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Abstract In this paper, we find some conditions, inclusion relation for Poisson distribution
series hi(s, o) to be in the class 7D, (a, 3,&; 1) of analytic functions defined by Al-Oboudi dif-

o
ferential operator. Further, we consider the integral operator G(m, o) = [ @dt to be in the

0
above class. Several corollaries and consequences of the main results are also considered.

1 Introduction

Let p be the class of the functions
ho)=0o+) ad, (1.1)
=2

which are analytic in the disk U = {0 € C : |o| < 1}. Further, let 7 be a subclass of p
consisting of functions of the form,

h(o) :U—Z|GL|UL, oel. (1.2)
=2

The elementary distributions such as the Poisson, the Pascal, the Logarithmic, the Binomial, the
Borel, the Beta Negative Binomial have been partially studied in Geometric Function Theory
from a theoretical point of view (see for example, [13, 15, 21, 22, 23]).

In [17], Porwal introduced a power series whose coefficients are probabilities of Poisson
distribution (PD)

& v—1
_ 87 —5 __t
o= Sy
where s > 0. Further, Porwal [17] defined a series

t—1

h(s,0) =20 — ¢(s,0) =0 — Z (LS_ !
=2

Corresponding to the series %i(s, o) and using the Hadamard product for i € @, Porwal and
Kumar [18] introduced a new linear operator w(s) : p—p defined by

e ‘o',

w(s)h(c) == ¢(s,0) xh(c) =0 + Z ﬁe—sabm

=2
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where * denotes Hadamard product.
For a function i € ¢ given by (1.1), Al-Oboudi in [14] defined a differential operator as
follows,

Dh(a) = h(o),

Dyh(o) = DyA(o) = (1 — N)A(o) + Ao/ (o) = Dah(a), A >0 (1.3)
in general
DYh(o) = Da(D" 'h(0)). (1.4)

If A(o) is given by (1.1), then we observe that
Dih(o) =+ Y [1+ (1= DA]"a0" (1.5)
=2

when A = 1, we get Séldgean differential operator [20].

A function A € p is said to be in the class Dy («, 8, &;n), if and only if
(DXA(0)) — 1)

26 [(DRN(0)) — o] = [(DXA(0))" — 1]

where 0 < a<1/2,0<8<1,1/2<¢<1,neNU{0},0 € U.
Let

< B (1.6)

TD)\(Oé,ﬂ,f;n) = TﬂD}\(avﬁvf;n)'

The class TDy(«, 8, &; n) was introduced by Joshi and Sangle [12].
A function /i € p is said to be in the class R*(2(,B),»c € C\{0}, -1 < B < A < 1,if it
satisfies the inequality

W(o)—1
(A —B)s — B[N (o) — 1]

<1, oel.

This class was introduced by Dixit and Pal [6].
Following the works done in ([1]-[S],[7]-[11],[16],[19]), we determine some conditions for
fi(s,o) to be in the class 7Dy («, 3,&;1). Furthermore, we will prove the inclusion relation

R*(2,B) C Da(a, B,&; 1). Finally, we give conditions for the integral operator G(m, o) = [ his.t) g
0

t
to be in the class 7Dy (a, 3,5 1).
To prove our main results, we will need the following results.

Lemma 1.1. [12] A function h of the form (1.2) is in TDyx(«, 8,&;n) if and only if

o0

S+ (= DAL [T+ 826 = D] |a,| < 28¢(1—a), (1.7)

1=2
where 0 < o < %5,0<ﬁ§ 1 ,% <&<1,neNU{0}, A > 0. The result is sharp.
Lemma 1.2. [6]If h € R*(,B) is of the form , then

kd

la,| < (A —B) te N—{1}

v
The result is sharp.

In this paper, we assume that 0 < a < 3,0 < B <1, <¢<land ) >0.
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2 Condition to be in the class 7D, (a, 3,&; 1)
Firstly, we obtain the following condition for /i(s,o) to be in the class 7D (a, 3,&;1).

Theorem 2.1. If s > 0, then h(s,0) € TDx(a, 8,&; 1) if and only if

(1+82-1)) s+ (BRE-1)+4—N)s
+(1+8(26-1))2-A)(1—-e7)
< 2B(1 - a).

