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Abstract In this present investigation, we obtain Fekete-Szego inequality for certain certain
subclasses of multivalent functions associated with g-derivative defined on the open unit disk U
for which

1 1 20,9(2)
b+<p o(2) —1><¢(z), (peN, zeUand b e C\ {0})

and

11 9q(2849(2))
1_b+bp<1+3qg(z)> <¢(z), (PeN, zeUandbe C\{0})

lies in a region starlike with respect to 1 and symmetric with respect to the real axis.

1 Introduction
Let A, denote the class of functions of the form

flz)=2"+ > anz", peN (1.1
n=p+1

which are analytic and p-valent in the open unit disk U = {z : |z| < 1}. Similarly, let A, (j)
denote the class of functions of the form

9(2) = (z)p:i:;pbk (g)k pieN={1,23..} (1.2)

which are also analytic and p-valent in the unit disk U = {z : |z| < 1}. The class is known as p-
valent Bessel function and was established in [1].

For the class defined in (1.1) the normalization conditions

/() f'(2)

zp—1 zp—1

H2:0 = 0 and ||Z:0 = p. (13)

are classical, for the class of function defined in (1.2) the normalization conditions

(g()i)_l |:=0 = 0 and (g;?_l lo=7% (1.4)

holds.
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Definition 1.1. [3] Let f and g be analytic in U. Then the function f is subordinate to g, if there
exists a schwarz function w(z) analytic in U, such that w(0) = 0 and |w(z)| < 1,(z € U) and
f(2) = g(w(z)) for all z € U. This is denoted by f < g. It is also known that if g is univalent in
U then f(z) < g(z) if and only if f(0) = g(0) and f(U) C g(U).

Definition 1.2. [4] The ¢-difference operator introduced by Jackson is defined as

flqz) — f(2)
{, (2 #0) s

0gf(2) = z2(g—1)

1'(0), (z=0).

In addition, the g-derivative at zero D, f(0) = D,_, f(0) for |¢| > 1. The g-derivative at zero is
defined as f’(0) if it exists. Equivalently, it can be written as

0yf(2) = [n]g2"~" + Z[n]qanzn_l, 2#£0 (1.6)
n=2
where _
J— q v
;g7
[nlg =1 1—g¢ # (1.7)
n, qg=1
As ¢ — 17, we see that [n], — n. Jackson[4] introduced the ¢— integral
| £ =21 - 03" a ). (18)
0 n=0
as long as the series converges. For a function f(z) = 2™, one can observe that
z z 1
tdt:/t"dtziz"“, n#-1) . 1.9
| = [Crdg = et @ - (19

Definition 1.3. [3] The function ¢(z) is analytic within a region U, where its real part is positive.
In simple terms, S*(¢) is imagined to have a symmetric shape like a star, but it’s confined within
a certain area ¢(0) = 1 and ¢/(0) > 0.

A function f(z) € A, is said to be in the class S}, (¢) if it satisfies

1 [ 120,f(2)
l—l-b(p ) —1)%(;5(2)7 (peN, zeU and beC\{0}). (1.10)

A function f(z) € A, is said to be in the class C, 5 ,(¢) if it satisfies

DLy BRI U
L b+bp(1+ 90 (2) )<¢( ), (peN,zeU and beC\{0}). (LI

The classes Sj ,(¢) and Cj, ,(¢) are studied in [6]. For b = 1 we have the classes S (¢) and
Cp(¢) [5] and for p = b = 1 the classes reduce to the classes S*(¢) and C(¢) which were
introduced and studied by F.R. Keogh and E.P. Merkes [16].

A function g(z) € A, x(j) isin S}, (¢) if it satisfies

1 1 20,9(2)
b+(p ) —1><¢(z), (peN, 2€U and beC\{0}) (1.12)

and in Cyp, p, 1 (@) if it satisfies

1

=3

1 04(20,49(2))
+®(1+W><¢(z), (peN, zeU and beC\{0}). (1.13)
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Fekete and Szego in 1933 gave the sharp bound for the functional |a3 — ua%’ for f(z) € S
when p is real. The determination of sharp bounds for the functional |a3 — ua%] is known as the

Fekete-Szego problem. And this has been investigated by several authors for different subclasses
of S [7,9, 19].

