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Abstract Liu and Liu introduced the random Fourier transform, which is a random Fourier
series in Hermite functions, and applied it to image encryption and decryption. They expected
its applications in optics and information technology, which motivated us to investigate random
Fourier series in orthogonal polynomials. In this article, the different modes of convergence of

o0

random Fourier—Jacobi series > d,r,(w)pn(y) is discussed, where r,, (w) are random variables
n=0

and d,, are scalars. The r,(w) are associated with continuous stochastic processes, such as

symmetric stable process and Wiener process. The ¢, (y) are viewed as the Jacobi polynomials

or variants of these polynomials depending upon the selection of random variables associated

with the stochastic processes. The scalars d,, are the Fourier—Jacobi coefficients of a function

fin Lfi(?f])v p > 1 space. It is observed that the mode of convergence of the random series
depends on the choice of the scalars d,, and the stochastic processes. Further, the continuity
properties such as continuity in quadratic mean and almost sure continuity of the sum functions

are studied.

1 Introduction

The Fourier series was invented in the early 1800s to solve the problem of heat diffusion in a
continuous medium. It was extended to the Fourier series in orthogonal polynomials, which has
arole in mathematical physics [1, 6]. Later, it was extended to random Fourier series, which is an
inherent part of signal processing and image processing. In 2007, Liu and Liu [3, 4] attempted to
define a random Fourier transform in orthogonal Hermite functions, which is a Fourier—Hermite
series with random coefficients. The random Fourier transform they introduced is

R[f(y)] = Zd7LR(/\n)<Pn(y>a

n=0

where ¢, (y) are orthogonal Hermite functions, R(\,) := exp[ix Random(n)] are randomly
chosen values from the unit circle in C and d,, are the Fourier—Hermite coefficients of the func-
tion f in L?(R), i.e.,

hni= [ " Hw)en(w)dy.

They applied it to image encryption and decryption. They also expected its application in optics
and information technology. It motivated us to look into random Fourier series in orthogonal
polynomials. Jacobi polynomials are a family of orthogonal polynomials that play a significant
role in mathematical physics, particularly in problems involving orthogonal functions, spectral
analysis, and special functions. Out of a curiosity rooted in mathematics, we started exploring
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random Fourier series involving Jacobi polynomials. Recently [10], we studied the convergence
of random Fourier series

Zdnrn(w)@n(y) (L.1)
n=0

in orthogonal Jacobi polynomials ¢, (y). The scalars d,, are the Fourier—Jacobi coefficients of a
function f in some class of continuous functions and the random variables r,, (w) are the Fourier—
Jacobi coefficients of a stochastic process.

It is known that, if X (¢,w), ¢ € R is a continuous stochastic process with independent
increments and f is a continuous function in [a, b], then the stochastic integral

b
JEC (12

is defined in the sense of probability and is a random variable (Lukacs [5, p. 148]). Further, if
X (t,w), t € R is a symmetric stable process of index « € [1,2] and f € Lfa o P2 L then the
stochastic integral (1.2) is defined in the sense of probability for p > « (c.f. [9]).

Consider the space Lfi(ln,ﬁ)

weight function p("7)(y) := (1 — y)"(1 +y)7, n,7 > —1, such that

of all measurable functions f on the segment [—1, 1] with the

1
[ 1A )Py < .

This space is equipped with the norm

1 1
Wl = { [ 1 @p " )rd}” forp = 1.
(—1,1] 1

If f Lf;(ln’f]), p>1,ie., fpn7) e Lf_l > 1.7 > —1, then the stochastic integral

1

/ £ (1)dX (1)

—1

will exist in probability for p > a > 1.

In particular, if f(¢) are the orthonormal Jacobi polynomials P (t) with respect to Jacobi

weight p(9)(t) := (1 — )7 (1 + t)5 on [—1, 1], then the stochastic integrals

1
An(w) = / P (£) 1) (1)dX (1, ) (13)

—1

exist, for v, > —1, n,7 > 0 and are random variables. These A, (w) are called the Fourier—
Jacobi coefficients of the symmetric stable process X (¢,w) and are not independent (see The-
orem 2.1). However, they are independent if these are associated with the Wiener process (see
Theorem 3.1). In our work, the random coefficients r,,(w) in the series (1.1) are considered to be
these A, (w), which are dependent or independent depending on the choice of the stochastic pro-
cess such as the symmetric stable process X (¢, w) or the Wiener process W (¢, w), respectively.

