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Abstract The present research article endeavors to utilize fixed point theorems to explore
the existence and uniqueness of solutions to coupled ordinary differential equations. To accom-
plish this aim, we introduce the concept of a triple-composed bipolar metric space, which is
a generalization of bipolar metric space. Additionally, we introduce the notion of A-admissible
mapping with respect to C for single-valued covariant and contravariant mappings in the context
of a triple-composed bipolar metric space. Furthermore, we introduce new contraction condi-
tions including covariant (X, )-contraction, contravariant (\, )-contraction, and contravariant
(A, ¢)-rational contraction, which enables us to establish novel fixed point results. Moreover, we
introduce coupled covariant (X, )-contraction to demonstrate the existence and uniqueness of
coupled fixed points in the setting of a triple-composed bipolar metric space. To complement
our theoretical findings, we present compelling and non-trivial illustrative examples. Through
this comprehensive investigation, we contribute to the advancement of fixed point theory and its
applications in the study of coupled ordinary differential equations.

1 Introduction

The natural sciences are intricately interconnected, and mathematics plays a pivotal role in ad-
vancing these disciplines. Mathematicians continually strive to develop mechanisms and tech-
niques to enhance other sciences. The fixed point technique stands out as a powerful method
that aids mathematicians in providing effective approaches for solving models in both ordinary
and partial differential equations, as encountered in engineering, chemistry, and physics. Fur-
thermore, owing to the symmetric property of metric spaces, fixed point theory remains a cru-
cial tool in advancing studies across diverse fields and disciplines, including topology, game
theory, optimal control, artificial intelligence, logic programming, dynamical systems and func-
tional analysis. Mathematicians leverage the fixed point technique to find both analytical and
numerical solutions to integral and differential equations, as evidenced by works cited in ref-
erences [5, 6, 7, 8, 9, 10, 23, 24, 25, 26, 27]. The Banach Contraction Principle [11] is a
Sfundamental fixed point theorem that establishes the existence and uniqueness of a fixed point
for self-contractive mappings in a metric space. Various generalizations and extensions of this
theorem can be found in the literature, involving modifications to the contraction mapping or the
generalization of the type of metric spaces. An example includes the double-composed metric
space introduced by Ayoob et al. [2] in 2023, where the concept involves the composition of two
control functions. In 2016, Mutlu and Giirdal [3, 12] introduced the concept of a bipolar metric
space and explored certain basic fixed point and coupled fixed point theorems for covariant and
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contravariant maps, subject to specific contractive conditions. It is a fascinating generalization
of metric spaces. This generalization led to the study of various fixed point results for some con-
tractive mappings which led to wide applications in many branches of mathematics, including
nonlinear analysis and its applications(see [13, 14, 15, 16, 17, 18]). And it was later extended
in 2023 by Mani et al. [4], who introduced the notion of bipolar controlled metric space, and by
Taleb et al. [1], who introduced the notion of triple bipolar controlled metric space.

On the other hand, the initial introduction of the concept of a-admissible mapping in a metric
space was credited to Samet et al. [21], and later, Utku et al. [20] adapted this concept to bipolar
metric spaces. In 2013, Salimi et al. [22] further expanded the notion of a-admissible mapping
in a metric space to the concept of a-admissible mapping with respect to 8. Additionally, the
reformulation of this concept in bipolar metric space was undertaken by the authors in reference
([11.[19]).

The basic idea behind this work is to apply fixed point theorems to prove the existence and
uniqueness of solutions to coupled ordinary differential equations. To achieve this objective, we
generalization the work of Mutlu and Giirdal [ 3] by introducing the concept of a triple-composed
bipolar metric space and modifying the work of Salimi et al. [22] by presenting the concept of
A-admissible mapping with respect to ( for single-valued covariant and contravariant map-
pings in a triple-composed bipolar metric space. The paper is organized as follows. In Section
(2), we define the triple-composed bipolar metric space and investigate some of its topological
properties. Section (3) presents our main results, wherein we establish new fixed point theo-
rems based on the conditions of covariant (X, ¢)-contraction, contravariant (), ¢)-contraction,
and contravariant (X, ()-rational contraction. To achieve this, we introduce the concept of \-
admissible mapping with respect to ( for single-valued covariant and contravariant mappings
in the setting of a triple-composed bipolar metric space. Additionally, we introduce coupled
covariant (X, ¢)-contraction to prove some coupled fixed points in a triple-composed bipolar
metric space. In Section (4), we apply our results to demonstrate the existence and uniqueness of
solutions for coupled ordinary differential equations. Our results make a significant contribution
to the current body of literature, pushing it forward, and offering a novel approach to verifying
the existence and uniqueness of solutions for differential equations.

2 Preliminaries

The following basic definitions are required in the sequel and we begin with a definition of
the double-composed metric space introduced by Ayoob et al. [2] in 2023 which is a novel
generalization of metric space.

Definition 2.1 ([2]). Let E be a non-empty set and f, g : [0,00) — [0, 00) be two non-constant
functions. A functiond : E x & — [0, 00) is called a double-composed metric if it satisfies:

(dy) dw,v) =0 & w=v,Vw,vee&.

(dp) d(w,v) =d(v,w),Vw,v € E.

(d3) d(w,v) < f(d(w, 1) + g(d(p, V),V w,v, p € E.

The pair (E, d) is called double-composed metric space (DCMS for short).

The concept of bipolar metric space was introduced by Mutlu et al. [3] in the following
manner.

Definition 2.2 ([3]). Let £ and IT be non-empty sets. A function dp : E x IT — [0, c0) is called
bipolar metric if it satisfies:

(dg,) dg(w,v) =0 & w=v,V(w,v)eExIL

(dg,) dp(w,v) =dg(v,w),Vw,v e ENIL

(dg,) dp(w,v) <dg(w,) + dg(wi,v1) + dg(wy,v), Vw,w; € Eand v,vy € I1.
The triplet (£,I1, dg) is called bipolar metric space (BMS for short).

Mani et al. [4] proposed the following generalization of bipolar metric space called bipolar
controlled metric space.
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Definition 2.3 ([4]). Let E and IT be non-empty sets and v : E x IT — [1,00). A function
dpe : E x IT — [0, 00) is called bipolar controlled metric if it satisfies:

(dge,) dpc(w,v) =0 & w=v,V(w,v)€eEXIL

(dgcz) dpe (w, I/) = dgc(l/, w), YVw,ve NIl

(dgcy) dpe(w,v) < y(w,vi)dge(w,vi) + v(wi, v1)dpe(wi, v1) + y(wi, v)dpe(wi, V), Vw,w; € E
and v, v € I1.

The triplet (£, 11, dgc) is called bipolar controlled metric space (BCMS for short).

In [1], Taleb et al. proposed the following generalization of a bipolar controlled metric space
and named it a triple bipolar controlled metric space.

