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Abstract In this paper, we describe a new subclass of bi-univalent functions in the open
unit disc D that are related to Chebeshev polynomials and Pascal distribution by utilizing the
g-derivative operator. We get estimates for the Fekete-Szego problem for this class as well as
estimates the upper bounds for the initial Taylor-Maclaurin coefficients of the functions in this
class.

1 Introduction

Let A represent the class of functions with the following form
o0
f2) =24 anz", (1.1)
n=2

which are regular in the open unit disk
D={zcC and |z|<1}.

Further, by S we shall denote the class of all functions f € .4 which are univalent in D. A
regular function f is subordinate to a regular function g, written as f(z) < g(z), provided there
is a regular function w defined on D with w(0) = 0 and |w(z)| < 1 satisfying f(z) = g(w(z)).
If the function g is univalent in D, then

f(z) < g(z) <= [f(0)=g(0) and f(D)cC g(D).
It is well known that every function f € S has an inverse f~!, defined by

i) =2 (2€D)

and
st =w (Jul<rlnin() = ).
where
g(w) = F N (w) = w — aw® + (22 — a3)w® — (563 — Sazaz + ax)w* + ... (1.2)

A function f € A is said to be bi-univalent in I if both f and f~! are univalent in . Let
¥ denote the class of bi-univalent functions in D given by (1.1). We recall some examples of
functions in the family ¥, from the work of Srivastava et al. [12],

z 1 142
—log(1 — =1 .
> og(l—=z) and 5 0g(12>
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For ¢ € (0, 1), the Jackson g-derivative of a function f € A is given by (see [6, 7])

flaz)—f(2) (z £ 0)
D — ( —I)Z ’ 13
of (2) {f/(%) (z=0). (1.3)
Thus from (1.3), we have
Def(2) =14 [n]ganz""" (1.4)
n=2
where .
(e
l—gq

and,as ¢ — 17, [n], = n.

One of the important tools in numerical analysis, from both theoretical and practical points of
view, is Chebyshev polynomials. Out of four kinds of Chebyshev polynomials, many researchers
dealing with orthogonal polynomials of Chebyshev. For a brief history of Chebyshev polynomi-
als of first kind 7, (¢), the second kind U, (¢) and their applications one can refer [2, 3, 9, 11].
The Chebyshev polynomials of the first and second kinds are orthogonal for ¢ € [—1,1] and
defined as follows:

Definition 1.1. [13] The Chebyshev polynomials of the first kind are defined by the following
three-terms recurrence relation:
To(t) =1,

Ti(t) =t,
Tr1(t) = 2tT,(t) — Tr—1(t).
The first few of the Chebyshev polynomials of the first kind are
To(t) =262 — 1, Ts(t) =48 —3t, Tu(t) =8t* — 82 +1,... (1.5)

The generating function for the Chebyshev polynomials of the first kind, T3, (), is given by:

F(et) = 3 Ta(t)e" = - 1=tz (e
n=0

— 2z + 22’

Definition 1.2. [13] The Chebyshev polynomials of the second kind are defined by the following
three-terms recurrence relation:
Uy (t) =1,

Ul (t) = Zta
Up+1(t) = 2tU,(t) — Up—1(2).
The first few of the Chebyshev polynomials of the second kind are
Up(t) =48> — 1, Us(t) =8> —4t, Uy(t) = 16t* — 126> + 1, ... (1.6)

The generating function for the Chebyshev polynomials of the second kind, U, (¥), is given by:

oo . 1
n=0

The Chebyshev polynomials of the first and second kinds are connected by the following rela-
tions:
dT,(t)
dt

=nU,_1(t); To(t) =Up(t) —tUn_1(t); 2T, (t) = Un(t) — Up_a(t).
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A variable 7 is said to be a Pascal distribution, if it takes on the values 0, 1, 2, 3, . . . with the
probabilities

om(1—0)™  Pm(m+1)(1—0™  m(m+ 1)(m+2)(1 —6)™

(1—6)™, TR 5 , 3

respectively, where 6 and m are called the parameters of the Pascal distribution 7.
Hence
k+m-—1

m—1

Prob(T:k):( )9’“(1 0™ (k=0,1,2,3,...).
Recently, El-Deeb et al.[4] introduced the following power series whose coefficients are proba-
bilities of the Pascal distribution 7 :

o 2
wg”(z)_erZ(”‘;ml )0"—1(1—9)%" (zeDym>1,0<60<1).
n=2

Note that by using, ratio test we deduce that the radius of convergence of the above power
series is infinity. More recently, Murugusundaramoorthy et al.[10] introduced a linear operator
Iy (z) : A — A which is defined as follows:

n+m-—2
m

1 )9”_1(1—9)manz" (z € D),

A = ()« f2) =2+ Y (

where * indicate the Hadamard product (or convolution) of two series.

