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Abstract This study aims to investigate the quasi-conformal curvature tensor of NCjo-manifold.
The components of this tensor were determined using the adjoined G-structure space. Three
quasi-conformal invariants were identified in relation to the vanishing quasi-conformal curvature
tensor. Subsequently, three types of NCjp-manifold were established. Furthermore, the necessary
conditions for these classes to be an n-Einstein manifold were established.

1 Introduction

A generalisation of the cosymplectic manifold, the Cjp-manifold is a class of almost contact
metric manifolds introduced by Chiena and Gonzales in [10]. In [19], Rustanov considered a
generalisation of the Cjp-manifold and a closely related cosymplectic manifold, called the NC-
manifold. He derived the complete set of structure equations and computed the components
of the Riemannian curvature tensor, Ricci tensor and ®H S-curvature tensor. Rustanov also
demonstrated that the normal NCjo-manifold and integrable manifold are cosymplectic. In [20],
Rustanov et al. established that the NCjp-manifold belongs to the class CR3 and that the local
structure of the NCyp-manifold is a manifold of classes CR; and CR;.

In our previous works, we have examined various types of curvature tensors that have the
Riemannian curvature tensor in their structures. For instance, see references [1], [2], [3] and [4].
For related studies, we refer to the citations [5], [21] and [22].

In this paper, we focus on the quasi-conformal curvature tensor (QC-tensor) of the NC-
manifold. Specifically, we elucidate the geometric significance of the vanishing of this tensor.
Numerous authors have studied this tensor; notably, De and Sakar [11] investigated the QC-
tensor of an (K, u1)-contact metric manifold. In [13] Hasseb, Siddiqi and Shahid examined the
QC-tensor on a Kenmotsu manifold. De and Hazra [9] explored the QC-tensor in the context
of space-time and f (R, G)-gravity.

2 Preliminaries

This section briefly summarizes some of the basic facts and concepts which have a relationship
with the present work.

Definition 2.1. /6] If M is a 2n + 1 dimensional smooth manifold, an almost contact metric
structure (ACO,,-structure) is quadrilateral Y = (7, ¢, g, @) of tensor fields, where 1) is a contact
1-form; ( is a characteristic vector; g = (.,.) is a Riemannian metric, ® is a structure tensor of
sort (1; 1) called an endomorphism, furthermore the subsequent conditions verified:

()@ =—id+n©¢ (2@ =05 B)nod=0 4n()=1.

g(PQ,P0) =g(Q,0) —n(Q)n(0), Q,0 € X(M)
In this occurrence, the manifold M accompaied by the quadrilateral Y is called an ACO,,-
manifold.

More details for the constract of the associated-G-structure space (ASG-space), we recom-
mend reviewing the citations [15] and [17].
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Lemma 2.1. [/6] The components of ®; and g; in the ASG-space, exemplified by the beneath
matrices respectively:

0 0 0 1 0 0
@)= 0 V-1I, 0 ,(g))=10 0 -1, |,
0 0 —V/—11I, 0 I, 0

Here I, refere to the identity matrix of n x n order.

Definition 2.2. [/9] An NCyg-structure is ACQO,,-structure accompanied with the condition be-
low

Vo(P)U + Vi (P)O = Vo (n)PU + £V (n) PO +n(0O)Veué +1n(U)Veos; U,0 € X(9N)
A manifold M accompanied with the NCj(-structure is called a NC;p-manifold.

Lemma 2.2. [/9] Due to the ASG-space, the second structure equations of the aforementioned
manifold in the last Definition have the following forms

() dw§ +we Aw§ = (Ag? —20° + C4" Chye — FFy ) w® A wg;
(i) dFup — Fapwt — Fyews = 0;
(iii) dF® + Fw? + Focu? = 0;
(iv) dC + Cdews + Crewl 4 Cobdyd = Crbedyg;

d d d _ d
(V) dcabc - C'albcwg, - Cadcwb — CabdW, = Cabcdw )

where
(i) F** =y —1q92 p Fab = —\/—71¢27b;Fab + Fpo =05
(i) e = gq)g.é; Clabe = 7%1¢2,candc[abc] = Cabe; C[abc] = Cabc;

(iii) FnqC%¢ = F49Cy. = 0; Afb(i] = Aéacd] =0;

Lemma 2.3. [79] The NC;o-manifold is called a manifold of class C;q iff, C**¢ = Cp. =0

Regarding to the the ASG-space, the non-flat components of the Riemannian tensor of the
class NCy¢ immersed in the next Lemma.

Lemma 2.4. [20] The components of the aforementioned tensor for the manifold of class NCyg
is identified below

(i) Ry ; = Al — Co"Ciy
(11) Rgcd = Cacdb - Fachd;

(iii) Ry, = FucF;

(iV) Rgcd = 2Cabhc}wd.

Definition 2.3. /8] A (2,0)-tensor which is specified by r;, = —RY,, is called a Ricci tensor.