In this paper sharp bounds for the Fekete-Szego coefficient functional are obtained for the classes
of functions defined in (1.5) and (1.6).

The lemmas listed below are needed to prove the desired results.

Let Q be the class of analytic functions of the form
w(z) = wyz +wyz® + w3z + - ZZwkzk (1.14)
k=1

in the open unit disk U satisfying |w(z)| < 1.

Lemma 1.4. [16] If w € Q. then

—t if  t<-—1
lwp —twi| <1 if —1<t<1 (1.15)
t if t>1

whent < —1 ort > 1, the equality holds if and only if w(z) = z or one of its rotations. If —1 <
t < 1, the equality holds only if w(z) = 2* or one of its rotations. Equality holds fort = —1 if
and only if

Atz

M@_Z(I+M

or one of its rotations. For t=1, the equality holds if and only if

), (0<A<1) (1.16)

A
w(z) = —2 (&) O0<xr<1) (1.17)

or one of its rotations .

Although the above upper bound is sharp, it can be improved as follows when
-l1<t<1
wr —tw| + (1 + D) wi]* <1, (=1<t<0) (1.18)

and
wr —t |+ (1=t P <1, (0<t<1) . (1.19)

Lemma 1.5. [15] If w € Q, then for any complex number t
|ws — tw] < max(1, [¢]) . (1.20)
2

The result is sharp for the functions w(z) = z or w(z) = 2%

Now in order to formulate the next lemma we should write down the following denotations,
where v; and v, are real numbers. We now define the sets Dy, k =1,2,---, 12 as follows:

1
Dy = {(vw/z) il < 55l < 1} (1.21)

4
Dz: {(V],V2) N E S |V1| §2,ﬁ(\ul|+ 1)3—(|V1‘+1) Sl/z S 1} (122)
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D3 = {(vl,Vz) | < %71/2 < —1} (1.23)
1 2
Dy = (V17V2)1|V1\257V2§—§(|V1|+1) (1.24)
Ds ={(v1,12) : || 2,1, 2 1} (1.25)
D6={(V1,Vz):2<|u1|<4,Vz>llz(u%+8)} (1.26)
2
D7={(V1>Vz) il > 4,0 > 3 (|V1_1)} (1.27)
1 2 4
Ds—{(Vl,Vz) ES\V1|S27—§(|V1|+1)S T(‘Vll'f‘l) (|V1|+1)} (1.28)
2 2| (jn] + 1)
Do = dnl =2, -3 ) <m< S5t 1.29
9 {(Vul/z) | > 2, 3(|1/1|—f— )_VZ_VIZ+2|1/1\+4 (1.29)
2| (] + 1) 1,
Dy = 12 < <4 L <y < — 8 1.30
10 {(Vl’Vz) <lnl < T2 4 < <5 (1 +8) (1.30)

2|V1‘(|V1 ‘ 1) 2|V1‘(|V1|*1)
D b4 — & < 7 1.31
11—{(1/1,1/2) 1] > 2l + 4 _Vl_l/lz—2|l/1\ 4 (1.31)
and 2| (jn] = 1) 2
v (vl —
D, = , : >4, ———— - <y - -1 1.32
12 {(Vl v) vl > V12 2]+ 4 3 (Jm1] )} ( )

Lemma 1.6. [17] If w € Q, then for any real numbers v\ and v, the following sharp estimation
holds

|w3 + vjwiwsr + Vzwﬂ < H(v,12) . (1.33)
Here

1 Sfor (v1,1n) € DU D,
2] 1 Sfor (vi,1n) € UZ:3 Dy,
2 | v | +1
3(1/1|+1)( 30T+ 15 ) for (vi,1n) € Dg U Dq.

2 2 5
v (1 —4 vy —4 2
3 (Vlz 41/2> (3(1/] — 1)> f0r (l/l,Vz) € DipU Dy {:I:Z}
2 |U1| —1 5
- -1l Dqs.
F 0l =) (5t )7 for () < D

