,2) represent appropriate functions specified later.

2 Preliminaries

For the reader’s convenience, we begin with definitions and lemmas that will be used in the
proof of our main results. For more details, we refer to [1, 5, 8, 10, 20, 28, 36] and the references
therein. Throughout this paper, (F, |.||) is a real Banach space ordered by a cone P C F, i.e.,
x X yif and only if y — x € P. Recall that a nonempty closed and convex set P C E is a cone
if it satisfies (i)z € P,A > 0= Az € P, (ii)x € P,—x € P = x = 0, here 0 is the zero element
in E. A cone P is called normal if there exists a constant N > 0 such that § < = < y implies
llz|| < NJy||; in this case N is called the normality constant of P. Given h > 6 (i.e. h = 0 and
h # 0), P isthe set P, := {x € E : there exist A > 0, >0 such that A\h =< z =< ph}. Itis easy

to see that P, C P is convex and \P, = P, forall A > 0. If P #* Jand h € P then P, = P
For an element h € P with h # 0 and e € P with § < e < h, we denote

the:{l’EE I.TC+6€P}L}.

Remark 2.1. (i) Itis clear that P, ¢ = P}, for each h > 6.

(ii) Py, and P, . are of different nature. In fact, one can observe that P, C P\ {6} for any
h > 6, while P, . need not be a subset of the cone P for some h > 6, e > 6 withe < h.

Lemma 2.2 ([33]). If x € Py, ., then \x + (A — 1)e € Py, . for A > 0.

Lemma 2.3 ([33]). If x,u € Py, then there exist reals ;v and vy, with 0 < pn < 1 and v > 1, such
that

pu+ (p—1)e 2z 2 yu+ (v — 1e.
Furthermore, we can choose a small real number r € (0, 1), such that
rut(r—De=<z=<rtu+ (= 1e

Definition 2.4 ([3]). Let (X, <) be a partially ordered set and B : X x X — X be an operator.
We say that B has the mixed monotone property if B(z, y) is monotone non-decreasing in = and
is monotone non-increasing in y, that is, for any =,y € X,

zi, 22 € X, x1 222 = B(z,y) < B(a,y),

y,y € X, y1 2y = B(x,y) < B(z,y1).
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Anelement (z,y) € X x X is called a coupled fixed point of B if B(z,y) = x and B(y,z) =
y. In this case, if z = y then x is called a fixed point of B, that is, B(x,z) = .

Definition 2.5 ([2]). Let (X, <) be a partially ordered set and A : X x X x X — X. Then the
trivariate operator A is said to have the mixed monotone property if A(.,u,y) and A(z,u,.) are
monotone non-decreasing, and A(x, ., y) is monotone non-increasing, i.e., for any z,u,y € X

z1,72 € X, 11 210 = A(z1,u,y) =X Az, u,y),
u,up € X, up 2 up = A(z,u1,y) = Az, uz,y),
yi,v2 € X, y1 2y = Az, u,y1) 2 A(w,u,2).
In the sequel, if (X, <) is a partially ordered set and, if 4;, 4> : X x X x X — X are

two operators, then we define the vector operator @ : X x X x X x X — X x X, noted
b = (A],Az), by

(I)((E, Yy, u, ’U) = (Al (l’, u, y)a Az(fﬂ, v, y))a vxa Y, u,v € X. (21)
Definition 2.6 ([20]). Let (X, <) be a partially ordered set. Let Aj, Ay : X x X x X — X be
two operators and @ = (A;, Ay) be given as in (2.1).

(i) We say that the operator ® = (A, A;) is a cooperative mixed monotone vector operator if
A, A, are mixed monotone as in Definition 2.5.

(ii) We say that @ = (A, Ay) is a competitive mixed monotone vector operator if A; (., u,y),
Ay(z, u,.) are monotone non-decreasing, and A (z, ., y), A1 (z,u,.), A2(z,.,y), A2(.,u,y)
are monotone non-increasing.

3 Fixed point theorems

First, we present a fixed point theorem which generalizes Theorem 2.3 in [20] on the cone map-
pings to non-cone case. let h,k € P be such that h # 6, k # 0 and choose e, f € P with
0<e=<h0=<f=k.

Theorem 3.1. Let P be a normal cone in a real Banach space E. Let Ay : Pp ¢ X Py X Py - E
and Ay : Py . X Py 5 X Py y — E be two operators such that the vector operator ® = (A, Az) :
Pp e X Py g X Py X Py — E x I satisfies the following assumptions.