Definition 2.4 ([1]). Let E and IT be non-empty sets and v, ¢, : E x IT — [1,00). A function
dg 1 E x IT — [0, 00) is called triple bipolar controlled metric if it satisfies:

dg,) dg(w,v) =0 & w=v,V(w,v)eEXIL
(dz,) dz(w,v) =ds(v,w),Vw,v € ENIL

(ds,) dz(w,v) < y(w,v)ds(w,v1) + @(wr, vi)ds(wi, vr) + Y(wi, v)ds(wi,v), Vw,w; € E and
v,y € IL

The triplet (£, 11, dx) is called triple bipolar controlled metric space (TBCMS for short).

Now, we introduce a new space, namely, triple-composed bipolar metric space and investi-
gate some of its topological properties.

Definition 2.5. Let £ and IT be non-empty sets and f,g,h : [0,00) — [0,00) be three non-
constant functions. A function d : E x IT — [0, o) is called triple-composed bipolar metric if
it satisfies:

dr) dr(w,v)=0 & w=vV(w,v)eExIL

(dp) dr(w,v) =dr(v,w),YVw,v e ENIL

(d7r) dr(w,v) < f(dr(w, 1)) + g(dr(wi, 1)) + h(dr(wi,v)), Vw,w; € Eand v,vy € I1.
The triplet (£, I1, d7) is called triple-composed bipolar metric space (TCBMS for short).

Remark 2.6. We observe that ’BC'M S and TCBM S are two independent generalizations of
BMS. The former entails the multiplication of control functions, while the latter involves the
composition of control functions.

Remark 2.7. Every BM S is a TCBM S with the control functions f(u) = g(u) = h(u) = u.
However, the reverse may not be true, as illustrated by the following example.

Example 2.8. Let = = {0,1,2}, IT = {2,4,6} and f,g,h : [0,00) — [0,00) be three non-
constant functions defined by f(u) = u+ 1, g(u) = u+ 9 and h(u) = u. Define a function
dr : ExI1 — [0,00) by dr(w,v) = |w —v|[>,Vw € E, v € IL Then, (E,I1,d7)is TCBMS.
However, it is not BM S.

Proof. Note that (dr;) and (d;) are straightforward to confirm, we will focus on proving (d;).
Letw =0,w; = 1,v=6and v; = 2 then d(w,v) = d7(0,6) = |0 — 6]> = 36.

Now

F(dr(w,m)) = f(dr(0,2) = f(4) =

g(dr(wi,m)) = g(dr(1,2)) = g(1) = 10

h(dr(wi,v)) = h(dr(1,6)) = h(25) = 25.

Therefore, 36 = dr(w, 1/) < fldr(w,v)) + g(dr(wi, 1)) + h(dr(wi,v)) = 40. By follow-
ing identical steps, one can establish the validity of the remaining cases, and in each instance, we
derive dr(w,v) < f(dy(w, 1)) + g(d7(wi, 1)) + h(d7(wy,v)) for all w,w; € E and v, vy € I1.
Hence, (E,I1,d7) is TCBMS.
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Next, If we take f(u) = g(u) = h(u) = u then we get

36 = dr(w,v) > f(dr(w,n)) + g(dr(wi, 1)) + h(d7(wi,v)) = dr(w, 1) +d7(wi,01) +
d7(w1,v) =4+ 1425 = 30. Hence, in this case (E,I1,dy) is not BM S. Therefore, TCBM S
need not be a BM S. O

The topological concepts such as continuity, convergence, and Cauchy properties on
TCBMS are provided in the following

Definition 2.9. Let (E,I1,dr) be an TCBM S with non-constant control functions f,g,h :

[0,00) — [0, o).

(1) The set E is called the left pole and the set IT is called the right pole of (Z,I1, dr).

(2) w € E is called left point, v € ITis called right point and w € E N I1 is called central point.

(3) {w,} in E is called left sequence, {v,} in II is called right sequence and {w,} in & N IT is
called central sequence.

Definition 2.10. Let (1, I1;, d7;) and (E,,I1,, d7;) be two TC BM S with non-constant control

functions fi1, g1, h1, f2, 92, ha : [0,00) — [0,00) and H : E; UTIT; — E, UTI, be a function

(1) If H(E,) C E, and H(I1;) C I, then H is called covariant mapping and written as H :

(El 5 Hl 3 dTl) = (327 H27 de)

(2) If H(E;) C I, and H(I1;) C E,, then H is called contravariant mapping and written as
H: (3171—117(1’5) = (32, Hz, de)

(3) A covariant or a contravariant map H from (£,,I1;,d7,) to (E;,I1,,d7;) is continuous, iff
(wp) = von (Z,11;, dy; ) implies (Hw,) — Hv on (Ey, Iy, dp).

Definition 2.11. Let (£,I1,d7) be an TCBM S with non-constant control functions f,g,h :

[0,00) — [0, 0).

(1) A sequence {w,} is said to be convergent to w iff either {w,} is a left sequence, w is a
right point and lim dy(w,,w) = 0, or {w,} is a right sequence, w is a left point and

p—00

pli)n;c dr(w,w,) = 0.

(2) A sequence ({w,},{v,}) on the set & x ITis called a bisequence on (E,IT, d7).

(3) If {w,}, {v,} are convergent, then the bisequence ({w,},{v,}) is known as convergent. If
{w,}, {v,} are both convergent to a point u € E N II, then the bisequence ({w,},{v,}) is
known as biconvergent.

(4) Abisequence ({w,},{r,}) on (E,II, dr) is said to be a Cauchy bisequence if for each e > 0
there exists a positive integer py € N such that dr(w,,v,) < € forall p, 0 > po.

(5) TCBMS is called complete, if every Cauchy bisequence in this space is convergent.

A sequence converging in T CBM S may not possess a unique limit. To ensure uniqueness in
the limit, we present the following result.

Proposition 2.12. When (E,11,d7) be TCBM S with non-constant control functions f,g,h :
[0,00) — [0,00) satisfying f(0) + g(0) + h(0) = O, the every convergent bisequence has a
unique limit.

Proof. Suppose that the bisequence ({w), }, {v,}) on (&,II, d7) is convergen to u,v € ENIL By
the definition of convergence, we have

pli}r{)lo dr(wp,u) = 07pli>n<;lo dr(wp,v) = O,plirgo dr(u,v,) =0and pli)rgo dr(v,v,) =0.

We consider the left sequences, the proof for the right sequences is similar. Now, by definition
(2.5), we have

dr(u,v) < f(dr(u,u)) + g(d7(wp, w)) + h(dr(w,,v)).
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As f, g, and h exhibit continuity, taking the limit in the provided inequality yields
dr(u,0) < F(dr () + g( lim dr(e,,)) + h( fim dr(,.0)
= f(0) +9(0) + h(0) = 0.

Thus, d7(u, v), which further implies that u = v. ]

3 Main Results

In this section, we will establish fixed point theorems for single-valued covariant and contravari-
ant \-admissible mapping with respect to C over triple-composed bipolar metric space under co-
variant (X, ¢)-contraction, contravariant (X, ¢)-contraction, contravariant (X, ()-rational con-
traction and coupled covariant (), ¢)-contraction.