The extremal functions up to rotations are of the form w(z) = 23, w(z) = z

(z[(1 = N)e2 + Ael] — €1622)

= pr— 1.
B o z(ti—2) B  z(ta+2)
w(z) =wi(z) = BT w(z) =w(z) = 116 (1.36)
i 2
|€1| = |62‘ = 1, €] = t() — e 2 (a:l:b), tz = —€ 2 (ia:l:b), (137)
+
a:tocos@ b= z’—tzsm2@ /\—b e (1.38)

2’ 2’ 2
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2 2) -3 E
to= | =22 (”l+ 2 (1.39)
3(1/2—1 —41/2
1
||+ 1 >2
= (—0TL )2 1.40
: (3(|V1+1+V2) (1.40)
1
o] — 1 >2
= (2= )2 1.41
: <3(|V1|—V2) (14D
248)—2(12 42
cos2 o (8 —2(i+2)) (1.42)
2 2 2up (1/12—1-2)—31/12

2 Coefficient Bounds

Theorem 2.1. Let g(z) be given by (1.2) and ¢(z) = 1 + Bz + Byz* + B3z3 +---. If g(2) €
S;,b,p,k(éf’) and then for any real number p,

4bpBi {Bz+ bpB, (1_([p+2]]q—p)ﬂ>} if u<o
P

[p—tle]qB_ By [p+1],— [p+1], —
|bp+2—ub;2)+1|§ U)_té])qu_p) if ba;<u<(a[2,+2] | )
diand P51 p g —b)p b .
p+2, - ){[p-i-ﬂq ([p+1}q 1) Bl} if p>os.
2.1)
__(p+1ty—p) (Bz bPBl)
N B (P2, - \B T il = 2.2)
__(p+1l—p) <Bz b1331>
2B (P, \B T @3
2
([p + l]q B p) B, bpB;
7T wPB (p+ 2, - )(Bﬁ[pﬂ]q)- (2.4)

Furthermore, if o1 < 1 < 03 then

2 2
|bp+2 _Nb?;+1|+([p+ g —p)" [bp1] (1 B n bp B (([p-i-Z}q —p) i B 1)) . 4bpB,

([p+2]q_p)prl B [p+1]q_ [p‘f'l}q_ h [p—f—Z}q—p
(2.5)

if o3 < p < 02 then

1, —p)? 2 B Bl 2], — 4bpB
\bp+z—ub§+1!+([p+ la =p)" |bp1] (1 p bp (([p+ la—p)u 1)><[p bpBi

([p—i—Z]qu)prl Bl [p"‘l]q* [p-l—l}q*p +2]qu.

For any complex u

4bpB, { ‘Bz bpB; ( ([p+2], — p)ﬂ)‘}
bpio — b, | < — etz dl: | =2 4 —— L (T Ee DL (07
‘ p+2 % p+l| — [p+2]q_pmal Bl [p+ l]q_p [p+ l]q_p ( )

Furthermore
8pr1

b <
bl < ],

H (v,12) (2.8)
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(lp+ 1]y —p)([p+2lg—p)B+ bpBi([[p+2lg —p) + ([p+ 1], — p)