(Hi) ® = (A, Ay) is cooperative mixed monotone. Moreover,
Al(h,h, k) Gph,e andAz(h,k,k) S th; (31)

(H) There exist positive-valued functions 11, T, defined on the interval (a,b), and ¢ defined on
the square (a,b) x (a,b) such that
(i) 71,72 : (a,b) — (0,1) are surjections.
(i) 1> @(t,s) > min{r(t), 72(s)}, forallt,s € (a,b).
(iii) For any x,u € Py, ., for any y,v € Py y and any t,s € (a,b)
A (m@a+ (1)~ Des —ru+ (s — Deam(sy + (ma(s) — 1))
n(t) n(t)
= (p(t7 S)Al (.13, u, y) + (@(tv 3) - 1)6’
1 1
A e, ——v 4 (—— — 1 1
2 (0 + () = De, 0+ (5 = DAy + ((5) = D)
= @(t, s) A (@ v, y) + (o(t, s) = 1)f.
Then,
(l) A] . Ph,e X Ph,e X Pk7f — Ph,e’ A2 : Ph,e X Pk,f X P]%f — Pk.7f.
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(ii) There exist xo,uy € Ph e, Yo,v0 € Py 5 and r € (0,1) such that

(3.2)

Uy = o < Uo, and 470 =< Ay (o, u0,v0) = Ai(uo, o, v0) =< uo,
rv9 = Yo < Vo Yo = Az (z0,v0,%0) = Az(uo, Yo, vo) =X vo.

(iii) ® has a unique fixed point (x*,y*) € Pp, e X Py 1.

(iv) For any initial values x(,u, € Py . and yj,v) € Py y, constructing successively the se-

quences
;o / / / /o / / /
Ty = Al(mn—l’un—l’yn—l)’ Yn = Az(xn—l’vn—hyn—l)?
/ nob T o ’ o n=12,., (3.3)
Uy = Al(unflvxnflﬂvnfl% Up = A2(un717yn717vn71)7

we have ||z], — x*|| = O, ||u), —z*|| = 0and ||y, —y*|| = O, ||v), —y*|| = 0 (asn — ).

Proof. 1) It is easy to see that for any z,u € P, . and any y,v € Py r, there exists o, € (0,1)
such that

1 1
oh+ (o — e xz,u = —h+(— —1)e,
O O
1 1
ok + (oo —)f Zyv 3 —k+(—-1)f.
O O

It follows from (H»)(i) that there exist ., s, € (a, b) such that 7y (t.) = 0. = 72(sx), hence

A+ (1) = e = 2= st (o = e,
5.k + (o) = Df % 90 = —sho+ (s = 1. G4
Furthermore, by (H)(ii) we have
A (s + (g~ Den®ut (n(0) = Ve s+ (5 = 1)f)
< Al + (g~ e
(=5 + (g = Den@o + (m(s) = D =5+ (= = 1)
< e ) + (o — DY,

Then, by the mixed monotone properties of Ay, A, and (3.4), we have

A](l',u,y)
1
= Ay (n(t)h+ (n(t) = e, " Gy~ Vel k4 (mls.) - Df)
= Oty 82 )A1(Ry By k) 4 (p(ts, 84) — e
and
Ai(z,u,y)
<A (bt (= Den(t)h+ (k) — Deo— k4 (—— ~ 1))
=\ (t) () ’ " 72(84) 2(54)
1 1
2 sy R (G~ e



658

Abdelhak El Haddouchi and Abdellatif Sadrati

Since A (h,h,k) € Py, it follows that A (x,u,y) € Py, and hence A; : P, X Py X
Pyt — Pp .. Similarly, we get Ay : Py e X Py g X Py gy — Py y.
2) Since A;(h, h,k) € P and Ay(h,k, k) € Py s, we can choose a small enough number

oo € (0, 1) such that

1 1

ooh + (00 — e X Ay (h,h,k) X —h+ (— — 1)e,

a0 00

1

ook + (00 — 1 f < Aa(h, ko k) < —k 4 (= — ).

00 ao

Again, by (H>)(7), there exist tg, so € (a,b) such that 7 (ty) = oo = 72(s0), and by (H,)(ii), we
can choose a positive integer m such that

Put

(£lsoly” L

00 oo

Tp=o0ph+ (of — e, up = —h+ (— — 1)e,

1
Y, = ook + (af —1)f, @”:CTI“L(E_I)J[’ n=12,..

Then, we have

1 1

Ty = 00Tp—1 + (0’0 — 1)6, Up = —Up—1 + (7 — 1)6,
[90] a0
1 1

Yp = 00Yp—1 T (JO - 1>f7 Uy = Uiﬁn—l + (7 - l)f, n=12,..