3.1 Fixed Point Results for Covariant Mappings

Definition 3.1. Let A : & — [0,00) and ¢ : IT — [0, c0) be two mappings. A covariant mapping
H: (B, 1L, dr) = (E,I1,d7) is said to be covariant A-admissible mapping with respect to ¢ if:

welk vell, Mw)>((v) = MHw)>((Hy).
Example 3.2. Let E = [0,00), [I = (—o0,0] and A : E — [0, 00), ¢ : IT — [0, 00) are defined as
AMw)=¢€¢* and ((v)=¢", VweZ and vell

A mapping H : EUII — EUII defined by H(w) = % is a covariant A\-admissible mapping with
respect to (.

Proof. Note that H(E) C E and H(IT) C IT then H is a covariant map.
Since w € [0, 00) and v € (—o0, 0] then A\(w) = e* > ((v) = €” implies
MHw) = et =e? > ((Hy) =M =er.
Thus, H is a covariant A-admissible mapping with respect to (. O

Remark 3.3. (1) If ((v) = 1 for all v € II, as per Definition (3.1), the following condition is
obtained:
weE AMw)>1 = INHw)>1.

In this case, H is called covariant A-admissible mapping with respect to ¢*.
(2) If M(w) = 1 forall w € E, as per Definition (3.1), the following condition is obtained:
vell, ¢(W)<1 = ((Hv)<L1
In this case, H is called covariant A*-admissible mapping with respect to (.

In Example (3.2) if we take ((v) = 1 for all v € 1 then ((Hv) = 1. Since, AN(w) = e* > 1
forall w € E implies \(Hw) = e?* =7 > 1.

Similarly, if we take A(w) = 1 for all w € E then \(Hw) = 1. Since, ((v) = ¢e” < 1 for all
v € Mimplies ((Hv) = ™ =e> < 1.

Definition 3.4. Let (E,I1,dr) be an TCBM S with non-constant control functions f,g,h :
[0,00) — [0,00). A mapping H : (E,II,dr) = (E,II,dr) is said to be a covariant (,()-
contraction if A is covariant and there exists the functions X : £ — [0, 00), ¢ : IT — [0, 00) and
y € (0,1) such that A\(w)A(Hw) > ((v){(Hv) implies

dr(Hw,Hv) < pdr(w,v), YVweZE and vell (3.1



782 Mohammed M. A. Taleb and V. C. Borkar

Theorem 3.5. Let (E,1I1, d7) be a complete T C BM S with non-constant control functions f, g, h
[0,00) — [0,00) and H : (E,I1,d7) = (E,I1,d7) be a covariant (X, ()-contraction such that
the following conditions are satisfied:

(h1) H is a covariant \-admissible mapping with respect to (.
(h2) There exists wy € B, vy € I such that A(wg) > ((vy) and Mwy) > ((Huy).

(h3) f,g and h are continuous and non-decreasing functions with f(0) + g(0) + h(0) = 0 and
h is additive.

(h4) lim Qizh’_” (f(v*dr(wo, 1)) + g(v" ' d7(wo, 0))) +he=?~ (ne dy(wo, 1)) | =0,

0,p—=0 | =,

where h'=° (f (9'd7(wo, 1)) + g(9"  dr(wo, 10))) and ko=~ (92~ dr(wo, 1)) denote the
composite functions.

(hs) H is continuous.
(he) If w,v € ENTI (w # v) are fixed points of H then A\(w) > ((v).
Then, the mapping H : £ UII — E UII possesses a unique fixed point.
Proof. Let wy € E and 1y € IT such that
Mwo) > C(vy) and A wo) > C(Hup). (3.2)
Define the bisequence (w),, v,) by Hw, = w,41 and Hv, = v,11, p € N. Now, by (3.2) and (h,),

we have
A(Hwo) = C((Hwp) and  A(Hwo) = ((Hrr), (3.3)

from (3.2) and (3.3), we get

AMwo)A(Hwo) > ¢(v0)C(Hw) (3.4)

Mwp) A Hw,) > C(v,)C(Hyp),

and

AMwo)A(Hwo) > ¢(1)C(Hw) (3.5

Mwp—1)AHwp—1) = C(vp)C(Hr)p).
Applying (3.1), we get

dr(Wpt1,Vpt1) = dr(Hw,, Hy,) < vd7(wp, v,) 3.6)

< 9" dr(wo, ),

and

dr(Wp, Vpr1) = dy(Hwp—1, Hv,) < dr(wp—1,v,) 3.7

< vPdy(wo,vr).
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Let p, o € N such that p < g, we have

—~

dT(w/HVQ) < f(dT wp7yp+1)) +g

( dr(wpi1,Vpt1)) + h(d7(Wpi1, 1))
fldr(wp,vp41)) + 9

dr(Wps1:Vp+1)) + hf(dr(Wps1,vp42))
+ hg(dr(wpi2,Vp2)) + B2 (d7(wpi2, V)

< fldr(wp,vps1)) + 9(dr(wps1, Vps1)) + B (d7(wps1; Vpi2)) + hg(dr(wpia, Vpi2))
+ B2 f(d7(Wps2, vp+3)) + 2 g(dr(Wprs, vpe3)) + B (A7 (w3, 1))

—~

S

< fldr(wp, vp1)) + gldT(wpt1, Vps1) + hf(d7(wWpr1, Vps2)) + hg(dr(wpi2, Vpr2)
=+ h2f(d7(wp+2, Vp+3)> + h2g(d7(wp+3, Vp+3)) +ot hgipizf(dT(WQ—Zv V@—l))
+ he P2 g(dy (wo—1,Vp-1)) + BT (dr (w1, 7))

= th pf dT wza’/1+l +Zhl dT w7+laVz+l)) _‘_hgipil(dT(Wg—lan))

= Z h'~ p dT Wa, V1+1>) + g(dT(le, VZJrl))) + hgipil(dT(Wg—layg))-

Since f, g and h are non-decreasing functions, the compositions

WP (F(dr (@, vist)) + gld7(Wier,m141))) - and - W27 (d7 (wp-1, 1)),

are also non-decreasing. Using (3.6) and (3.7) in above inequality, we obtain

T(Wps Vo) Z WP (f (0 dr(wo, 1)) + g0 dr(wo, v0))) + P (9 oy (wo, 1))

(3.8)
Letting the lim in (3.8), by condition (hy4), we get
p,0—00
lim d 0. 3.9
Jlim_dr(wp,v,) = (3.9)
Likewise, we can deduce

lim dy(w,,v,) =0. (3.10)

p,0—+00

Therefore, ({w,}, {v,}) is a Cauchy bisequence in (E,I1, d7). Since (&, I1, d7) is a complete
TCBMS, then ({w,},{r,}) biconverges. That is, there exists p € E N II such that {w,} — p
and {v,} — p. By (hs), H is continuous, Hp = lim Hw, = lim w,y; =p € ENIL

p—00 p—00

Uniqueness
Suppose that ¢ € E N I is another fixed point of # such that p # ¢, then by (h¢), we have
Ap) > ¢(q), (3.11)
and by (hy), we get
A(Hp) > ((Hq). (3.12)
From (3.11) and (3.12), we obtain
AP)A(Hp) = C(a)¢(Ha). (3.13)

Using (3.1), we have

dr(p,q) = dr(Hp, Hq) < 9d7(p.q)) < dr(p,q),

which is a contradiction since ) € (0, 1), which implies d7(p,q) = 0,1i.e. p=gq. O
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Example 3.6. Let & = [0, 00), I = (—00,0] and d7 : E x IT — [0, c0) defined by d(w,v) =
|w — v|*. Define functions f, g, h : [0, 00) — [0, 00) by f(u) = e*—1, g(u) = 2u and h(u) = 5u,
u > 0. Then, (E,I1,d7) is a complete 7C'BM S with control functions f, g and h.