Lemma 2.5. Due to the ASG-space, the components of the Ricci tensor for NCjp-manifold are
identified below.

(1) Too = _ZFabea;
(11) iy =T, = AZ% - SCdeCdca - FaCFCb.

the residual components are zero. Furthermor, the scalar curvature is specified by k = —2F,;, F**—
6C°Cy, +2A% here k = g*r;;..

ab’
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Definition 2.4. /23] On the 2n + 1-dimensional ACQO,,-manifold Y. A quasi-conformal curva-
ture (4,0)-tensor (QC-tensor) C is defined via the specified

. K A
Cijii = ARijii + B(rjigi + ringji — Tugjk — rjk8i) — m(% +2B)(girgj1 — ik
where Cijkl = —Cj,-kl = —Ciﬂk = Ck“j. and B, A are the constants which are not jointly zero.

Definition 2.5. /7] The Ricci tensor r of an ACQ,,-manifold Y that attain the relevance

r=ag+/nen;

called an n-Einstein manifold. In the case where /3 equal to zero, thereupon M will be called an
Einstein manifold, here the functions « and S are smooth.

3 The Fundamental Classes of Quasi-conformal NC,,-manifold

Theorem 3.1. The components for the quasi-conformal tensor of the NC;o-manifold are identified
below:

(1) Cabcd = A(Oacdb - Fachd);

ab
e _ abe [a ¢b] 5(1 A ae ae ea) .
(i) Copog = 2AC Ceca + 4B(r(2dy) — 564 (55 + 2B) (2455 = 6C " Cong — 2FucF*) ;
(i) C,, = A(A%d — Codey, )+ B(rda +ro6d) — —= % (2 2By (240 —6cocnc,, —
abed be ebe bYc c’b o2n+1'2n ae eha
2F, Fea).
(iv) Caood = AF1F — Blropd? + 1) + —20 (A L opy2aae _ gcacher,, — 2F,, Fea)
¢ ¢ d 77T o+ 1'2n ae eha ae

Proof. By using the the Definition 2.4, Lemmas 2.4 and 2.5, we can find the components. O

In the following we highlight on the vanishing the components of the quasi-conformal tensor
and their geometric meaning.

3 Let C@OOd = 0, then applying the same procedure as in [16] and [17] on the relations
Caood = 0, Cyo0a = 0, Coooa = 0, means Cipoq = 0, then

C(U, ()¢ =0, YU € X(M) (3.1)
The opposite is also holds, if (3.1) is true then the relation C00a = 0 holds. Thus the relations

are equivalent in the the ASG-space.

Definition 3.1. An NClo—mfinifold whose quasi-conformal tensor fulfilles the identity (3.1) is
called a manifold of class Cj.

Theorem 3.2. If the NC;y-manifold is a manifold of class Cl, then it is an 7-Einstein manifold,
-1 A 1 A

_ Rl ea ae __ aeh —
whjre a; iy Tt 5)>1faeF A+ 51 oag T 224G — 60" Caa),
o _ ea __ ae __ aeh
i1 og ~ 2 = 3 FacF = 5 (5o + 2) (245 = 6C" Copa).

Proof. Assume that M is NCjp-manifold of class C,, the relation (3.1) holds, it follows that
Caoor =0

ea a a 5? 'A ae aeh ea\ __
AFy Fe — B(rood +15) + 5 (5 4+ 2B) (245 — 60" Copa — 2Fuc ) = 0. (3.2)
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Taking into account the Lemma 2.5 and symmetrising and then antisymmetrising relevance (3.2)
utilizing indices (e, b) we get

a __ ea sa 61? A ae aeh ea
Bry = BF,.F**§) + 1 (% +2B)(2A% — 6C*"Copy — 2F,.F°)
Means that
a __ —1 A ea 1 A ae aeh a.
ry _[2n I (% + (2n +5))Foe F°* + I (2n8 +2)(2A4% — 6C*" Cepa )0y
¥ —ad?, where o=~ (X 4 (204 5)FaF 4 — (A L 2y2am _ gooehy,,)
b T T 2n+1'nB ae 2n+1 ' 2nB ae cha):
Furthermore,
— _ 1 ‘A ea 1 "4 ae aeh
roo =+ [, whereas 3= T 1(% (2n —3))F,e F T 1(2nB +2)(2A4% — 6C"Copy).
3.3)
Thus, M is n-Einstein manifold. O

Assume that Cabcd” = 0. Using the same technique as in [1v6] and [17] on the relations

C,10=0,C,,.5 =0, Cy,.; = 0, which means that the relations C,,_; = 0, so we get

C(P*U, D°0)D° Z+C(D°U, PO)PZ—C(PU, P*0)PZ+C(QU, PO)P*Z =0, VYU,0,Z € X(M).
34
Conversely, if the relevance 3.4 satisfied, then it can be formulated as
Gl @) LDk o1 Dl : + O DIDk oDl — Cly DI DL D] + Cy ] PIPED, = 0.
Taking into consideration the ASG-space, the Lemma (2.1), the relation above turn into:

4Cabcd + 4Cal§ad =0, ie Cuy=0, Cai)éd =0

Hence, on the ASG-space, the relevance (3.4) and C 4 = 0 are equivalent.

abe
Definition 3.2. An NC]O-Iqanifold whose quasi-conformal tensor fulfilles the equality (3.4)is
called a manifold of class C,.