Motivated by several earlier results on connections between various subclasses of bi-univalent
functions and Pascal distribution series, we define a new subclass of bi-univalent functions gov-
erned by the Pascal distribution series and Chebyshev polynomials. Then we estimate the ini-
tial Taylor-Maclaurin coefficients and the Fekete-Szego inequalities for this subclass of the bi-
univalent function.

Definition 1.3.For 0 < A < 1,0< 6 <1, m>1,0<0<1,0<g< landt € (%,1},2\
function f € X is said to be in the class Gy (A, §, m, 0, ¢, q) if it satisfies the subordinations:

(1= 8)2Dy (I f(2)) + 62Dy (2Dy (T f(2))) ] _ 1
{ (1= 0)Z7f (=) + 02Dy (T5 f (2)) } <H( ) =15
and
(1 — 8)wD,(Tyg(w)) + swDy(wDy (T g(w))) 1™ _ 1
[ (1= 0)Z5*g(w) + dwD,(Zg*g(w)) ] < Hw )= 2tw + w?’

where the function g = f~! is given by (1.2) and z,w € D.

Example 1.4.For A\=1,0<6<1,m>1,0<60<1,0<g< landt e (%,1],afunction
f € X is said to be in the class Gx (6, m, 6, ¢, ) if it satisfies the subordinations:

(1= 8)2Dy(T () + 2Da(eDATE D) ey

(1 =0)Z)" f(2) + 62Dy (Zj" f(2)) 1 =2tz + 22
and
(1 = )wDy (T g(w)) + dwDy(wDy(Zf g(w))) w.f) e 1
(1 =0)Z g(w) + dwDy(Zf g(w)) < H(w.1):= 1 — 2tw + w?’

where the function g = f~! is given by (1.2) and z,w € D.

Example 1.5.For A\=1,6=0,m > 1,0<0<1,t € (%,1] and 0 < ¢ < 1, a function f € X
is said to be in the class S5 (m, 0, t, q) if it satisfies the subordinations:

2Dy (Z7 f(2)) 1

H(z,t) = ———
I f(z) < H(z ) 1 — 2tz + 22
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and
wD,(TFg(w) o]
Trg(w) < H(w,t):

1= 2tw + w?’
where the function g = f~! is given by (1.2) and z,w € D.

Example 1.6.For A\ =1, =1,m>1,0<0<1,t € (%,1] and 0 < ¢ < 1, a function f € X
is said to be in the class Ky (m, 6,1, q) if it satisfies the subordinations:

Dy(2Dy(Z5" f(2))) o 1
D,y “HED =T
and
Dq(qu(Img(w))) . 1
Dq(Iénge(w)) < H(w,) = 1 —2tw +w?’

where the function g = f~! is given by (1.2).

2 main results

TheoremZ.I.ForOS)\g1,0§5§1,m21,0§9§1,t€(%,1]and0<q<1,letf€A
be in the class Gs(\,0,m, 0,t,q). Then

2t/2t
laz| <
\J (AmO2(1 — 0)™ (X, 8,m, 0, q) — N2m202(1 — 0)2™q2[1 + &q)?) 4t2 + X\2m262(1 — 0)2™q?%[1 + &q)?
and
1 2t 4¢?
las| < 2 2 SN 2 2 )
Am@2(1 —0)m \ (m+ 1)(g+ @)1 +3(qg+¢)]  Im(l—0)mg[l + dq]
where

VNG, 0,0) = (a4 A1+ S+ =l = 0l 4 0+ (25 ) momeRlie s @)

Proof. Let f € Gx(X, 0, m,0,t,q). Then there are two regular functions u,v : D — I given by
u(z) = urz +up2® +uzz + ... (zeD) (2.2)

and
v(w) = viw + vyw? +vsw + ... (w e D), (2.3)

with u(0) =v(0) =0 and max{|u(z)|,|v(w)|} <1 (z,w € D), such that

[(1 —8)2Dy(Zy" f(2)) + 62Dy (2Dy (Zy" f

D] il
(1= 0)Z;" f(2) + 02Dy (T £(2)) } = H(u(2),1)

and

{(1 — 8)wD, (I3 g(w)) + dwDy (wD, <I;”g<w>>>} A
(1 - 0)Z g(w) + swDy(Zy'g(w))

or, equivalently, that

=1+ U (tu(z) + Ua()u?(2) + ... 2.4

{(1 — 6)2Dg (I3 f(2)) + 6qu<qu<Ignf(z>>>] *
(1= 8T f(2) + 02Dg(ZT5 f(2))

and

[(1 — 8)wDq(Zy g(w)) + dwDq(wDq(Z5 g(w)))
(1 = 6)ZF g(w) + dwDq(Zy g(w))