The scalars d,, are chosen to be the Fourier—Jacobi coefficients a,, of a function f in Lf;(f’ ’1?
space defined as
1
0= [ ORI OO Ot 7.5 > -1, a4
—1

A key insight of this paper is to study the convergence of the random series (1.1) in Jacobi poly-
nomials associated with stochastic processes like the symmetric stable process and the Wiener
process. We also find the conditions on 7, 7,7, as well as investigate the weighted space
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Lff{’ ,171)7 so that the Fourier—Jacobi coefficients a,, of its functions make the random series (1.1)

to converge. Further, the continuity properties of the sum functions are also discussed.
This article is structured as follows:

Section 2 establishes the convergence of random Fourier—Jacobi series (1.1) associated with
symmetric stable process X (¢, w) of index a € (1,2] as well as for « = 1. Section 3 is devoted
to study the random Fourier—Jacobi series (1.1) associated with the Wiener process. In this case,
the orthogonal polynomials ,,(y) are considered to be the modified Jacobi polynomials qﬁl ,9) (y)
(see equation (3.1)) in the segment [0, 1]. It is shown that the random Fourier—Jacobi series
(1.1) converges in quadratic mean. Moreover, under a strong condition on the scalars d,,, the
convergence is upgraded to almost sure convergence. The sum functions of the random Fourier—
Jacobi series (1.1) associated with stochastic processes are found to be stochastic integrals. The
continuity properties of the sum functions are proved in Section 4. It is obtained that the sum
functions of the random series (1.1) associated with the symmetric stable process and the Wiener
process are weakly continuous in probability and continuous in quadratic mean, respectively.
Further, the almost sure continuity of the sum function associated with the Wiener process is
established.

2 Random Fourier—Jacobi series associated with symmetric stable process

This section deals with the random series
> an Al (y) 2.1)
n=0

in orthonormal Jacobi polynomials pgﬁ"s)(y), 7,0 > —1, where the random coefficients A, (w)

are associated with the symmetric stable process X (¢, w) of index « € [1,2] defined as in (1.3).
The following lemma establishes the random coefficients A,,(w) are not independent.

Theorem 2.1. If X (t,w),t € R, is a symmetric stable process of index a € [1,2], then the
random variables A, (w) associated with X (t,w) are not independent for ,5 > —1 and n, 7 >
0.

Proof. To prove A, (w) are not independent, it is sufficient to show that the characteristic func-

tion of (An (w)+ A4, (w)) is not the same as the product of the characteristic functions of A,,(w)

1
and A,, (w). It is known that the characteristic function of the stochastic integral [ f(¢)dX (t,w)
“1
is

exp(— Cla| /_]1 |f(t)|adt), 2.2)

where C is a constant. So, the characteristic function of A,,(w) is

exp (e [ [p5 070" ar)
-1

Now the characteristic function of sum of the random variables (A, (w) + A4,,(w)), i.e., the
characteristic function of

1
| 0w sz @ ax )
is .
exp (= Clal™ [ |(or90)+ 530 0)] " at).

The product of characteristic functions of random variables A,,(w) and A, (w) is

exp (et [ [p5900 70" t)-exp (~ clal” [ iz 0|
—1

),

1 @
= exp ( — Cz| /_1 (‘pgy,s)(t)pw,ﬂ(t)‘ 4 ’pg,a)(t)pmf) )
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which is not equal to the characteristic function of the sum (An(w) + A, (w)) Hence, A, (w)
are not independent random variables for v, > —1 and n,7 > 0. O

Theorem 2.2 below is on the convergence of the random Fourier—Jacobi series (2.1). The
convergence of the series (2.1) is established in the sense of probability.