0 a0

Take zg = Tpy, U0 = Um, Yo = ¥,, and vg = U,,. Then, it is clear that xg,up € P and
Yo, Vo € Pk7f with xg = (T(z)m’u,() + (0_(2)m - 1)6 < ug, Yo = (T(z)m’l)o + (U(Z)m — l)f =< vp and for any
r € (0,05™) C (0,1) we have rug < o and rvg < yo. Also, by the mixed monotonicity of 4,
and A,, A (130, Uug, yo) =< A (UQ, X, U()) and Az(xo, 0, yo) = Az(U(), Y0, ’U()). In addition,

Al (Z‘O, ug, yO)

Y Y Y Iy

Al(fm,ﬂm,?m)

Ay (T1 (to)fm,1 + (7'1 (to) — 1)6, ! I

Wﬂm—l + (W — 1)67

72(50)F1 + (72(50) = 1)f )

QD(t(), SO)AI (Tm.—l,ﬂm—lagmfl) + (QD(t(), SO) - 1)6
o(to, 50)* A1 (Trm—2, Tm—2,Tpm_2) + (p(t0, 50)* — 1)e
t L)O(tO; SO)"LAI (h7 h’ k) + (@(t()a So)m - 1)6

o Hooh + (00 — 1)e) + (o' = 1)e

ai'h+ (og" — e =T = o
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and
A (ug, xo,v0) = A1(TpmsTin, Um)
1 1
- A( Ty 1 t0) T to) — 1
1 7‘1(to)um 1+(7-1(t0) )e, 71 (to)Tm—1 + (71(t0) )e,
1 1
Tt + 1 )
72(s0) ! (7'2(3()) )/
1 1
2 A Un-1,Tm-1,Um-1) + (——= — 1)e
©(to, 50) 1( : : ! (W(to,so) )
1 1
< Al (W2, T2, Uy -1
= lag, gy 1 (2P )+ (o = e
1 1
= Ai(h,h, k) + —1e
©(to, s0)™ 1( ) @(to, so)™ )
1 1 1 1
< —h4+(——=1 —1
- 06”_1 (00 + (00 )e) + (06”_1 Je
1 1
99 Oy
Similarly, we get
Yo = A (z0,v0,%0) and A;(uo, yo,vo) = vo.
3) Constructing successively the sequences
Tn = Al(wnflaunfhynfl)v Yn = AZ(xnflavnflaynfl)v
n=1,2

12y
Up = Al (un—l s Tp—1, Un—1)7 Up = AZ(un—la Yn—1, Un—l)»
Then we have, z; < u; and y; = v;. Combining with the mixed monotone properties of A; and

A,, we obtain
o a1 =X...3z2),

PN

R Uy 2. 2 uy X g, (3.5)
<. '

PN

Yo Y1 2 DYn D DUy . 2 v 2 .

Furthermore, for all n > 1
Ty = a0 = rup + (r — 1)e = ru, + (r — 1e,
Yn =yo =rvg+ (r—1)f =rv, + (r—1)f.

Set
rn =sup{r >0:z, = ru, + (r — 1)eand y,, = rv, + (r — 1) f}.

It follows that,

LTn+1 Z Ty Z T, + (Tn - 1)6 = TnUn+1 + (Tn - 1)67 1.2
n=172,..,
Yn+1 t Yn i T'nUn + (rn - l)f t TnUn+1 + (Tn - 1)f7

Therefore, 7,41 > 7y, thatis {r,,} is an increasing sequence with {r,,} C (0, 1], which implies
that {r,, } is convergent. Assume that r,, — r* as n — oo, then necessarily * = 1. In fact, if we
suppose to the contrary, that is, 0 < r, < r* < 1, then by (H)(%) there exist t*, s* € (a, b) such
that 71 (t*) = r* = 7»(s*). We need to distinguish two cases.

Case I : There exist an integer N such that ry = r*. In this case, for all n > N we have
r, = r* and

LTn+l = Al (mnyuwmyn)
= A (rnun—i—(rn— e, ixn—l—(i—1)6,7“711)71—0—(7"71—1)f)
Tn Tn
= ‘P(t*’ s*)Al(un7xnvvn) + (@(t*a 3*) - 1)6

= Qp(t*v 5*)un+] + (@(t*a 3*) - 1)6
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and

Yn+1 = AZ(xnv'Uruyn)

1 1
AZ(rnun + ('rn - 1)6, Eyn + (7 - 1)f, T'nUn + (rn - 1)f)

n

= So(t*v S*)AZ(unaynvvn) + ((P(t*, S*) - 1)f
= @(t*a 3*>Un+] + ((p(t*7 S*) - l)f
Thus, r,+1 = 7% > (t*, s*) > r*, which is a contradiction.
Case 2 : For all integer n, ,, < r* < 1. By (H;)(7), there exist a,, 8, € (a,b) such that
T1(an) = 2= = 75(3,). Then we have

r*

Y

Tpn+l — Al(xnaunvyn)

Trln —1)e, ixn + (i — e, rpvn + (rn — 1)f)
r

n T?’L

= A

I
N

(
(f (r* = 1)e) + (% — e,

ri 1)6) + (g - l)e,
(r*vn + (" = 1)) + (G2 = 1))

= A (’7‘1 (r*up + (r* — 1e) + (11 (an) — 1e,
ﬁ (L,L) (ri“"”” * (ri* ~1e) + (Tl(lan) ~1)e.