v = 2.9
1 (Ip+ 1, —p)lp+2],— ) B
_ (p+1]g = p)([p +2]g — p)Bs +2([p+ 1lq — p) bpBi(B> + bpBY)
v = . (2.10)
([p+1g —p)([p+2]g —p)B
These results are sharp.
Proof:-If g(z) € S}, , v (®) then there exists an analytic function
w(z):w1z+w222—l—w3z3+---€§2 2.11)
such that . 8.g(2)
20,9(%
l+< ! —1): w(z (2.12)
s (2t 5()
1+ 1 20q9(2) -1 = 1+ 1 8[plg2? + 4bpri[p + 12" + 2[p + 2gbps22"*?
b\ pg(z) a b | 8pzP + 4pbyi1 2Pt 4 2pby22PT2 + pbyy3 2Pt 4 -
N 1 [p + 3]4bps32P "3 — 8pzP — dpby,. 2P
b | 8pzP + 4pbyy1 2Pt + 2pbyy22PT2 + pbyi3zPt3 4 -
+ 1 *zpbp+22p+2 — pbp+3zp+3 + -
b | 8pz? + 4pbyi12PH! + 2pbyy22PT2 + pbyizzPt3 4 -
+ .- (2.13)
d(w(z)) = 14+ Bi(wiz+wz? +wsz®----)
+ By(wiz+ w2 +wyzd - )2
+ Bi(wiz+wzmtwszd F--- )P 4 (2.14)
=1+ Bjwiz + (Biwi + Bywi) 2> + (Biws + 2Bywiwy + Bawi) 2° + -+ (2.15)
Equating (2.13) and (2.15) we get
2prlw1
, ’ (2.16)
vl p+ 1], —p
4b bpB? )
by = pBw+p<B +l>w} 2.17)
P T (b2 p) { e e t-p)
and
8bpBi { [2([p+ g —p)([p+2}q—p)32} }
b —w wiw
p3l o U B+ 1, —p) o+ 2 —p) ]
8bpB) { [prﬂ([p +2],—p) +(p+ 1, —p)]] wlwz}
[p+3lg—p Bi(lp+1]q = p)([p+2]4 —p)
8bpB) { [BS([P +1]g = p)([p+2]g — p) +2([p + 1]y — p)bpBi (B2 + prf)} w3}
[p+3lg—p (lp+ 1 —p)[p+2]y —p)B 1

(2.18)

By (2.16) and (2.17), we get

4bpB
bpt2 — ,ubf)H = [ (e {wsr — uw%} (2.19)

p+2]q_p
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where

__ bpB (p+1lle=p)r \_ B
V[p+1]q—p<[p+1]q—p 1> ' 220

B
If v<-1, then -2 < — 1, which implies

bpB; (([p+2]q O 1)

p+1y—p \ [p+1]g—p By ~
(lp+ 1]y - p)° <321 bpBi >— 221
M_prl([p+Z]q—p) By [p+1]q—p - 22D

By application of lemmal.4 we get

4bpB, (Bz ( (Ip + 2l —p)u) bpB) )
bR < B (B () . en
b2 = b 2, —p\Bi (p+1g=p) ) P+ 1] —p) e

If v>1, then

bpB: (([p+2]q —p)p — l> — % > 1, which implies

p+1,—p \ [p+1];—p |
(lp+ 1)y —p)* ( B, bpB; >
> l+=+ —— ) =0 . (2.23)
([p+2]q — p)bpB) By [p+1,—-p g
Furthermore ,
4bpB; ( bpB (([p+2} —p)u ) Bz)
bpin — b2, | < d —1)-=). @29
lboz = bt < G, 7 1, p \ ot tla—p B,
Suppose —1 < v < 1 then
bpBi ( ([p+2], —p)u> B,
—-1< 1-— -=<1 (2.25)
([p+1g—p) ([p+1]g—p) B
which shows that AboB
bpra — pb? | < — 221 2.26
‘ p+2 — M p+l| [p+2]q ~p ( )

The sharpness of the results is a direct consequences of lemmal.4 . Furthermore, when o <
1 < oy the result can be improved as follows.
If —1 < v <0 then

bpBi (([p+2]q —p)p ) By
-1< —-1)-=-<0 2.27
B+ —p) \ [+ 1) B, = 227
which implies that o1 < . < 03 where
oo (1l —p)’ <Bz bpB, )
bpBi([p+2lg—p) \B1 ~ ([p+ g —p)

By lemmal.4, (2.19) and (2.20) we get

[p+2],—p > < B, bpB; (([p+2]qp)u >) >
W =Py b+ (1= 22+ -1 Bl<1 .