Define H : EUIl — EUIll by H(w) = %, forallw € EUIland A : E — [0,00),
¢ : I — [0, 00) are defined as

Mw)=¢€* and ((v)=¢€" forall weZ and vell

Then, # is a covariant A-admissible mapping with respect to {. Therefore, we obtain
AMw)A(Hw) > ¢(v)¢(Hv) implies
dr (Hw, Hr) = |[Hw — Ho|?

’w v|?

2 2
1

= |w—v
4

1
S gl v’
1 —
= Edr(w,u), forall we&, vell

Lety) = 1, we have A(w)A(Hw) > ((v)¢(Hv) implies
dr(Hw,Hv) < vd7(w,v), VweZ, vell

Then, A is a covariant (), ¢)-contraction and all the conditions of Theorem (3.5) are satisfied,
hence, H has 0 € E NII as a unique fixed point.

Corollary 3.7. Let (E, I1, d7) be a complete T C BM S with non-constant control functions f, g, h :
[0,00) — [0,00) and H : (E,I1,d7) = (E,I1,d7) be a covariant mapping such that the follow-
ing conditions are satisfied:

(h1) H is a covariant \-admissible mapping with respect to C*.

(ha) Thereis A : E — [0,00) and v € (0, 1) such that A\(w)\(Hw) > 1 implies

dr(Hw,Hv) < ydr(w,v), YVweZE and vell (3.14)

(h3) There is wy € E such that M(wp) > 1.

(ha) f,g and h are continuous and non-decreasing functions with f(0) + g(0) + 1(0) = 0 and
h is additive.

(hs) lim gizh’_” (f(9'dr(wo, 1)) + g0 dr(wo, 10))) + he P~ (92 dy(wo, 1)) | =0,

0,00 | .=

where h'=° (f (9'd7(wo, 1)) + g(9"  dr(wo, 10))) and he=P~1 (92~ dr(wo, 1)) denote the
composite functions.

(he) H is continuous.
(h7) Ifw,v € ENTI (w # v) are fixed points of H then A(w) > 1 and {(v) = 1.
Then, the mapping H : £ UIl — E UII possesses a unique fixed point.

Proof. Consider A : E — [0,00) and ¢ : IT — [0,00) as {(v) = 1 and A(w) > 1 in Theorem
3.9). O

Corollary 3.8. Let (E, I, d7) be a complete T C BM S with non-constant control functions f, g, h :
[0,00) — [0,00) and H : (E, 11, d7) = (E,I1, d1) be a covariant mapping such that the follow-
ing conditions are satisfied:
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(h1) H is a covariant \*-admissible mapping with respect to (.

(hy) Thereis ¢ : 1 — [0,00) and vy € (0, 1) such that ((v)(Hv) < 1 implies
dr(Hw,Hv) < ydr(w,v), YweE and vell (3.15)

(h3) There is vy € I1 such that (1) < 1.

(ha) f.g and h are continuous and non-decreasing functions with f(0) + g(0) + h(0) = 0 and
h is additive.

(hs) lim Qizhl_” (f (v dr(wo, 1)) 4+ g(v" ' d7(wo, 0))) + he=P~ (ne dy(wo, 1)) | =0,

0,0 | 1=,

where h*=" (f(9'd7(wo,11)) + g(v" " d7(wo, 10))) and he=~ (92~ dy(wo,11)) denote the
composite functions.

(he) H is continuous.
(h7) Ifw,v € ENTI (w # v) are fixed points of H then A\(w) = 1 and ((v) < 1
Then, the mapping H : £ UIl — E UII possesses a unique fixed point.

Proof. Consider A : & — [0,00) and ¢ : IT — [0,00) as A(w) = 1 and {(v) < 1 in Theorem
(3.5). O

3.2 Fixed Point Results for Contravariant Mappings

Definition 3.9.Let A : & — [0,00) and ¢ : IT — [0, 00) be two mappings. A contravariant
mapping H : (&, 11, dT) = (E I1,d7) is said to be contravariant A-admissible mapping with
respect to ( if:

wek vell, Mw)>C((v) = MNHv)>((Hw).

Example 3.10. Let & = [0,00), [T = (—o00,0] and A : E — [0,00), ¢ : IT — [0, 00) are defined
as
AMw)=¢€¢* and ((v)=¢", Vwe& and vell

A mapping H : EUIT — EUII defined by #(w) = —% is a contravariant \-admissible mapping
with respect to (.

Proof. Note that H(Z) C IT and H(IT) C = then H is a contravariant map.
Since w € [0,00) and v € (—00,0] then A(w) = e* > ((v) = e” implies A(Hv) = et =
2 > ((Hw) =ev = e 7.
Thus, H is a contravariant A-admissible mapping with respect to . O

Remark 3.11. (1) If ((v) = 1 for all v € I, as per Definition (3.9), the following condition is
obtained:
weEB, Mw)>1 = XHv)>1, forall vell

In this case, # is called contravariant A-admissible mapping with respect to ¢*.
(2) If M(w) = 1 forall w € E, as per Definition (3.9), the following condition is obtained:
vell, (v)<l= ((Hw)<1, forall wek.
In this case, # is called contravariant A*-admissible mapping with respect to (.

In Example (3.10) ifwe take ((v) = 1 forallv € T then ((Hw) = 1 for all w € E. Since,
AMw) =e* > 1 forallw € & implies \(Hv) = e =e=2 > 1 forall v € TL

Similarly, if we take \(w) = 1, for all w € E then \(Hv) = 1 for all v € IL Since,
C(v) =e" < 1 forallv € implies ((Hw) = 7% = % <1 forallw € E.
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Definition 3.12. Let (£,I1,d7) be an 7TCBM S with non-constant control functions f,g,h :
[0,00) — [0,00). A mapping H : (E,IL,dr) = (E,II,d7) is said to be a contravariant (X, ¢)-
contraction if # is contravariant and there exists the functions A : E — [0,00), ¢ : IT — [0, 00)
and y € (0, 1) such that A\(w)A\(Hv) > ((v){(Hw) implies

dr(Hv, Hw) < vdy(w,v), VweZ and vell (3.16)

Theorem 3.13. Let (E,I1,dr) be a complete TCBMS with non-constant control functions
fy9,h:]0,00) = [0,00) and H : (E,I1,d7) <= (E,I1,dy) be a contravariant (X, ¢)-contraction
such that the following conditions are satisfied:

(h1) H is a contravariant A-admissible mapping with respect to (.
(ha) There exists wy € E such that A(wo) > ¢(Hwo).

(h3) f,g and h are continuous and non-decreasing functions with f(0) + g(0) + h(0) = 0 and
f is additive.