72(B) (v + (" = 1)) + (22(8) = 1))

S F

= p(an, Bn)A (r*un + (r* — 1)e, 1 Ty + (ri* —De,r v, + (r* — l)f)
+ (Qp(amﬁn) - l)e
= @(an,ﬁn)(ﬁ(t*, 5*)A1 (unaxmvn) + (‘P(QVL?ﬂn)(p(t*? 5*) - 1)6'

Analogously, we get
Ynt1 = Qa(am 5n)(p(t*7 5*)A2(Um Yn, Un) + (‘P(O‘m ﬁn)‘ﬁ(t*a S*) - l)f
It follows from the definition of r,, that
Tn * *
T'n+1 > ¢(an75n)¢(t*a8*) > TTQD(t S )

If we take n — +oo, we get r* = ¢(t*,s*) > r*. This is also a contradiction. Consequently,
r*=1.
Now, since P is a normal cone, we have

[2nip = zull < N1 =rn)luo +ell, lun = unpll < N(1=7rn)lluo +el],
[Yntp = ynll < N1 =ra)llvo+ £l [lon = vnapll < N(1 =) [vo + fII,

where N is the normality constant. Taking n — +oo, we obtain that {z,}, {u,}, {y»} and
{v,} are Cauchy sequences in the Banach space E. Hence, it converge to =*,u*,y*, v* € E,
respectively. It follows by (3.5) that

mOjInjx*jU*junjuoandyojynjy*jv*jvnjvw
which implies that *,u* € P . and y*,v* € Py ;. Moreover,
0 <u*—z* 2uy —xy, < (1 —1p)(up + €),
0 <v" =y < v —yn = (1 =70)(vo + f).
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again, by the normality of P we get
[ = 2" < N(1 = rn)[luo + el and [[v* — y*[| < N(1 = ra)]vo + f]|
Taking n — 400, we obtain v* = z* and v* = y*. Furthermore,
Tl = AL (T, U, yn) 2 A2, 2%, y%) < A1(Un, Tn, Un) = Una,
Ynt1 = A2(@n, Un,yn) = A2y, y") 2 Ax(un,s Yoy Un) = Unr-

Let n — +o0, we get 2* = A;(z*,2*,y*) and y* = Ax(z*,y*,y*). Thus (z*,y*) is a fixed
point of @ in Pp, . x Py ¢.

Let us prove that (z*, y*) is the unique fixed point of the operator ® in P, . x Py . Suppose
that (u*, v*) is any fixed point of ® in P}, . X Py ¢. Then by Lemma 2.3, there exists » > 0 such
that

ru* 4+ (r—1e=xz" =< 1u* + (l —1)e,

r r

| | (3.6)
ot (r=1)f 2y = ;'U*‘i‘(;* 1) f.

Set
7 = sup{r > 0 such that (3.6) is satisfied}.

We claim that 7 > 1. In deed, if 0 < 7 < 1, then by (H»(¢)) there exist «, 5 € (a, b) such that
71(a) =7 = 1»(B). Combining (3.6) with the mixed monotonicity of A; and A,, we get

z* = A (2", 2%, y") = oo, B) A (u*,u*,v*) + (p(a, B) — 1)e,
y* = A (2%, 5%, y") = ola, B) A (u*, v*,v") + (¢(a, B) — 1) f.

From the definition of 7, we obtain 7 > ¢(«, 3) > 7, which is a contradiction. Thus 7 > 1. It
follows that z* = 7u* + (F — 1)e = Tu* = u* and y* = 7v* + (7 — 1) f = Fv* = v*. Also, ina
similar way, we get u* = =* and v* = y*. Consequently, z* = u* and y* = v*.

4) For any initial points x, u;, € Py . and y{, v, € Py, s, construct successively sequences as
in (3.3) and choose a small number 79 € (0, 1) verifying

1 1

770h + (770 - 1)6 j x()aué) = —h+ (* - 1)6’
0 70
;o 1 1

nok + (770 - l)f =Y, v 3 —k+ (* - l)f-
0o 0

Again, from (H,)(i), there exist uo, 9 € (a,b) such that 7y (o) = no = 72(v0). Take a suffi-
ciently large positive integer ¢ satisfying

(w(uoﬂ/o))e > L
Mo 7o
and Put
1 1
336/ = W(l;h"‘ (775 - 1)67 Ug = 7h+ (7 - 1)67
o o
1 1
yo = 1ok + (5 — Df, vg = —k+ (5 - Df.
o o

It is clear that (), uj € Py and y{, v € Py ¢ with o < z{,u, < uj and yi < yi, vy < vg.
Define the sequences

"o__ " " 7 "no_ " " "
Ly = Al(q"n—hun—l’yn—l)’ Yn = Az(xn—hvn—l’yn—l)? n=12

" o__ " " 7 " o__ 7 7 " S
Uy = Al(unfbxnfl?vnfl)’ Up = Az(unfhynflvvnfl)?