4bpB, [bp2 = b1 B [p+1g—-p\ [p+1;—-p ) |
(2.28)

From (2.16) and (2.28) we get

[p + z]q — D
4pr1

(1 B bpB, ) (([p+2]q —p)p
B [p+1],—p [p+1]y—p
42 p? B2
< 1 (2.29)

bpt2 — Mb;zy+1

- 1) ([p+ l]q *p>2|bp+l|2

+
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byi2 — pb? + (Ip+ 1]y = p)*bpr1? (132 bpBi <[p+2}q—P1)>
’ P ([p +2] — p)bpB B [p+1g—p\[p+1],-p
4prl
o [p+2}q —Pp '

Furtherif 0 <v <1, thenos < p < oy. Bylemmal.4 we get

[p+2];—»p > ( B, bpBi (([p+2]q —p)p )) >
= |byo — ub + {14+ =- —1 wr| <1
4pr1 | p+2 M p+l‘ B] [p+ l]q _ P [p+ l]q —p | l‘ —

(2.30)
which becomes
byis — b | + ([p +1]g — p)*[bp1]? (1 B, B ([p+2]q—p_1))
i s (Ip + 2]y — p)bpB Bi [p+1ly—p\[p+1],—-p
4bp31
- [p+2]q -p

By using lemmal.5 we can write

e b2

|bp+2 - Nbf>+1’ < mmaw

(2.31)
For any complex number 11 .
By Lemmal.6 and equation b, 3 becomes
8bpB) 3
bpiz = +—"9—— ; 2.32
3= 3], —p {ws + viwiw; + vawi} (2.32)
which can further be written as
8pr1
b < ———H (v, 2.33
| p+3| [p+3]q_p (Vl VZ) ( )
where
_(p+1q=p)([p+2]y —p)B2 + B ([p+ 2]y — p) + ([0 + 1] — p)
v = (2.34)
Bi([p+ g —p)([p+2]g —p)
and
_(p+1]g—p)([p+2y —p)Bs +2([p + 1]y — p) bpBi(B2 + bpB})
vy = . (2.35)

Bi([p+ 1]y —p)([p + 2]y — p)

Remark 2.2. If ¢ — 1~ in Theorem (2.1), we get the result obtained by Fadipe-Joseph et.al.[2]
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Theorem 2.3. Let g(z) be given by (1.2) and ¢(z) = 1 + Biz + Baz?* + Bs23 + - . If g(2) €
Cybp.i(@) then for any real number p,

4bp[pl, B {Bz bp B < A >} )
= — 5 | =T tup if <o
i TR R i peol
by — b2 | < PlPlg 21 ' < <o,
b2 = by | < [p+2]qglb+[p[]pg - ZfB ) 7)\/1 - B
PIPlq D1 /2531 2 .
AT -2 i >0
T T e (G T B) i ez
(2.36)
where
2
n Bz prlx\)
oy = —=—1- , 2.37
: bpBi1[plq (Bl 72 @37
2
n Bg )\pr1>
oy = 1+ —— (2.38)
? bpBi[plq ( By [plgn?
2
n Bz prl)\)
and o3 = —= — . (2.39)
T B, (Bl 7ol
The inequality (2.36) is sharp .
Further the result is improved as follows.
If o1 < o < o3 then
B bpBy | A
— b3 122 PP A
bpr2 = pbyiq| + ( B, + 7 | [pl +nulplg
2
[P+ 2alp + 151+ Pl — P+ [P+ Uy —p) |, ]
prl[p]q o
4bp[pl,Bi
[p+2]q(1 + [p+ l]q —p)
and also if o3 < u < oy then
BQ prl A
bpo — pubs i |+ (1++{+ D
p+2 — HOp41 B 772 [p}q M[p]q
[p +2]ylp + 15(1 + [plg = p)*(1 + [p+ 1], — p) byl
bpBi[plq "
4bp[ply B)
p+2],(1+[p+1g—p)
For any complex number p
4bp|pl, B { ‘pr] ( A B,
bpia — by | < z mar i 1: |~ = +pulply ) — = | ¢ (2.40)
| p+2 — M p+]‘ [p—l—Z]q(l ¥ [p_‘_ 1]q _p) 772 [p]q :u[ ]q B,
Furthermore,
8b B
bpi3] < %H(m,w) (2.41)