0,p—00

—1
(hg) lim [fgp(Uzng(wovVO)) + QZ P (90> 2dr(wo, v0)) + h(v*H dr(wo, 10))) | =0,
1=p

where f2=F (y*¢dr(wo, 1)) and f*=* (g(v* " 2d7(wo, o)) + h(v* T dr(wo, 10))) denote the
composite functions.

(hs) H is continuous.
(he) Ifw,v € ENTI (w # v) are fixed points of H then A(w) > ((v).
Then, the mapping H : £ UIl — E UII possesses a unique fixed point.

Proof. Let wy € & such that
AMwo) > ¢(Hwo). (3.17)

Define the bisequence (w,, v,) by Hw, = v, and Hv, = w,+1, p € N. Now, by (h;), we have
AMwo) = ((Hwo) = C(vo) = A(Hro) = ((Hwo). (3.18)
From (3.18), we get

AMwo) A (Hrp) > C(vo)¢(Hwy) (3.19)

)‘(Wp))‘(HVp) > C(Vp)C(pr),

and
Awr) = A(Hw) = ((Hwo) =((v0) = A(Hwo) = ((Hwi). (3.20)

From (3.20), we get

)\(wl)/\(HVO) > C(V())C(le) (321)
AMwp)MHYp—1) = C(Vp-1)¢(Hwp).-
Now, using (3.19), (3.21) and applying (3.16), we get

dr(wp,vp) = dr(Hvp—1, Hw,) < vd7(wp, Vp—1) (3.22)

< 9*dr(wo, ),
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A7 (Wpt1,Vp+1) = dr (Hvp, Hwpi1) < 9d7(wpi1,7p) (3.23)

< 9% 2dr(wo, o).
and

dr(wps1,vp) = dr(Hv,, Hw,) < 9dr(wp, v,p) (3.24)

< 0¥ dr (wo, v).
Let p, 0 € N such that p < p, we have

d(we,vp) < fdT(we, Vpi1)) + gldT(wpr1, Vpi1)) + h(dr(wpi1, 1))
< fHdr(wo, vpi2)) + Fa(dr(Wpi2, vpi2)) + FR(dT (wWpi2, Vpi1))
+ 9(d7(Wor1, Vp41)) + hld7(Wpt1, 1))
< P A7 (wor vp13)) + F29(dT(wpi3,vp13))
+ (A7 (wps3, Vpr2)) + F9(dT(Wpr2, vpi2)
+ fhdr(Wpt2: vpr1)) + 9(d7(Wor1, Vps1)) + MdT(wpt1, )

< FOP(dr(w, Vo)) + [0 gldr (we, 1))
+ [P (AT (Wes Vo-1)) -+ [P9(dT ()3, Vp43))
+ [P h(dr(Wpr3, Vp12) + F9(dr(wpi2, Vpi2)) + Fhldr(wpra, vpr1)
+ 9(dr(Wpi1,vp41)) + hld7(wps1, 7))

o—1 o—1
= fg_p(dT(Wm V@)) + Z fz_pg(dT(lea VH-I)) + Z fl_ph(dT(th VZ))
1=p 1=p
o—1
= fer(drlop o)) + S £ (gldr (o van) + ldr (e, m))).
1=p

Since f, g and h are non-decreasing functions, the compositions
fgip(dT(wQa V@)) and f"* (g(dT(WHlv Vz+l)) + h(d7 (Wit Vz))) )
are also non-decreasing. Using (3.22), (3.23) and (3.24) in above inequality, we obtain

o—1
dr(wesvp) < FOP(v*2dr(wo, 10)) + Z F7P (9(9* 2 dr(wo, v0)) + k(9> dr(wo, 0))) -

1=p
(3.25)
Letting the lim in (3.25), by condition (h4), we obtain
p,0—00
li d =0. 3.26
p’glinoo T(ng VP) ( )
Similarly, we can derive
lim dr(w,,v,) =0. (3.27)
p,0—00

Therefore, ({w,},{r,}) is a Cauchy bisequence in (E,II, d7). Since (E,II,d7) is a complete
TCBMS, then ({w,},{r,}) biconverges. That is, there exists p € & N IT such that {w,} — p
and {v,} — p. By (hs), H is continuous, Hp = lim Hw, = lim v,=peENIL

p—>00 p—00
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Uniqueness
Suppose that ¢ € E N 11 is another fixed point of A such that p # ¢, then by (he), we have
A(p) > ¢(a), (3.28)
and by (hy), we get
AHq) > ¢(Hp). (3.29)
From (3.26) and (3.27), we obtain
AP)A(Ha) = ((a)¢(Hp). (3.30)

Using (3.16), we have

dr(p,q) = dr(Hp, Hq) = dr(Hq, Hp) < vd7(p.q)) < dr(p,9),
which is a contradiction since y € (0, 1), which implies dr(p,q) = 0,1i.e. p=gq. ]

Example 3.14. Let £ = [0,0), [T = (—00,0] and d : E x IT — [0, 0o) defined by d7(w,v) =
lw — v|*. Define functions £, g, h : [0, 00) — [0,00) by f(u) = 2u, g(u) = 3uand h(u) = e* —1,
u > 0. Then, (E,I1,dy) is a complete 7C BM S with control functions f, g and h.

Define H : EUIl — EUIl by H(w) = =%, forallw € EUlland A : E — [0, 00), ¢ : TT — [0, 00)
are defined as

Mw)=¢€* and ((v)=¢€" forall weZ and vell

Then, H is a contravariant A-admissible mapping with respect to ¢. Therefore, we obtain
Mw)A(Hy) > ((v)((Hw) implies

dr(Hv, Hw) = [Hv — Hw|*

= idT(w,u), forall weZ, vell

Lety = 3, we have A(w)A(Hv) > ((v)((Hw) implies
dr(Hv, Hw) < ydr(w,v), V €&, vell

Then, # is a contravariant (\, {)-contraction and all the conditions of Theorem (3.13) are satis-
fied, hence, H has 0 € E N II as a unique fixed point.

Corollary 3.15. Let (E,I1,d7) be a complete TCBMS with non-constant control functions
fy9,h 1 [0,00) — [0,00) and H : (E,I1,dy) = (E,IL,dr) be a contravariant mapping such
that the following conditions are satisfied:

(h1) H is a contravariant A-admissible mapping with respect to C*.

(ha) Thereis X\ : E — [0,00) and vy € (0, 1) such that A\(w)\(Hv) > 1 implies

dr(Hv, Hw) < ydr(w,v), Ywe& and vell (3.31)

(h3) There exists wy € & such that A\(wg) > 1
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(ha) f.g and h are continuous and non-decreasing functions with f(0) + g(0) + h(0) = 0 and
f is additive.

o—1
(hs) lim [fgp(Uzng(meo)) + 3 7 (g(0* 2 dr(wo, 1)) + h(v* T dr(wo, 1)) | =0,
1=p

0,p—>00

where 2P (y*2dr(wo, 1)) and '~ (g(y**2dr(wo, o)) + h(y* ' d7(wo, 1)) denote the
composite functions.