repeating the same reasoning as in 3), we obtain the existence of (z**,y**) € P, . x Py s such
that ®(z**, x**, y**, y**) = (x**, y**), lim, 00 70r = lim, o0 ulr = z** and lim, o Yy, =
lim,, 00 v = y**.
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By the uniqueness of fixed point of the operator ® in P}, . X Py, we have 2* = z** and

y* = y**. Moreover, by induction we get 2!/ < x/ u!, < u! andy! <y, v, < v/, forn =

1,2, ... Finally, by the normality of the cone P we deduce that lim,,, =], = lim,, o u), = z*
and lim,,_, . ¥/, = lim,,_, oo v, = y*. O

In the following, we use the above theorem to prove the existence and uniqueness of solution
to the operators system (1.2). Choose h,k € P such that h # 0, k # 6 and take e, f € P with
0 <e=<h0=<f=k.

Theorem 3.2. Let P be a normal cone in a real Banach space E. Let Ay : Py ¢ X Py o X Py — E
and Ay : Py o X Py 5 X Py y — E be two operators such that the vector operator ® = (A, Az) :
Phe X Py g X Ppex Py g — E x Eis cooperative mixed monotone. Let By : Pp o X P, o — E
and By : Py x P,y — E be two mixed monotone operators. Suppose that

(Sl) Al(h, h, k), By (h, h) € P and Az(h, k, k)7 Bz(k, k) c Pk,f;
(S2) There exist positive-value 71, T, on interval (a,b), 1 on (a,b) x (a,b) such that
(i) 1,7 : (a,b) — (0,1) are surjections.

(ii) 1> P(p,v) > min{7 (), 2(v)}, for all p,v € (a,b).
(iii) For any x,u € Py ., for any y,v € Py y and any j,v € (a,b)

A (7 + (1) = Do~ (= = ey + (m() = 1)

= ¢(/~L7 V)Al(xvu’ y) + (¢(:u" V) - 1)6,

Aa(n () + (1) = es 30+ (=5 = D)y + (o) = 1))
= w(l‘l/7 V)Az(.’l?,v,y) + (?ﬁ(/b U) - l)f

(S3) Forany x,u € Py, forany y,v € Py ; and any pu € (0,1)
B (ua: + (u— 1)e, lu + (l — 1)6) = uBi(z,u) + (p — 1)e,
T
1 1
By (p = D)f ot (= DF) = pBaly0) + (= D).

(S4) Forall x,u € Py . and all y,v € Py, there exist constants Ry, Ry > 0 such that

Al(xvuvy) = R]Bl(-’f,u) + (Rl - 1)67
Az(z,v,y) = RaBa(y,v) + (B2 — 1) f.

Then the operators system (1.2) has a unique solution (z*,y*) € Py . X Py y. Moreover, for any
initial values xo,up € Py and yo,vo € Py ¢, by constructing successively the sequences

Tpn = Al(xn—laun—layn—l)7 Yn = AZ(In—lavn—layn—l)7 n— 172’ » (37)

Up = Al(unfhxnflvvnfl)a Up = A2(un71ayn71avnfl)a

we have ||z, —x*|| — O, |lup—2*|| — 0 and ||yn—y*|| — O, ||vn—y*|| — 0 (as n — o0).

Proof. Let ®; : Py o X Ppe x Py — Eand @, : P, . x Py 5 x P,y — E be two operators
defined by

q’l (.’E, U,y) = Al<$7u7y) + Bl (.’E, U’) + €,
Dy (z,0,y) = Ax(z,v,y) + Ba(y,v) + f,

for any z,u € Pj. and any y,v € P, y. Consider the vector operator ® : P, . x Py X
Py x P,y — E x E defined by ®(z,y,u,v) = (®(x,u,y), P2(x,v,y)). Then, using the
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mixed monotone properties of the operators A, A,, By and B,, it is easy to see that ® is a
cooperative mixed monotone vector operator. Moreover, since A;(h, h,k), Bi(h,h) € P . we
have &, (h, h, k‘) S Ph,e, and since A, (h, k, k‘), Bz(k, k‘) S Pk7f we have ®, (h, k, k‘) S Pk7f.
Next, from (S4) we have, for any z,u € Pj, . and any y,v € Py s
Ai(z,u,y) + RiAi(z,u,y) + Rie = RiBi(z,u)+ (R — 1)e
+ RiA(z,u,y) + Rye,
=

(
A2(.T,U,y) + RZAZ(‘T7U7y) + RZf RZBZ(y ) ( 2 l)f
(

+ RyAsr(z,v,y) + Rof.
Therefore,
e
Al(xuy)_1+R<I>1(wuy) TR
Az, v,y) = 1+R D, (z,v,y) — e (3.8)

Using (57), (S3) and (3.8), we have for any xz,u € Py, for any y,v € Py s and for any
w,v € (a,b)

o, (7'1 (u)x + (11(p) — 1)e, Tl(lu)u
— T (M)q)l(xv U, y)
1 1

= A (ne+ () = De, —su+ (Cos = De, )y + () = 1)