where
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2B, | bpBilp+1], bpBi[p + 2],
v =22 4 : (2.42)
' B 0 p+2],(1+ [P+ 1], —p)
L _ Lt tpBalp + 1], bpBa[p + 2], b’p* Bilp + 2J4)
2 = - )
7 p+2l(1+p+ 1) —p  [Pllp+2l(1+[p+ 1] —p)n?
(2.43)
A= Pldp+p+2(p—[p+1],—1), (2.44)
n = [p+1]g(1+plg —p), (2.45)
Y = [P+3]q(l+[p+2]q_p) . (2.46)
Proof:- If g(z) € Cypp.k(¢) then there exists an analytic function
wiz+ w2t Fwzd fwst o eQ 2.47)
such that
11 04(20,49(2))
1——|—{1+qq = ¢(w(z (2.48)
AR Ve R S
= 8[p]q[p - l]q +4bpi1 [p + l]q[p - l]qz + pr+2[p + Z]q[p - 1](122
+ bp+3[p =+ 3}q[p - l]qz3 + 8[p]q[p - ILZJ +4by+1 [p+ l]q[p - 1]q[p]qz
+ 20ps2[p + 2g[p + Uglp — 1g2® + bpaslp + 3Jg[p + 2glp — 12" + - -
= 8pplylp — 1]g + 8bpBiwn[plylp — 1142 + 8bp(Biws + Baw?) [pl[p — 1]47°
+  8bp(Biws + 2Bawiws + B1wi)[plglp — 1)42° + 4pbyi[p + 14[p — 1],2
+  dbpBiwibyii[p + 1]4[p — 1]42* + dbp(Biwa + Baw?)byii[p + 1]4[p — 1]42°
+ 4bpbp+1(BloJ3 + 2Bwiwy + Blwf)[p + 1]q[p — 1]q24 + 2bpbp+2(BloJ2
+  Bawd)[p+2)4lp — 1]42* + 20pby 12 (Biws + 2 Bywiw,
+ Biw))[p+ 2ylp — 1]42° + 2bpbysa(Biws + 2Bawiwn
+ Blw%)[p + Z]q[p - l]qzs -|—pbp+3[p + 3]q[p - 1](123
+ bysbpBiwi[p+3]yp — g2+ .
From the above equation we get
2bpB
- ::l”9févlkpkz ’ (2.49)

bp+2 ==

4bp Bl [p]qw2772 + ([p]qu’I]Z - prlz)‘) OJ% (2 50)
p+2(1+p+1],—p)} s '
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)]