(he) H is continuous.
(h7) Ifw,v € ENTI (w # v) are fixed points of H then A(w) > 1 and {(v) = 1.
Then, the mapping H : £ UIl — E UII possesses a unique fixed point.

Proof. Consider A : E — [0,00) and ¢ : IT — [0,00) as ((v) = l and A(w) > 1, w € E in
Theorem (3.13). O

Corollary 3.16. Let (E,11,dr) be a complete TCBMS with non-constant control functions
fi9,h 2 [0,00) — [0,00) and H : (E,I1,dy) = (E,IL,dr) be a contravariant mapping such
that the following conditions are satisfied:

(h1) H is a contravariant \*-admissible mapping with respect to (.

(ha) Thereis ¢ : T1 — [0,00) and vy € (0, 1) such that {(v)((Hw) < 1 implies

dr(Hv, Hw) < ydr(w,v), VweZ and vell (3.32)

(h3) There exists vy € Il such that (1) < 1.

(ha) f,g and h are continuous and non-decreasing functions with f(0) + g(0) + h(0) = 0 and
f is additive.

0,p—>0

—1
(hs) lim [fg_”(UZQdT(wovVO))JFQZ =P (90> 2dr(wo, v0)) + h(v* 7 (wo, 10))) | =0,
1=p

where f2=F(y*2d7(wo, 1)) and f*=* (g(v*2d7(wo, o)) + h(v* T dr(wo, 10))) denote the
composite functions.

(he) H is continuous.

(h7) Ifw,v € ENTI (w # v) are fixed points of H then A(w) = 1 and ((v) < 1.

Then, the mapping H : £ UIl — E UII possesses a unique fixed point.

Proof. Consider A : & — [0,00) and ¢ : IT — [0,00) as A(w) = 1 and {(v) < I in Theorem
(3.13). O

Now, we introduce a theorem that serves as a natural extension of Theorem (3.13). However,
before delving into the theorem, we provide the following definition.

Definition 3.17. Let (£,I1,d7) be an TCBM S with non-constant control functions f,g,h :
[0,00) — [0,00). A mapping H : (E,I1,dr) = (E,II,d7) is said to be a contravariant (), ¢)-
rational contraction if  is contravariant and there exists the functions A : £ — [0,00), ¢ : IT —
[0,00) and py € (0, 1) such that A(w)X\(Hv) > ¢(v)((Hw) implies

d7(w, Hw)dr(Hv,v)
1+ dT(wv V)

d7(Hv, Hw) < ymax {dr(w, v),dr(w, Hw), dr(Hv,v), } , (3.33)

VweZ& and vell

Theorem 3.18. Let (E,I1,dr) be a complete TCBMS with non-constant control functions
fy9,h 1 [0,00) = [0,00) and H : (E,I1,dy) = (E,IL,dr) be a contravariant (X, ()-rational
contraction such that the following conditions are satisfied:

(h1) H is a contravariant A-admissible mapping with respect to (.
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(ha) There exists wy € E such that A(wo) > ¢(Hwo).

(h3) f,g and h are continuous and non-decreasing functions with f(0) + g(0) + h(0) = 0 and
h is additive.

o—1
(ha)  lim | 30 0= (f(y™dy(wo, v0)) + g(0* " d7 (w0, v0))) + B~ (v*¢dT (w0, 0)) | = O,
3 oo 1=p
where b= (f(v*d7(wo, v0)) + g(n*d7(wo, n0))) and he=P(y*edy(wo,vy)) denote the
composite functions.

(hs) H is continuous.

(he) If w,v € ENII (w # v) are fixed points of H then A\(w) > ((v).
Then, the mapping H : £ UIl — E UII possesses a unique fixed point.
Proof. Let wy € & such that

AMwo) > C(Hwo). (3.34)
Define the bisequence (w,, v,) by Hw, = v, and Hv, = w,+1, p € N. Now, by (h;), we have
Awo) = ((Hwo) = C(v0) = A(Hw) = ((Hwo). (3.35)
From (3.35), we get
AMwo)M(Hro) > ¢(v0)¢(Hwo) (3.36)

)‘(Wp))‘(/HVp) > C(VP)C(HW/J)’

and
Mwi) = AM(Hwy) > ((Hwo) =((v) = AMHw) > ((Hwr). (3.37)
From (3.37), we get

AMw)A(Hro) > ¢(v)¢(Hwr) (3.38)

AMwp)MHYp—1) = C(Vp-1)¢(Hwp).-
Now, using (3.36), (3.38) and applying (3.33), we get
dr(wps1,Vp) = dr(Hvy, Huwp)

d d
< vmax{dﬂwp,v,)),dﬂwp,mp),dT<HVp,yp>, 7(0p. Hesy) TW”M)}

1 +dr(wp,v,)

dT(wpv Vp)dT(wp-Ha Vp) }

— t)max{dT(wp,Vp),dT(wp,l/p),dT(pr,up), 1+ dy (0, 0)
prVp

<y max{dT(Wm Vp)a dT(wpv Vp)7 dT(Wp+l ) Vp)7 dT(wp+l ) Vp)}

=19 maX{dT(wp, Vp),dr(wpit, yp)}.

If dr(wp,v,) < dr(wps1,v,) then, we have dr(wpi1,v,) < 9d7(wpyi1,v,) Which is a contra-
diction to the fact that y € (0, 1). Thus, d7(w,41,7,) < d7(wp,v,), then

dr(wps1,vp) < 0dy(wp,v)) (3.39)

S Uzp+ldT(WO7 V0)7
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likewise,

dr(wp,vp) = dr(Hvp—1, Hwp)

<9 max{dT(wp7 Vp—1 )7 dT(wpa pr)v dT(HVp—l y Vp—1 )7

dr(wp, Hwp)dr (Hvp—1,vp-1)
1+ dy(wp,vp—1)

d7(wp, Vp)dT(Wp, Vp—1)
1+ dr(wp, vp-1)

= t)max{dT(wp,I/p_l),dT(wp, Vp), d7(Wps Vp—1),
< Umax{dT(Wp’Vpl)vdT(Wp’Vp)vdT(Wp’Vpl)vdT(Wp’l’p)}

= t)max{dT(wm Vp—1), d(wp, Vﬂ)}'
If d7(wp, vp—1) < d7(wy,v,) then, we have d7(w,,v,) < ydr(w,,v,) which is a contradiction
to the fact that y € (0, 1). Thus, dr(w,,v,) < d7(w,,v,—1), implies

A (wp, p) < 9d7(wp, vp1) (3.40)

< 9 dr(wo, o).
Let p, o € N such that p < g, we have
dr(wp, ve) < fdT(wp,vp)) + g(d7(wpt1,vp)) + h(dT(wpt1,v0))
< fldr(wp, vp)) + g(dr(wps1,vp)) + hf(d7(wpt1; vpr1))
+ hg(d7(wpr2,vp41)) + B (d7(wp12,0))
< fldr(wp,vp)) + 9(dr(wpi1,vp)) + hf(d7(wpi1, vpi1)) + hg(dr(wpi2, vpi1))
+ B2 A7 (w2, vps2)) + B2g(dT (Wpe3, Vpe2)) + B (d7 (w3, vp))

)
)