Proof. Since

-3 (LS_*

=2

according to (1.7), we must show that

H:= Zl+ (= DN [1+ 5 (26 = 1)] - i e <2660 - )

or, equivalently

H:=Y [2(1+82—1)+u(1-X) (1+ 526~ 1))] (LS_ e <2860 - a).
Writing
t=(—1)+1,
and
P=0-1)0-2)+30—-1)+1,
in (2.2) we obtain
H = Z(L—1)(L—2)(1+5(25—1))(LS:)!@—S
=2
+3 -1 [B2E—1) +4- A (Lsi_i)!e—s
P B2 N (st_i)!e—s
=2

sL—]

= (I+p(2¢-1) Z
=3

gt~ 1

+H(BRE-1)+4-)N) Z
=2

g1
‘ (L—])

= (1+5(2-1) £+ (826 -1)+4-N)s
F14A@E-1) @2 (1),

which is bounded above by 23£(1 — «) if and only if (2.1) holds.

75

Mg

+(I+B(26-1)(2-2)

1
S}

2.1

(2.2)
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3 Inclusion result

Now, we will prove the inclusion relation R*(2(,8) C Dy («, 8,&;1).
Theorem 3.1. Let s > 0 and h € R*(2,B). Then w(s)h € TDx(«, 8, 1) if

(2= B) 5 [(1+ 8 (26— 1)) s+ (2 -\ (1+ 526~ 1) (1 —e™*)] <266(1—a). ()
Proof. From (1.7) it suffice to show that

SL—]

(t—1)!

Q=3[P+ B~ 1)+ i1 - N (1+ 82— 1)] e o] < 266(1 — a).
1=2

Using Lemma 1.2, we have

o) < BB
Therefore,
[e'S) t—1
Q< (@ =B) b | (14526~ 1)+ (1= (152 - 1) (f_l)!e-s]. (32)
Writing ¢« = (¢ — 1) + 1, in (3.2) we obtain
Q < (A-B)|A [ZZ (6= 1) (14826 — 1)+ (2= X) (14526 — 1)] 1), ]
> g1 . e gt—
= (A=)~ [(1+,8<2£—1>>§me +@-N(1+8(2E-1) 2:;
= @A=B) X [[1+B82-1))s+2-N(1+42-1))(1—e )],
which is bounded above by 28£(1 — «), if (3.1) holds. ]
4 An integral operator
Theorem 4.1. If s > 0,then
G(s,0) =g M2 4 (4.1)

t
is in TDyx(«, 8, & 1) if and only if the inequality

(I4+8R2E=1)s+2=-N(1+82-1))(1—e7®) <2B(1 — ) 4.2)
is satisfied.

Proof. Since

& efssbfl ot & efssbfl .
g(s"’):“*z(b—l)!TZJ*Z 07
=2 =2
by (1.7) we need only to show that
e’} v—1
SR +8E— 1)+l =N (14826 —1)] e~ <286 (1 - a)
=2
that is, we need only to show that
00 v—1
ST +BE-1) + (1= N (14826 —1))] (f_ gie S -a) @)
=2 ’

Using similar computations like in the proof of in Theorem 3.1 it follows that the inequality (4.3)

is satisfied whenever (4.2) holds. O
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5 Special cases

Let £ = 1/2 in the above theorems, we obtain the following results.

Corollary 5.1. If s > 0, then h(s,0)€ TDx(«, 8, 1/2; 1) if and only if

s+@A-Ns+2-N(1-e*)<B(l—a).

Corollary 5.2. Let s > 0 and h € R*(2,B).Then w(s)h € TDx(«, 8,1/2;1) if

(A=B) |5 [s+(2-N)(1—-e*)] <B(1—0).

Corollary 5.3. If s > 0, then G(s,0) € TDx(«, 8, 1/2; 1) if and only if

s+2-XN(1-¢e"%) <B(1 —a).

6 Conclusions

Due the earlier works in [4, 5, 7]), we find a condition and inclusion relation for PD series to be in
a class of analytic functions with negative coefficients defined by Al-Oboudi differential operator.
Further, we consider an integral operator related to PD series. Some interesting corollaries and
applications of the results are also discussed.
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