p

and
_ 8bpBi [pl, 2Bap + 2]4(1 + [p + 1], — p) + bpBinlp + 2],
bp+3 w3 +
[p+3l,(1+[p+1]y—p) [p+2]o(1 + [p+ 1] — p)nBi
(prf[er 1y[p +2]4(1 + [p + 1], p))
+ wiwr
[p+2],(1+ [p+ 1]y — p)nBi
N <n3[p+ 2]g[plq(1 + [p + 1lq = p) + 7°bpBa[ply[p + 1]g[ply[p +2]4(1 + [p + 1] — p)
np+2)q[ple(1+ [p+ 1]g —p)
N (773bp32[p+2]q[p]q—nbzszlz[erZ}q/\) 3
3 wl .
n [p+2]q[p}q(1 + [p—i— l}q —p)
By (2.49) and (2.50) we get
4bpp|, B
bpio — b, = d Wy — vwt (2.52)
pi = by = A T, =) 12
where B \ B
PO 2
y_wBi (A p). (2.53)
= (g +#r) - 5
If v<—1then
bpBi ( A ) B,
— + - — < -1 (2.54)
772 [p]q :u’[p]q B1
which implies
2
7 By prM)
< 221 = . 2.55
= bpBi[plq (Bl e ! et
By application of lemma (1.4) we get ,
4bp[pl, B (Bz bpB) ( A ))
bppo — b, | < a = - — + . (2.56)
| p+2 o p+1| [p+2]q(1 I [p+ l]q _p) B] 772 [p]q :u[p]q
Next if v > 1 then we get
bpB; ( A ) B,
— | — + -—=>1 2.57)
772 [p]q .U[p]q B1
which implies
2
7 By )\prl)
> —— 14+ = - =0y . (2.58)
"= B, ( Bi  [plgn? 2
Furthermore,
4bp[pl, B {prl ( A ) Bz}
bpo — b, | < d - - (2.59)
| p+2 2 p+1| [p+2]q(1 ¥ [p+ l]q _p) 772 [p}q /l[p]q B]
Suppose —1 < v <1 then
pr1 ( A ) Bz
1< —— +ulpl, ) - =<1 (2.60)
772 [p]q ,u[ ]q Bl
which shows that dbplpl, B
lbr+2 = ] < 7 PPa 21 2.61)

This is second part of (2.3) .

+ z]q(l + [P"‘ 1]!1 -p)

The sharpness of the results is a direct consequence of lemma(1.4). Furthermore when o1 < p <

oy the result can be improved as follows.

If —1 <v <O0then

(A
[p

lq

bpB

-1<
7

+ u[p]q> -

By

B, (2.62)

2.51)
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which implies that o) < p < o, where

2
n B, prM)
03=7—— | 5 — (2.63)
T Byl (B, P [pl,
By lemma(1.4), (2.52) and (2.53) we get
[p+2]q(l+[p+l]q_p) 2 ( By, | bpB ( A )) 2
byio — b +||l-==+——(—+ wi|" < 1.
4bp[p]qB1 | p+2 1% p+l| Bl 7,]2 [p}q M[p]q | 1|

(2.64)

From (2.49) and (2.64) we get

bp+2 — ubﬁﬂ

N (1 B, | bpBi <[A Mq)) p+2p+ 121+ [p+ 1 —p)(1 + [plg — p)

2
B |bp+1|2
B n Plg bp[pleBi

< 4bp[p]qu
T2 (I+p+1,—p)

Furtherif 0 <v <1 then oz < pu < 0p. By the Lemma 1.4

[p+2],(1+[p+1],
4bp|pl, B

—p) 5 B, bpB; [ X
|bpi2 — pibp g | + (1 B + o)

which becomes

|bp+2 — :ubi+l‘

By bpBi [ A [p+2lglp+ 1121+ [p+ 1] — p)(1 + [plg — p)*
+(1+_ ( +u[p]q)> bp[plyBi

_[p+2]q(1 +[p+ l]q_p) '

By using lemmal.5 we can write

4bplp|,B1 bpB; ( A ) B,
b —ub?. | < d mar{1l:|— | — + - =
| p+2 — M p+1| [p+ 2]q<1 ¥ [p+ 1]q 7p) 772 [p]q M[P]q B1

} (2.66)

for any complex number 1 .