< (dr(wpp)) + 9(dr(@pi1,0)) + R (A7, vpe1)) + g dr(pea, vpen)
+ W2 f(dr(wpr2, Vpia)) + B2 g(dT(wpi3, Vpsa)) + -+ he P f(dr(Wom1,Vp—1))
+ he™ P g(dr (wg, vo—1)) + B (dr(wg, v,))

= th  f(dr(w ) + Zhl g(dr (@1, 12)) + he P (dr(wg. v))

. th P (fldr(wi,1n)) + gldr (werr, 1)) + hO7P (dy(wg, 1))

Since f, g and h are non-decreasing functions, the compositions

R0 (f(dr(we, 1)) + gldr (Wi, ) and RE™P(d7(wy, vy)),

are also non-decreasing. Using (3.39) and (3.40) in above inequality, we obtain

(W ve) < WP (F(97dr(wo, v0)) + g (0> dr(wo, v0))) + he ™ (97%dr (wo, v0))-

(3.41)
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Letting the lim in (3.41), by condition (h4), we obtain
p,0—+00

lim d =0. 3.42
Jlim_dr(wy.,) (342
Likewise, we can deduce
lim dr(w,,v,) =0. (3.43)
p,0—00

Therefore, ({w,},{v,}) is a Cauchy bisequence in (Z,IT, d7). Since (&,I1, d7) is a complete
TCBMS, then ({w,},{v,}) biconverges. That is, there exists p € & N IT such that {w,} — p
and {v,} — p. By (hs), H is continuous, Hp = lim Hw, = ILm v,=peENIL

p—00 p—00

Uniqueness

Suppose that ¢ € E N 11 is another fixed point of H such that p # ¢, then by (he), we have

Ap) > ¢(a), (3.44)
and by (hy), we get
AMHq) > ((Hp). (3.45)
From (3.44) and (3.45), we obtain
Ap)A(Hq) > ¢(q)C(Hp). (3.46)

Using (3.33), we have

dr(p,q) = d7(Hp, Hq) = d7(Hg, Hp)

dr(p, Hp)dr(Ha,
SUmax{dT(PaQ);dT(p»Hp),dT("Hq,q), T(p p) T( qq)}

1 4+ dr(p,q)
= ymax {dT(p, 9).d7(p.p), dr (g, q), ‘W}
= ndr(p, q),
which is a contradiction, that implies dr(p, q) = 0, i.e.,p = q. O

3.3 Coupled Fixed Point Theorems

In this subsection, we present coupled fixed point theorem in triple-composed bipolar metric
spaces.

Definition 3.19. Let (E,I1,d7) be a TC'BM S with non-constant control functions f,g,h :
[0,00) — [0,00) and Z : (E x IL,II x &) = (&,II) be a covariant mapping. A point (w,v) €
= x ITis said to be a coupled fixed point of Z if

Zw,v)=w and Z(v,w)=r.
Definition 3.20. Let A : E x [T — [0,00) and ¢ : [T X E — [0, 00) be two mappings. A covariant
) =

mapping Z : (E X ILII x E (E,1I) is said to be coupled covariant A\-admissible mapping
with respect to ( if:

(w,v), (z,y) €eEXIL, ANw,v)>((y,z) = MZ(w,v),Z(,w)) > 2y, z), Z(x,y)).
Definition 3.21. Let (£,I1,d7) be an TCBM S with non-constant control functions f,g,h :
[0,00) — [0,00). A mapping Z : (E x [LLII x E) = (&,II) is said to be a coupled covariant

(A, ¢)-contraction if Z is covariant and there exists the functions A : EXIT — [0,00), ¢ : [IXE —
[0,00) and y € (0, 1) such that A(w, V)N (Z(w,v), Z(v,w)) > ((y,2)¢(Z(y, z), Z(z,y)) implies

dr(Z(w,v), Z(y,z)) < g (d7(w,y) +dy(z,v)) forall w,z€& and wv,yell (3.47)
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Theorem 3.22. Let (E,I1,dr) be a complete TCBMS with non-constant control functions
fr9,h 1 [0,00) = [0,00) and Z : (E x ILII x E) = (E,I1) be a coupled covariant (X, ()-
contraction such that the following conditions are satisfied:

(h1) H is a coupled covariant \-admissible mapping with respect to (.

(h2) There exists wg, o € E, v, yo € I1 such that

AMwo, 10) = C(yo, z0),
Ao, y0) > (o, wo),
AMwos 1) > C(Z2(yo,0), Z(20,Y0)),
Ao, 90) > C(Z(v0,wo), Z(wo, 10)),
AMZ (wo, o), Z(vo,w0)) > C(yo,woL
M Z(20,40), Z (Y0, z0)) > C(v0,wo).

(h3) f,gand h are continuous and non-decreasing functions with f(u) < u, g(u) <u, h(u) <u,
u> 0and f(0) + ¢g(0) + h(0) = 0, and h is additive.

2

(hi) i [Zh (FC5 G0+ 7)) + 90 o)) + he=e = (92 (sg + 1)) | =0,

0,p—~00 | =,

where sy = dr(wo,y1) + dr (2o, 11), 11 = dr(wi,9) + dr(z1,10), €0 = dr(wo,%0) +
dr(zo, 1) and h*=° (f( (so+11)) + g(l)”leo)), he=P=1(ye=1(so+r1)) denote the com-

posite functions.

(hs) H is continuous, or if (w,v) € E x Il and (z,,y,) is a bisequence in & x I1 then \(w,v) >
C(Yp, ), p € N.

(he) If (w,v),(z,y) € (ExI) NI x E), (w,v) # (x,y)) are coupled fixed points of Z then
Mw,v) > ((z,y) and )\(1/ w) > ((y, x).

Then, Z : (E x IT) U (IT x E) — E UIT has a unique coupled fixed point.

Proof. Let wy, o € E, vy, yo € Il such that

Awo, v0) > C(yo, o),

Ao, y0) = ¢(v0,wo),

AMwo, 1) = C(Z(yo, o), Z(w0,Y0)),

A(0,90) > C(Z (v, wo), Z (w0, 0)), (5:48)
A Z(wo, ), Z (19, w0)) > ¢(yo, xo),

AMZ(0,10), 2 (0, 70)) > ((v0,wo0)-

Define bisequence (w,, ,) and (z,,y,) as follows:

Z(wp,y,,) = Wp+1:Z(vawp) = Vp+1,Z(yp,:Z?p) = Yp+1 and Z(xp,yp) =zp41, pEN. (3.49)