Combining (2.2), (2.3), (2.4) and (2.5), we find that

A
] =1+ Ui(t)o(w) + Us(t)v?* (w) + ... (2.5)

{(1 — 8)2Dq(Z* f(2)) + 62Dq(2Dq (I3 f(2)))

A
(1= 017 f(2) + 0:Dy T 1(2)) ] = UGz + UiBu+ Ll 20
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and

(1 = 8)wDq(Zy"g(w)) + dwDg(wDy(Zg" g(w)))

(1= 6)Z] g(w) & JwDy Ty g(w)) = L+ Uiuw+ D@ + Ualtpfle’ +. @D

It is well known that, if
max{|u(2)], [v(w)[} < 1, (z,w € D),

then
lu;| <1 and lv;] <1 (VjeN). (2.8)
Next, equating the corresponding coefficients in both sides of Equations (2.6) and (2.7), we get
AmO(1 — 0)"q[1 + dqlax = Uy (t)uy, (2.9)
{)\()\ - 1)m202( 2'm 2[1 +6q] )\771292(1 _ 6)2mq[1 +(5q]2} a%
2 (2.10)

+xm(m A+ 1D (1= 0)" (g + ¢*)[1 + 8(q + ¢*)az = Ui (t)uz + Ua(t)ui,

—xmf(1 — 6)"q[1 + 6qlaz = Uy (t), 2.11)

and
{2xm(m + 1)6(1 = 0)™ (g + )[1 + 8(q + ¢*)] = Am?6*(1 = 6)""q[1 + 3q]”

2O 21— 0P 1+ 84 = Am(m + DE(1 = O™ + )1 +8la -+ Pl
= Ui (t)vs + Ua(t)l,
(2.12)
It follows from (2.9) and (2.11) that
u = —vy (2.13)
and
22m20% (1 — 0)*™¢*[1 + 6q)*a3 = (U (t))*(u3 + v?). (2.14)
If we add (2.10) and (2.12), we find that
22mb%(1 — 0)™p(N, 6, m, 0, q)a3 = Uy (t)(ua + v2) + Us () (u? + v?) (2.15)

where (), d,m, 0, q) is given by (2.1).
Upon substituting the value of u% + vf from (2.14) into the right-hand side of (2.15), we deduce

that
a2 _ (U](t))3(u2 +U2)
- 2 {AmO2(1 — @)™ (N, 8,m, 0, q)(U1(t)? — A2m202(1 — 0)2mq2[1 + 6q|2Us(t)}
By further computations using (1.6), (2.8) and (2.16), we obtain

2t/2t

Subsequently, if we subtract (2.12) from (2.10), we can easily see that

(2.16)

laz| <

(AmO2(1 — 0)map(X, 8, m, 0, q) — N2m202(1 — 0)2™mg2[1 + §q]?) 4¢2 + \2m20%(1 — 6)2™¢2[1 + 6q]*

22m(m+1)0*(1-0)"(q+¢*)[1+6(q+¢>)](az—a3) = Uy (t)(ug—v2) +Us(t) (uF —v}). (2.17)
In the light of (2.13) and (2.14), we conclude from (2.17) that

Ui (t)(uz — v2) . (UL(t))* (ui +27)
2xm(m+ 102 (1 —0)™ (g + ¢*)[1 + (g +¢*)]  2Xm?6%(1 — 0)>™¢?[1 + dq]>

a3z =

Thus by applying (1.6), we obtain

03] < 1 ( 2t N 442 )
= om(1 -0 \(m+ D(g+ A +0@+d)] " dm(l—0)m@[l+6q]2)




730 P. Nandini and S. Latha

For functions in the class Gy (A, §, m, 0, t, ), the Fekete-Szego functional problem is solved
by the following result.