In fact, a sequence of random variables X, is said to converge in probability to a random
variable X if

lim P(|X,, — X| >¢€) =0, fore>0.
n—oo

Theorem 2.2. Let X (t,w),t € R, be a symmetric stable process of index o € (1,2] and A,,(w)
be defined as in (1.3). If v,0 > —1,n, 7 > 0 satisfy the following conditions

p3-del<mn(b e L)
’ng—%ﬂ% < min (i ;+ 5) (2.4)

and a,, are the Fourier—Jacobi coefficients of f € Lf;(ln ’1? defined as in (1.4), then the random
Fourier—Jacobi series (2.1) converges in probability to the stochastic integral

1
/_ ) (04X (1,), 2.5)

forp>a>1.
The proof of this theorem requires the following result:

Lemma 2.3. [9] Let f(t) be any function in Lf; p and X (t,w) be a symmetric stable process of
index o, for 1 < o < 2. Then for all ¢ > 0,
2a+l
e) < C o Tea / |f(t)]|dt,

P( /b FOAX (8 w)| >

where € < e and C is a positive constant, if p > « > 1.

Proof of Theorem 2.2.
Let

N(f,yw ZakAk () 2.6)

be the nth partial sum of the random Fourier—Jacobi series (2.1). The integral form of (2.6) is
fpew Zak( [ (t)pwﬂ(t)dxu,w>)p,i%5><y>
/ 1 > ap ) 00 )0 (X (1)
—1 k=0

- / D(f, )0 (£)dX (1, w),

where

fay7 Zakp )(t)
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With the help of Lemma 2.3,

1
P(|/ Fly.t)p"T () dX (t,w) — ST (f,y,w)
~1

:p<

CzaJrl
< _-=
~ (a+1)e«

)

1 1
/ Fly, 00" (8)dX (8, w) — / s (L, 0" (HdX (¢, w)
—1 -1

)

For f € Lf;(l"f), p > 1, if the weights ~, 8,7, T satisfy the conditions (2.3), (2.4), then the nth

partial sum s£ﬂﬂ5>(f, t) converges to f(t) (by Theorem 1 in [8]). Hence, forp > a > 1,

/_11 ’(f(y’ t) = sy, t))ﬂ(n’T)(f)‘adt, for €’ < e.

tim [ ’(f(y,t) - SE?"S)(f,y,t)>p<"’”(t)’adt =0.

n—oo [

This implies the convergence of random Fourier—Jacobi series (2.1) to the stochastic integral
(2.5) in probability forp > a > 1.

The following theorem demonstrates the convergence of random Fourier—Jacobi series (2.1)
associated with the symmetric stable process of index o = 1.

Theorem 2.4. Let X (t,w) be a symmetric stable process of index o = 1. If a,, and A, (w) defined
as in (1.4) and (1.3) are the Fourier—Jacobi coefficients of a function f in LE;(?”IT]), n, 7 > 0and
X(t,w), respectively, then the random series (2.1) converges in probability to the stochastic
integral (2.5) provided

y—n>0and§—7 > 0. 2.7

Proof. The proof follows the steps of Theorem 2.2 under the conditions (2.7) for ~, d,n, T and
uses the result of [7]. O

3 Random Fourier—Jacobi series associated with Wiener process

In this section, we consider the stochastic process X (¢,w) to be the Wiener process W (t,w), t >
0 and the nth degree polynomials

@) = plr) 2t —1), neNUO0,7,6 > —1, (3.1)

as the orthogonal polynomials instead of the polynomials ¢, (¢) in the random series (1.1). These

g (t) are orthogonal in the interval [0, 1] and form a complete orthonormal set in the interval

[0, 1] with respect to the weight
a1 (t) = (1 =)t 7,6 > —1.

We know that the stochastic integral

/ FOAW (£ w) (3.2)

exists in quadratic mean for f € L[2a7b] [9].

The random sequence {X,,}>°, is said to converge in quadratic mean to a random variable
X if
lim E(\Xn - X|2) —0.

n— oo
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The stochastic integral (3.2) is normally distributed random variable with mean zero and finite
b
variance [ |f(t)[*dt, if f(t) is a function in L7, , (c.f. Lukacs [5, p. 148]). The ¢ (t)o ™7 (t)

a
remains continuous for 7, 7 > 0 and hence the stochastlc integrals
1
/q 79)( () dW (t,w) (3.3)
0

with weight function o("7)(t),,7 > 0 exist in quadratic mean. These B, (w) are random
variables with mean zero and finite variance. The following lemma proves the independence
of random variables B, (w).