Theorem 3.3. If the manifold NCy is a manifold of class C», then it is an 7-Einstein manifold,
A -1 A

_ ae __ aeh _ ea — ae __
where o = pT (47‘8:{ 1)(24%¢ — 6C*"Cypy — 2F . F*), B ol (74n8 +1)(2A4%¢
aeh _ — ea
6C*"Cepq) pTo 1(4nB + (4n+ 3))F, Fe.
Proof. Assume that M is NCyp-manifold of class C,, then C aved = 0, that is
A(Aad o Cadec : ) + B(rdéa + I‘a(sd) B (5?61? (A + 28)<2Aae . 6CaehC ha — 2oF Fea) =0
be ebc bYc c”b 2’1’L+1 n ae ena ae

(3.5)
Contracting the relevance (3.5) utilizing indices (¢, d), we derive
g A

— ae __ aeh . eay _
57 (5 2B RAG — 60" Cang — 2 %) = 0
(3.6)

A(AfE = CClpe) + B(r + Vi) —

Symmetrising and later antisymmetrising the relevance (3.6) utilizing indices (a, ), we infer

& = 1 A ae aeh ea\ sa.

T = 3 g T V(@A — 60 Cona — 2Fuc )

ry = ady, whereas o= 1 (i F1)(249 — 6090,y — 2F F9).
b b m +1 4nB ae ha ae
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Also,

roo = a+ B, whereas = i(i +1)(24%¢ —6C*"Copy) — ;l(i + (4n+
' 2n+1'4nB ae ’ 2n+1'4nB

3))F,.F* Hence, M is n-Einstein manifold. ]

Consider the equalities C,j,; = 0,C 3.y = 0, Cpp.q = O which means that C;,;, = 0, it
follows that

C(P*U, P°0)D* Z+C(D°U, PO)PZ —C(PU, P*0)PZ+C(QU, PO)P*Z =0, VYU,0,Z € X(M).
(3.7

As mentioned above, on the ASG-space, the identity (3.7) is equivalent to the relations C ahed =

0.

Definition 3.3. An NC,o-manifold whose quasi-conformal tensor fulfilles the equality (3.7)is
called a manifold of class Cs .

Theorem 3.4. If the manifold NC,( is a manifold of class Cs, then the first tensor identical to
Zero .

Proof. Assume that M is NCjg-manifold of class C3, we have

sab A

2 abe e 4 [(l _ cd 2 2Aae _ aeh ha — ZFaeFea — .
AC™ Cloq + 4B(x]! 5 (3 + 2B) (24 — 60" Coy )=0 (3.8)
Symmetrising and later antisymmetrising (3.8) using indices (e, b) and then contracting using

indices (b, ¢) and (a, d), it follows that

54)

CCh, = 0.
Therefore,

> | Cape =04 Cape =0 (3.9)

a,b,e

According to the Lemma 2.3, the Theorem 3.4 can be formulated as the following:
Theorem 3.5. If the manifold NCy, is a manifold of class Cs, then it is a manifold of class Cjq.
Theorem 3.6. If the manifold NC;¢ is a manifold of class Cs, then it is an n-Einstein manifold,
3nB+An-1) .. » B
n(n = 2)(2n + 1B Aie ~ Facl™). 8 = 3nB + Aln
1)) A% + (—nB(4n* —6n —7) + A(n — 1)) F, . Fe.

Proof. Assume that M is NCjo-manifold of class Cs, accordingly C
Theorem 3.4, we deduce

1
where a@ = n(n—2)2n+1)B I

aica = 0 and consider the

520h — 5280 A

B(rh6¢ + r26h — rdst — rlee) — (== +2B)(2A% —2F,.F**) =0  (3.10)

2n+1 '2n
Contracting (3.10) using indices (a, ¢), we conclude
_ b abi(nil)dgﬁ ae __ eay __
(n— 2)Brly + Brody — 5 7% (5 + 2B) (A%~ 2F,cF*) = 0
Then,
—3nB+ A(n—1)

)= (A% — FacFe)d}

n(n—2)2n+1)B
3B+ A(n—1)

b b
= h =
ry = ad,, where nln—2)2n + 1B

(AZZ - FaeFm)-

Furthermore, we have
roo = a + f3,
1
n(n —2)2n + I)B[(

Therefore, M is n-Einstein manifold.. O

whereas,3 = —3nB+A(n—1))A%+(—nB(4n*—6n—7)+A(n—1))F, . F°.
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