Theorem 2.2. For0 < A< 1,0<6<1,m>1,0<0<1,te(3,1,0<g<landpcR,
let f € Abe in the class Gz (A, 6, m,0,t,q). Then

2t .
/\m(m+1)02(176)7’l(q+q{)[1+6€q+q2)] ’ i , Y 0 - ,
‘,U . 1‘ < [N2m20%(1 — 6" (1 + 8qf /a4 AmO” (1—0)" (N ,8,m,0,9)—A"m~0"(1—0)"" q"[1+4¢]
= A DI (1= (g - @) (a7 )]
8¢ |u—1| .
[Nm?e(1 — 0™ &[1 + 511]1/4t2+)\m02(179)7”1[)()\,6,m,9,2q)7)\2m292(179)27”q2[1-‘g§ql2; s .
(‘u | > 0 0 e At (16 y(0bm.0) =X 610" [1+aq]')
= Am(m+1)02(1-0)" (a+4*)[1+68(q+¢?)] :

a3 — pa3| <

Proof. It follows from (2.16) and (2.17) that

Up(t)(ua — v2)
2xm(m + 1)62(1 — 0)™ (g + ¢*)[1 + 6(q + ¢2)]
_ Ui (t)(uz — v2)
2 m(m + 1)0%(1 — 0)™(q + ¢*)[1 + 6(q + ¢*)]

N (UL(1))* (u2 +v2) (1 = pa)

2{Amf2(1 = 0)m (X, ,m, 0, q)(U(t))* — M2m202(1 — 0)>mq*[1 + dq]*Ua(t)}
R0 K”("’“ N ! )

2 Am(m+ 1)02(1 = 0)™(q+ ¢2)[1 + (g + ¢2)]

+ (1 - p)az

2
az — pa; =

—~

~—

1 )
" (7’(“’“ ~ Xm(m + DO —0)7(g - &)1+ ola + q2)]> ”2}
where

_ (U ()21~ )
X821 — 0y (x, 6,m, 8, 9) (U1 (D)2 — Nem202(1 — 0)2m2[1 + 6q)2Un(t)"

n(p,t)

Thus, according to (1.6), we have

2t 1
as—pal| < {Am<m+1>92<1e>m<q+q2>[1+5<q+q2>l 0 < In(p, )] < Kl O )
3T HAy | >
2t t t)| > .
W(H, )| ‘77(/‘7 )| = )\m(m + 1)92(1 _ e)m(q + q2)[1 + (5(q + qZ)]

after some computation, we get

2t .
(D= 0)" (g @)[1F5(aT ]
‘,U, _ 1‘ < [Xm262(1 — 0™ @[l + 5‘7]2/4“+>\m92(1—9)""w(/\,é,m,é,q)—)\zmzf)z(l—0)2’”q2[l+6q]2)

Am(m+1)02(1-0)™ (g+¢*)[1+6(q+4?)]

8¢} |ju—1] .

[A2m26%(1 — 6)™ ¢?[1 + éq]z/4t2+)\m92(l—9)"L1/)(A,5,m,0,q)—)\zmzez(1—0)27"q2[l+5q42 >
-1 > [\2m26*(1 — 82 (1 + 6q] fa>+ AmO* (1—0)" b (X, 8,m,0,q9)— A>m> 6% (1—0)*™ ¢*[1+5q)*

p=l= Xm{mA D (1= 0] (g+¢)[1+0(a+ )] :

|as — paz| <

|
Taking 1+ = 1 in Theorem 2.2, we led to the following corollary.

Corollary 2.3. For0 < A< 1,0<6<1,m>1,0<60 <1, t € (3,1]and0 < q < 1, let
f € Abein the class Gz(X\, 6, m,0,t,q). Then

2t

|as —a%| < .
Am(m + 1)0%(1 — 0)™(q + ¢*)[1 + 6(q + ¢*)]

Remark 2.4. The results for the subclasses Gy (6, m, 0,t,q), S (m, 0,t,q) and Kx(m, 0,t,q) can
be obtained by appropriately specialising the parameters A and §. These subclasses are defined,
respectively, in Examples 1.4, 1.5, and 1.6 related to the Chebyshev polynomials.
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3 conclusion

In the present work, we have constructed a new subclass Gy (A, 8, m, 0, ¢, q) of normalized an-
alytic and bi-univalent functions governed with the Pascal distribution series and Chebyshev
polynomials by using g-derivative operator. For functions belonging to this class, we have made
estimates of Taylor-Maclaurin coefficients,|a;| and |as|, and solved the Fekete-Szego functional
problem. Furthermore, by suitably specializing the parameters A and §, one can deduce the
results for the subclasses Gy (8, m, 0,¢,q), Si(m,0,t,q) and Kx(m,0,t,q) which are defined,
respectively, in Examples 1.4, 1.5 and 1.6.
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