Theorem 3.1. If X (t,w) is the Wiener process W (t,w), t > 0, then the random variables B,,(w)
associated with W (t,w) are independent.

Proof. The Wiener process W (t,w) has orthogonal increments and if f, g € L?

[2, p. 427],
/f thw/(thw /f

where ¢(t) is the complex conjugate of g(¢).
Thus, for ¢ € [0, 1],

b then by Doob

E(Bu(w)Bu(w)) = E( /0 D (1)) (1) (1) / 1qﬁz-‘”(t)a(nw)(t)dwa,w)>

0
1 -
= [ e 00 et )
0

1
- / gD (gD (8) {0 ™) (1) Y2t

Since ¢("7)(t) is bounded by C'in [0, 1], where C' is a positive constant, Hence
- 1
B(B@Bn@) = [ a7 01" (0
0

1
< ¢ [P0 s 0a =0

This proves the fact that { B,, (w)}2°, is a sequence of independent random variables for ¢ € [0, 1]
and v,6,n,7 > 0. O

Now consider the random series
oo
> bnBa(w)a (), (34)
n=0
where B,, (w) are defined as in (3.3) and b,, are scalars defined by

1
by = / FOGD #)o (¢)dt. (3.5)
0

The B,,(w) and b,, are called the modified Fourier—Jacobi coefficients of W (¢, w) and the function
f, respectively. If b, as defined in (3.5) are the Fourier—Jacobi coefficients of function f €
L[z(;(ﬁ’ﬂ, n,7 > 0 with respect to the Jacobi polynomials ¢{/* (), ~,8 > —1, then it can be

shown that the random series (3.4) converges in quadratic mean to the stochastic integral

1
/ fly (t)dW (t,w). (3.6)
0
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The proof of this result needs the following theorem, which is a modified form of Theorem 1 in

[8].
Theorem 3.2. If f € L[ZO’(?]’T) and the following conditions are satisfied by n,7 > 0, v, § > —1,

-5 < min (554 57).
]Tff(s] < minCt ;+;5)

then
1 2
Tim / {00 ) = £ }o ()] ay =0, fory € [0,1],

ol

where v{" ( [, y) is the nth partial sum of the Fourier-Jacobi series Z b y).

n=0
The following theorem establishes the convergence of the random Fourier—Jacobi series (3.4)

in modified Jacobi polynomials ¢'*" (t) associated with the Wiener process W (t,w).

Theorem 3.3. Let W (t,w),t > 0 be the Wiener process and B,,(w) be defined as in (3.3). If the
weights v,0 > —1, n,7 > 0 satisfy the conditions

< (b2 bbb (Le ) e

and b, are the Fourier—Jacobi coefficients of f € L 0<1]

(3.4) converges to the integral (3.6) in quadratic mean.

Proof. Let

, then the random Fourier—Jacobi series

Vfy,w Zkak (), 7,6 > —1 (3.8)

be the nth partial sum of the random Fourler—J acobi series (3.4). The integral form of (3.8) is

1
/0 D(f. . )0 ()W (¢, w), 7,7 >0,
with
f7y7 Zbkq’Y(s ’Yé)(t%

for ¢ € [0, 1]. We know that (Lukacs [5, p. 147]) for g € L[a b’ if W (¢, w) is the Wiener process,
then

E’/ thw‘—Bz/ 1g(1)2dt, (3.9)

where £ is a constant associated with the normal law of increment of the process W (¢,w), for
t € [a, b]. Hence, the equality

2

1
B(] [ 100" @i (1) = T (fy,0)] )

=5 ) @ () - / OO, .00 (1w (1))
0 0
=5 Al ’(f(y,t) - Vi?"”(ﬂy,t))a(”*f)(t)‘zdt.