+ (== — Den(v)y + (n(v) = 1)f)

()

+ B (n (w)x + (11(p) — Ve, 1)e> +e

1 1
aw S
— 711 () (A1 (z,u,y) + Bi(z,u) + €)

= P v) Ar (2, u,y) + (D, v) — Ve + 71 (@) B (2, u),

+ (n(p) — De+e—n(p)Ai(z,u,y) — 1i(p)Bi(z,u) — ni(pe
= (Y(u,v) = n(w)Ai(2,u,y) + (¥ (p,v) — De

= (00n) = 1) (T @) = ) + () — e
R =00 g ¢ (i) 1 P =),
It follows that
@ (1w + (1) = e~ (s = Desn(ly + (2() ~ 1))
- (Rl(w(l;ai)Rl Tl(lu)) +Tl(u))¢'1(x,my)+ (¢(N7V)1W)e
Rﬂ/}( ’V>+Tl( ) Rld’( 7V)+Tl( )
- /i—l—Rl H d>1(x,u,y)+< q—}—Rl s —1)6-

In the same way we obtain
@2 + (1) = . —0+ (=5 = D)y + () = 1))

™ l/)
Royp(p,v) + 2 (v) Rop(p,v) + ma(v)
R e v y) + (PR

- 1) 7.
Define the function ¢(p, ) = min{ Ry e I)%TT] W) R”l’(’]‘ = RJ;T” }. Then ¢ satisfies the hypoth-

esis (H3) in Theorem 3.1. Consequently, all hypotheses of Theorem 3.1 hold. So we obtain the
conclusion of Theorem 3.2. O
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4 Application to systems of fractional differential equations

Recently, the theory of fractional calculus, notably fractional differential equations, have been of
great interest to many researchers because of its wide range of applications in various fields, such
as physics, mechanics, engineering, biology, etc. We refer to, e.g., [6, 11, 12, 13, 18, 19, 23] and
references therein for studies on fractional differential equations. A main motivation for this last
section is the lower number of papers concerned with systems of fractional differential equations.
We shall apply Theorem 3.2 in section 3 to prove the existence and uniqueness of a solution for
the system (1.3). For the sake of convenience, we begin by giving some definitions and well
known results concerning our problem. For more details, we refer to [14, 16, 17, 27, 29, 30, 31,
35].

Let E = C'[0, 1] be the Banach space of continuous, real-valued functions on the unit interval
[0, 1] with the standard norm ||z = sup,c (g 1 |(t)|. Consider the set

P={zeC0,1]:z(t)>0,te01]}.

Then, it is easy to show that P is a normal cone in the space C[0, 1] of which the normality
constant is 1.

Definition 4.1 ([13]). Let « > 0 be a real number and = : (0,+occ) — R be a continuous
function. The Riemann-Liouville derivative of order « is defined as

1 dr [* z(s)
Dea(t)=—— = [ Ty
0+x( ) F(n _ a) dtn /0 (t _ S)a—n+l §

and the Riemann-Liouville integral of order « is defined as

o _ 1 ¢ ZE(S)
50 = £y |, = ey

where n = [a] + 1, [«] denotes the integer part of the number «. I'(«r) is the Euler Gamma
function defined by

+oo
I'a) = / te~letdt.
0
Lemma 4.2 ([7]). Let f € C([0, 1]) be given. Then the fractional boundary value problem

—D§ x(t) = f(t), 0<t<l,n—1<a<n,
2(0)=0,0<i<n-2, 4.1)
[Dg.a(t)]=1 =0, 1 <A <n—2

has a unique solution
1
o(t) = / G p(t,5)f(5)ds,
0
where

Gopl(t,s) = 4.2)

1 [t Q=)o - (t—s) 1 0<s <t <,
I(o) |t 11 —s)* B 0<t<s< 1
is the Green’s function for this problem.

Lemma 4.3 ([7, 31]). The Green’s function G, g(t, s) in Lemma 4.2 has the following properties.
(i) Ga,p(t,s) is a continuous fonction on [0,1] x [0, 1];

(ii) Go (t,s) > 0 foreach (t,s) € [0,1] x [0,1];

(iii) Forallt,s € [0, 1],

[1—(1-5)P)(1—5) P12 <T()Gap(t,s) < (1 —s)2 Pl ]

(iv) max,ep,1] Ga,5(t,s) = Ga,p(1,s), for each s € [0, 1].
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Next, regarding problem (1.3) we define the functions

0= [ Gurlt = e (T

b L B¢
—b/ Gaslt:s)ds = 7—gir (B)(tﬂ —Ttﬁ),te[OJ}

and put e* = max{e(t) : t € [0,1]}, f* = max{f(¢) : t € [0, 1]}. It is obvious that e(t) > 0
and f(t) > 0 for all ¢ € [0, 1]. Furthermore, we denote h(t) = Lt~ and k(t) = Lt°~! for all
t€[0,1] with Ly > S5 and L, > (BT[))F(@' Then we have

a—7y o
— ),te[O,l],

e(t) < ﬁ‘)rm)twl < Lyt~ = h(b),
1) < gt < It = ).