By lemmal.5 , (2.52) becomes

8b B
bpt3 = % {w3 + rjwiws + l/zw%} . (2.67)

which can be written as
8bp[p], B

|bp+3| S Y

H(v1,1,) (2.68)
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where

= 2Balp+2ly(1+ [p+ 1] = p) + bpBilp + 1g[p +2]4(1 + [p + 1]g — p) + bpBinlp + 2,
1 [p+2]4(1+ [p+ g — p)nBi

)

(2.69)

nplglp + 2121 + [p+ 1]q — p) + PPbpBalp + g [plelp + 2];(1 + [p+ 1]y — p)
plglp +2]4(1+ [p+ 1]y — p)*n?
nb*p*Bi[p + 25A(1 + [p + 1], — p)
plglp + 24 (1 + [p+ 1]y — p)*n?

V) =

A= Pl +1elp+2g(p—p+1],— 1),
n = [p+1(0+pls—p),
= [p+3(1+[p+2,-p).
The results are sharp .

Remark 2.4. If ¢ — 1~ in Theorem (2.3), we get the result obtained by Fadipe-Joseph et.al.[2]

Corollary 2.5. Let g(z) be given by (1.2) and G(z) = ¢(z) = 1 + B1z + Byz? 4+ B32> +---. If

9(2) € Sy, 1(®) then for any real number p

b2 2 )
(=2 ifu<a

|bps2 — Hbp | < bp ifor < p < oo, (2.70)
b2p2

T(zﬂfl) ifp=>o2 .

Corollary 2.6. Let g(z) be given by (1.2) and G(z) = ¢(z) = 1 + B1z + Byz? + B3> +---. If
9(2) € Cypp.i(d) then for any real number

bp? P .
gy (Cap 2w +2)) usa,
bp? .
bp+a — be;H’ =< p—zi.iZ) for<p<o (2.71)
bp2 D .
(p+2) (W(AHW(PH))) ifn>or .

3 Conclusion remarks

In the current study, we used the g-derivative operator to introduce some new subclasses of the
class of analytic functions in the open unit disk U by using subordination. We have derived
the Fekete Szego functional, among other features and results. In addition, we have chosen to
deduce a few examples of our main points results as corollaries. Also we note that lately various
subclasses of starlike functions were introduced [10, 11, 14] by fixing some particular functions
such as functions linked with sin z, shell-like curve connected with Fibonacci numbers, functions
associated with conic domains and rational functions instead of ¢(z) in (1.10) and (1.11) one can
determine new results for the subclasses introduced in this paper. Additionally, they explored
several beneficial geometric characteristics like expansion, deformation, and coverage outcomes.
This was achieved by implementing by fixing p = b = 1 and assuming ¢(z) = (1 +2)(1 —2)~ L.
Additionally by depending on the particular function ¢(z) chosen, as illustrated below by various
authors one can deduce the new results by appropriately choosing B; and B,
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4 2
) Ifo(z) =1+ 3% + gzz, which exhibits a unique feature when visualized within the open

unit disk U. It forms an nephroid - shaped region. ([23]).

(i) If ¢(z) = V1 + 2, transforms the domain U onto the image domain bounded by the right
half of the Bernoulli lemniscate represented by |w? — 1].([24])

(iii) If ¢(z) = €, introduced and studied by Mendiratta et al.([25])

(iv) If ¢(2) = (V/1 + z) + z, associated with the crescent - shaped region as discussed in ([26]).
4 1, . L
V) Ifop(z) =1+ 57 + 57 three leaf shaped domain and studied in ([27]).

(vi) Ifg(2) = 1+ %z—F ézs, four leaf- shaped region which was introduced and studied in ([28]).

(vii) If ¢(z) = 1 + sinh~'(2), associated with the petal - shaped region as discussed in ([29]).

(viii) If ¢(z) = cosh(z), whose image is bounded by the cosine of the functions which were
contributed by A. Alotaibi, M. Arif, M. A. Alghamdi, and S. Hussain ([30]) .

(ix) If ¢(z) = 1 + sin(z), maps to an eight-shaped figure within the open unit disk U([31]).

(x) If ¢(2) = cos(z), as discussed in ([32]).

(xi) If ¢(z) = w

order ¢ ([34]).

with 0 < ¢ < 1, we acquire the class of starlike functions of
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