If f e Lﬁjfﬁ’ﬂ and v, 6, n, T satisfy the conditions in (3.7), then by Theorem 3.2,

lim /’ (f,)) ol (t)‘zdt:O.

n—oo
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Hence 1
tim [ (70000 =¥ ()0 o) e = 0

n— oo

which implies convergence of the random series (3.4) in quadratic mean to the integral (3.6). O

The almost sure convergence of the random Fourier—Jacobi series (3.4) is derived in Theorem
3.5. The Kolmogorov Theorem stated below is required to prove it.

Theorem 3.4. (Kolmogorov Theorem)

Let (X,,),_, be independent rcmdom variables with expected values E[X,| = pn and variances
Var(X,) = o2, such that Z i, converges in R and Z o2 converges in R. Then Z Xn

n=1 n=1 n=1
converges in R almost surely.

no

The following facts about p; -9) (y) will be useful to establish the almost sure convergence of

the series (3.4). We know that the Jacobi polynomials satisfy the following inequality

i1
P ) < O (L—y4+n7) T 0y <1 y,6> -1, (3.10)
where C” is a constant independent of y and n [11, p. 167].
The equality

P (y) = (=1)"pi (=) (see [11, p. 71])
extends the inequality (3.10), to hold for all y € [—1, 1]. This can be applied for the modified

orthonormal Jacobi polynomials qf{y’é) (y) in the interval [0, 1], and we obtain

1

_ 1.1
a0y < Ol —y+n72)
C'nY
[(1 7y)n2 + 1]7/2+1/4a

where 1/[(1 — y)n? + 1] is bounded by 1/2 in [0, 1].
Hence

C'nY
IqS, ( )| < 2V/2+1/4°
i.e.,
479 ()| < Cn, (3.11)
where C' is a constant independent of y and n.

Theorem 3.5. Let W (t,w), t > 0, be the Wiener process and By, (w) be as defined in (3.3). If

) and .8 > —1, n,7 >0

the scalars b, are Fourier—Jacobi coefficients of function f € L[o 1l

satisfy the conditions (3.7) in Theorem 3.3 and

> {n® by} < oo, (3.12)

n=0
then the series (3.4) converges almost surely to the stochastic integral (3.6).
Proof. We know that the independent random variables B, (w) are normally distributed with

mean zero and finite variance. Hence, each ann(w)qﬁy"s)(y)7 forn = 1,2,... are normally

distributed, independent random variables with mean zero and finite variance. Now, using the
identity (3.9), the sum of the variance of these random variables is

> BBV )] = ZE o [ 479 @007 w16 )
n=0 0
= 34 [ bt e W ) .

:Z/

2

‘ 2

dt.

2
bug?? ()al 7 (Do) (1)
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Since qﬁf’””(t) are bounded by Cn” (inequality (3.11)) and o7 (t) is bounded for n, 7 > 0, we
have the inequality

oo 2 o0
S EpaBu@)a V)] < KD (baln®),
n=0 n=0

which will be finite for f € L[z(;(f]’ﬂ Jif > (Ibn|n27)2 is finite. Now by Theorem 3.4, the series

1
(3.4) converges to the integral [ f(y,t)o™™)(t)dW (t,w) almost surely in R, if y, d, 7, 7 satisfy

0
the conditions (3.7) in Theorem 3.3. O

4 Continuity property of the sum functions

4.1 Sum function associated with symmetric stable process

The sum function of the random Fourier—Jacobi series (2.1) associated with the symmetric stable
process X (¢, w) is shown to be weakly continuous in probability.
We know that a function f(¢,w) is said to be weakly continuous in probability at ¢ = ¢, if for
alle > 0,
lim P(|f(to + h,w) — f(to,w)| > €) =0.
h—0

If a function f(¢,w) is weakly continuous at every ¢y € [a, b], then the function f(¢,w) is said to
be weakly continuous in probability in the closed interval [a, b].
The proof of this result requires the following lemma.

Lemma 4.1. [12, p. 37] If f is periodic or in L¥ ,.,1 < p < oo or continuous function, then the

[a,b]’
integral
U

Theorem 4.2. In Theorem 2.2 and Theorem 2.4, the sum function (2.5) of the random Fourier—
Jacobi series (2.1) associated with the symmetric stable process according to the respective
conditions of v, d,n, T are weakly continuous in probability.

1/p
1) - f(z)\”dx}

tends to 0 as t tends to 0.