Soweget P, ={xr € E:x+ecPland P,y ={x € E:az+ f € B}
Now, we are ready to present and prove the main result in this section.

Theorem 4.4. Assume that Fi(t,z,y) = fi(t,z,z,y), F2(t,z,y) = f(t,z,y,v), Gi(t,xz) =
g1(t,z, ), Ga2(t,y) = g(t,y,y), such that fi, f2, g1, g2 are functions satisfying the following
hypotheses.
(C1) 1) fi :[0,1] x [=e*,+00) x [~€”, 400) X [ f*, +00) — (—00, +00);
i1) f2 [0,1] x [—e*, +00) x [—f*,4+00) X [—f*, +00) — (—00, +0);
i11) g1 : [0, 1] x [—e*,+00) x [—e*, +00) — (—00, +00);
w) g2+ [0, 1] x [=f*, +00) x [=f*, +00) — (—00,+00)
are continuous functions. In addition, for all t € [0, 1], g;(¢,0, L;) > 0 and A; = &, where
A, = {t S [0, 1] : g,»(t,O, Ll) = 0} andi=1,2.

(Cy) Forallt € [0,1], all z,u € [—e*,+00) and all y,v € [—f*, +00), the functions fi(t,.,u,y),
hHt,zu,), At uy), (2w, gi(t, . u), g(t, ., v) are increasing and the functions
filt,z, . y), 2z, ), gi(t,x,.), g2(t,y,.) are decreasing.

(C3) There exist positive-value functions 11,7 on (0, 1) and ¢ on (0,1) x (0, 1) such that

1

(i) 11,72 : (0,1) — (0, 1) are surjections.
(ii) 1> ¢(p,v) > min{r(u), 2 (v)}, Forall u,v € (0,1).
(iii) For all x,u,y € (—o0,+00), forall t € [0,1] and all p,v € (0,1),

fi (t,n () + (11(p) — 1)pu, Tl(lu)u + (ném — )2, m(v)y
+ (TZ(V) - 1)01) Z (,ZS(,U,,V)fl (t,x,u,y),

1 1
2 (t»Tl(/J)CU + (11 (p) — 1)p3, WU + (% —1)oa, m(v)y

+ (T2(V) - 1)03) > ¢(u,1/)f2(t,m,u,y),
(1o (1~ Dy i“ + (i ~1)ps) = g (b2, ),

1 1
gZ(thux + (,U - 1)047 ;u + (; - 1)05) > ,ng(t,l',u),

where p; € [0,¢e*], 0; € [0, f*] withi € {1,2,3,4,5}.

(Cy) Forallt € [0,1], for all z,u € [—e*,+0) and all y,v € [—f*,+00), there exist two
constants Ry, Ry > 0 such that

f] (tvxauay) Z Rl -g1 (t,x,u) and f2(t5m7U7y) Z RQ-QZ(tayav>'
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Then problem (1.3) has a unique solution (z*,y*) in Py, . X Py s. Moreover, for any xg, uy €
Py, . and any yo,vo € Py 5, if we construct the sequences

1
Tai(t) = /0Gaﬁ(t,s)[fl(s,xn(s),un(s),yn(s))
+  gi1(s,2n(5),un(s))]ds — e(t),

1
i () = / G (t: )1 (5,14 (5), 20 (5), 0 (5))

+ g1(s, un(s), 2a(s)))ds — e(t),
1
ynir(t) = / G 5(t, 5) (5, 20 (5), v (5), yn(5))
+ a5, um(s), va(s))ds — £(2),
vnp(t) = / G 5(t, 5) (5, tn(5), U (5), vn(5))
+ 92(37vn(s)ayn(s))d8 - f(t)a

for n € N, we get {z,,(t)}, {un(t)} both converge to x*(t) and {y,(t)}, {v.(t)} both
converge to y*(t), uniformly for all t € [0, 1].

Proof. We will prove that all hypotheses of Theorem 3.2 are satisfied for suitable operators.
1) By Lemma 4.2, proplem (1.3) has the integral formulation

a(t) :/0 Gory(t,8)[f1(5,2(5), 2(s),y(s)) + 91(s, 2(s), 2(s)) — alds,

y(?) :/O Gp5(t,s)[fa(s:2(s),y(s),y(s)) + 62(s, y(s), y(s)) — blds.

which gives by a simple calculation
o) = [ Gt o205 2(6)0(6))ds —eft)
+ Gt 01 (5, 2(5), 2(5))ds — (0 + elt),
00 = [ Gaalt ) lo, (50,9 — 10

+ / G.s(t. 5)ga(s, y(s), y(s))ds — F(t) + [(1).
0

For every z,u € P, ., every y,v € Py s and every ¢ € [0, 1], define the operators
1

A u)®) = [ Goglt:)i(s.0().u(s).p(s))ds = e(t).
1

Az(it, v, y)(t) = /0 G5,5(t7 S)f2(87 LC(S), ’U(S), y(s))ds - f(t)u

Bi@a)(t) = [ Gon(t:s)or(s.ae).u(s)ds = (0
and

Byy.0)(t) = / G (1, 5)ga (s, y(s), v(s))ds — F(2).
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Then, it is not difficult to see that (z,y) is the solution of system (1.3) if and only if z =
Ai(z,z,y) + Bi(z,z) + eand y = As(x,y,y) + Ba(y,y) + f, thatis, (x,y) is a fixed point of
the vector operatoe ¥ = (A; + By + e, 4y + By + f) in P, o X Py 5.

2) From (C,), we get easily that & = (A4, A,) is a cooperative mixed monotone operator and
Bj, B, are mixed monotone.

3) We show that (S;) in Theorem 3.2 is satiseied. Using Lemma 4.2, Lemma 4.3 and (C»),
we obtain

1
Av(h b k) () + e(t) = /0Gw(t,s)fl(s,h(s),h(s),k(s))ds

ht) ! . o
Llr(a)/o <17(175) )(178) 1f1(870,L1,0)ds,

v

1
Bi(hh)() +e(t) = /0 G ()01 (5, h(s), h(s))ds

Mo [ R
Llr(a)/o (I=(1=8)*)(1—ys) 91(s,0, Ly)ds,

v

1
Ai(h,h,k)(t) +e(t) = /0Ga,,y(t,s)fl(s,h(s),h(s),k‘(s))ds

MO [ e
LIF(a)/O (1-3) fi(s,L1,0, Ly)ds

and

Bu(h, h)(t) + e(t) — /O G (£, 8)91 (5, h(s), h(s))ds

Mo [
L]F(a)/o (1-3) g1(s, L1,0)ds,

Furthermore, from (C;) and (Cy)
fl(S7L1707L2) Z fl(sv()?LlaO) Z ngl(8707L1)7 s € [07 1]7
and by (C)), we get
1 1 1
/ fi(s, 11,0, Ly)ds > / f1(s,0,Ly,0)ds > / Rig1(s,0, Ly)ds > 0.
0 0 0

It follows, since « > v, 8 > §, I'(«) > 0 and T'(3) > 0, that

M= s [0 =990 =977 1 5.0,10,0)d5 >0,
M= p [0 090 - 976,015 >0
M, = Llrlm)/ol(l —5)* 77 fi(s, 11,0, Ly)ds > 0,

No= ps [ =9 21,0 > 0.

Thus, Mih(t) < Ay(h, h, k)(t) +e(t) < Mah(t) and Nih(t) < By(h, h)(t) +e(t) < Nah(t), for
all t € [0, 1], which means that A, (h, h, k), Bi(h,h) € P e.

In a similar way we obtain A, (h, k, k), B2(k, k) € Py .

4) By using the same reasoning as in the proofs of [21, Theorem 3.1] and [22, Theorem 5.1],
we show that (5;) and (S5) are satisfied from (C3), and (S4) is satisfied from (Cy). The proof is
complete. O
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Example 4.5. Take n = 5,a = %,[3 = 13—3,7 = %,6 =1 a =2 and b = 4. Consider the system
of boundary value problems

Dy a(t) + filt,a(t),a(t),y()

Y )+gl(tax(t)7x(t))_ =Y
0+y(t) + fZ(t (t) y(t ,y(t)) + gz(t, y(t), y(t)) -4=0, (4.3)
zM(0) =0 =4(0), i =0,1,2,3,

(D 2())ies = 0 = D y(®)]ier,

where for ¢t € [0, 1],

filty,u,y) = (ee(f)er IO 4 e +f(t))% + (ee(t)que(t) - 1)_%,

f*
e(t)

bt z,0,y) = ( ot f;f)y+e(t)+f(t)) + (fjgf)v—i-e(t)—i- 1) :

gi(t,w,u) = (u+e(t) +2) 72 and ga(t,y,v) = (v + f(1) +2) 75,

Ll

7 — 413 2% — 1245
with e(t) 99 and f(t) = 733 for all ¢ € [0, 1]. Hence, we have
I(3) r(%)
5 14 1 2
= , ff= , L1 = and L, = .
B CIR T YCS R Y R Y

In addition, for any surjective functions 71,7, : (0,1) — (0, 1), ¢(p,v) = (min{n (1), 7-2(1/)}> :

for all u,v € (0,1).
Therefore, all hypotheses of Theorem 4.4 are satisfied. Thus, system (4.3) has a unique
solution (z*,y*) in Py . X Py f, where h(t) = Lit7 and k(t) = Lyt ¥, forall ¢ € [0, 1].
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