Proof. With the help of Lemma 2.3,

P(‘ /_11 Fa, )p" 7 () dX (t,w)) /_11 f(yvt)p("”)(t)dX(t,w)‘ > 6)

02a+l

< o [ | - o)) a

where 0 < ¢ < eand p > « € [1,2]. Since the weight p("7)(#) is bounded, the integral

[ (0~ s00)

tends to 0 as y — x, by Lemma 4.1. This confirms that the sum function (2.5) is weakly
continuous in probability. O

dt

4.2 Sum function associated with Wiener process

Theorem 4.3. The sum function (3.6) of the random Fourier—Jacobi series (3.4) under the con-
dition on v, 6 and n, T in Theorem 3.3 is continuous in quadratic mean.
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Proof. By the use of Equation (3.9),
E(| /0 P o (W (1) — f(x,t)a(”’T)(t)dW(t,w)‘z)
=5( [ (100 - 1.0 w10

=5 [ (4.0~ s@ )o@

For 1,7 > 0, the Jacobi weight o("7)(t) is bounded by C' > 0. Then
1 2
E(| / £y, )7 (@AW (t,w) = f(, ) (AW (t,)| )
0

< 5202/01 ‘(f(y,t) - f(x,t))‘zdt.

Hence, by Lemma 4.1, the right-hand side tends to zero as y — z. This proves that the sum
function (3.6) in Theorem 3.3 is continuous in quadratic mean. O

The following theorem establishes the improvement of the continuity property of the sum
function (3.6) from quadratic mean to almost surely.

Theorem 4.4. The sum function (3.6) of the random Fourier—Jacobi series (3.4) is almost surely

continuous if
(o)

> (17[bnl) < oo, (4.1)

n=0
in addition to the conditions on vy, d,n, T stated in Theorem 3.3.

Proof. By Weistrass M—test, the series (3.4) converges uniformly to a continuous function almost
surely for almost all y € [0, 1], if

b B ()il ()] < oc.

o0
n=0
It is sufficient to show that

S5
n=0

ann(w)qf?"”(y)‘ < 0.

Now

ann(w)qﬁﬂ"s)(y)‘ < KZ(|bn|n"’)7 where K is a constant,
n=0

>
n=0
(7,9)

as ¢, "’ (y) are bounded by Cn” and B,,(w) are bounded. If the sum in the right-hand side series
is finite, then the almost sure continuity of the sum function (3.6) is established for almost all
y € [0,1]. o

5 Remark

In all our results, the weights associated with the Jacobi polynomials are considered to be
v,6 > —1 and n, 7 > 0. The results that we obtained can be summarized as follows:

(i) If X(t,w),t € R, is a symmetric stable process of the index o = 1 and weights ~,d,7, 7
satisfy
y—n>0andd—7 >0,

then the random Fourier—Jacobi series (2.1) converges in probability to the integral (2.5).
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(ii) If the index « € (1,2] and

( ———7+1] < min(1 L. )
2 27 427 27)
o 1 1 111
(F=5-3+5 < min(3.3+3%):
are satisfied by the weights ~, §, n, 7, then the random Fourier—Jacobi series (2.1) converges
in probability to the integral (2.5).

(iii) The sum function (2.5) is weakly continuous in probability, if X (¢,w) is the symmetric
stable process of index « € [1,2].

(iv) If X (t,w) is the Wiener process W (¢,w),t > 0, and the conditions

vl < e
< )

are satisfied by ~, d, n, 7, then the random Fourier—Jacobi series (3.4) converges in quadratic
mean to the integral (3.6).

(v) The sum function (3.6) associated with the Wiener process is continuous in quadratic mean.

(vi) In addition to the conditions as in (iv) on ~, d, 0, T, if the Fourier—Jacobi coefficients b,, of

the function f € L[z(;(f]’s) satisfy the strong condition
Z (|bp|n™)" < o0,
n=0

then the random Fourier—Jacobi series (3.4) converges almost surely to the stochastic inte-
gral (3.6).

(vii) The sum function (3.6) associated with the Wiener process is almost surely continuous if

oo
Z |bp|n” < 0.

n=0
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