Now , by (3.48) and (h;), we get

A Z(wo,0), Z(v0,w0)) > C(Z(y0,%0), Z(0,%0)),
MZ(zo,10), Z(yo, z0)) = C(Z(v0,wo), Z(wo,0)),
A Z(wo,0), Z(vo,w0)) > C(Z(y1, 1), Z(z1,31)),
MZ(z0,10), Z(yo, x0)) = C(Z(v1,w1), Z(wi, 1)),
MZ(wi, 1), Z(v1,w1)) > C(Z(y0, o), Z(0,90)),
ANZ(z1,91), Z(y1,21)) = C(2(v0,wo), Z(wo, 10)).
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implies
p Awo, 1) MZ (wo, 10), Z (10, wo)) = (w0, 20)S(Z (Yo, 7o), Z (20, ¥0)) (3.50)
Ao, ¥p)MZ (wp, V), Z2(Vp,wp)) = S, 2p)S(Z (Y Tp), Z(20,9p)),
Ao, y0) A2 (20, 30), Z (30, 0)) = (10, w0)¢(Z (v, w0), Z(wo, v0)) (B.51)
A0, Yo )MZ (0, Yp)s Z(Yps Tp)) = (v wp)S(Z (v, wp), Z(wp, 1)),
Awo, 1) MZ (wo, 10), Z (10, wo)) = C(yr, 21)C(Z (Y1, 21), Z(21, 1)) (3.52)

Mwp—1:Vp—1)AZ(Wp—1,Vp-1), Z(Vp—1,wp-1)) = C(Wp> Tp)C(Z(Yp Tp)s Z(p,Yp))

Ao, Y0) A (Z (20, Y0)s Z(yo, 20)) > C(v1,wi)C(Z(v1,wi), Z(wi,v1)) (3.53)

AMxp- 15 Yp—1)MZ(@p-1,Yp-1), Z2(Yp—1,2p—1)) = (¥, wp)C(Z(Vpy wp)s Z(wWpy V),

Mwi, V)M Z(wi, 1), Z2(v1,w1)) = ¢ (Yo, 20)¢ (2 (Yo, 20), Z(x0, y0)) (3.54)

AMwp, Vo) M2 (wp, vp)s Z(Vpswp)) = C(Wp—15p—1)C(Z(Yp—1,Tp—1)s Z(Tp—1,Yp—1));

and

Mz, y)AMZ (21, m), 2y, 21)) = C(vo,wo)¢ (2 (v0, wo), Z(wo, 1)) (3.55)

Moy Yp)ANZ(@ps Yp)s Z2(Yps ) = C(Vp—1,wp—1)C(2(Vp—1,Wp—1), Z2(Wp—1,Vp—1))-

Lety € (0, 1), using (3.50) — (3.55) and applying (3.47), we get

T(Wpa yp+l> + dT(Ipa Vp+l)
T(Z(Wo—1,p-1)s Z(Yp, 7)) + d7(Z(2p—1,Yp—1), Z2(Vp, w)))

[d7r(wo—1,Yp) + d7(2p,vp1) +d(T5-1,0,) + d7(wp, Yp—1)]

®
<
Il
QU

I
&

IA

NS T NS

[d7(wp—1,Yp) + d7(2p-1,Vp) + d7(Wp, Yp—1) + d7 (2, Vp—1)]

[SP*I + Tﬂ]a
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where
1o =d7(Wp, Yp—1) + d7(2p,Vp1)
=d7(Z(wp—1,Vp—1), Z(Yp—2,Tp—2)) + d7(Z(zp=1,Yp—1), Z(Vp—2,wp_2))

< g (A7 (Wp—1,Yp—2) + d7(xp—2,Vp—1) + d7(zp—1,Vp—2) + dT(Wp—2,Yp—1)]

= % [d7(Wp—1,Yp—2) + d7(Tp—1,Vp—2) + dT(Wp—2,Yp—1) + dT(Tp—2,Vp—1)]

= Slrom1 + 5o

and

Sp—1 :dT(Wpflayp) + dT(xpfla Vp)
= d7(Z(wp-2,vp-2), Z(Yp—1,Tp-1)) + d7(Z(2p-2,Yp-2), Z(Vp-1,w,-1))

< g [dT(wpfh ypfl) + dT(xpfla foZ) + dT(,%‘p,z, fol) + dT(Wpfh ypr)]

=3 [d7(wWp—2,Yp—1) + d7(Tp-2,Vp—1) + dT(Wp—1,Yp-2) + d7(2p-1,Vp-2)]

2
= Jlsp-2+ o]
Therefore,
59 < Dlspo1+ 7] (3.56)
DIy [y
<3 [E(Sp_z +rpm1) + E(rp_1 + sp_z)}
2
< % [$p—2 + 7p-1]
P
< % [so + 7],
and
ep =d7(Wpt1, Yp+1) + d7 (211, Vpy1) (3.57)

=d7(Z2(Wp: V), Z2(Yps 7p)) +d7(2(2p,Yp), Z(Vp, w)))
< g (A7 (wp, yp) + dr(p,1,) + d7 (2, 1,) + d7(wp, yp)]

=y [d7(wp, yp) + d7 (), )]

=ep—1
< p’tle.
Let p, o € N such that p < . From Theorem (3.5), we have

0—2
dT(wpa yg) < Z h=r (f(dT(ww yz+1)) + g(dT(wH-l 5 yz+1))) + hg—p—l (dT(ngla yg))? (358)
1=p
and

0—2
dT(xpv Vg) < Z h'=? (f(dT(xu VH—I)) + g(dT(sz, V’L+l))) + hg—p—l (dT(ngla VQ))' (3.59)
1=p
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Then, by (3.56), (3.57), (3.58) and (3.59), we get
0—2

dT(wpv yg) + dT(xpa Vg) < Z h'=? (f(dT(wza yl+l) =+ dT(xu Vi+1 )) + g(dT(Wz+l s yz+l)
v=p

+ dT(xz+17Vz+l))) +hemr! (d7(wo-1,Y0) + d7(To-1,v0))

0—2

IN
(]
=

(£l Fgle)) +he spm)

1=p

?

< j}zjzh”’ (f <°2(so + m)) +g (n’“eo)> +heP T (92 (so 1)) -

Letting the lim in above inequality and by condition (h4), we obtain
p,o—ro0

lim [dT(W;nyQ) =+ dT(xﬂ» VQ)] =0.

p,0—00

Similarly, we can derive

lim [dr(we,yp) + dr(zo,v,)] = 0.

P00

Then (w,,y,) and (z,,v,) are Cauchy bisequences. Using completeness of (Z,II,dr), we
say that there exist w,z € £ and v, y € I1 with

lim w, =y, limz,=v, limv,=2, and lim y,=w. (3.60)
p—00 p—00 p—00 p—ro0

Therefore, for an arbitrary € > 0 there exists pg € N with

dr(z,,v) < %, dr(z,v,) < %

Since (w,,y,) and (x,,v,) are Cauchy bisequences, we get

g
dT(wp7 y) <z

3 and dr(w,y,) < forall p> po.

<
37

€
dr(wp,yp) < = and  dy(z,,v,) <

3
By (hs) and (hy), we have A(w, ) > ((y,, z,) implies

ME(w,v), Z2(v,w)) Z (2 (Yo, 20), (2, Yp)),

Wi,

then
)‘(wv V)/\(Z(wa V)? Z(V7 w)) > C(ypa mP)C(Z(ypa $p)7 Z(.’L‘p, yp))-
From (3.47) and (h3), we have

dT(Z(wv V)a yp+1)) + g(dT(wp+1a yp-‘rl)) + h(dT(Wp+1>y))
dr(Z(w, ), Z2(Yp, 7)) + g(dT(Wps1,Ypr1)) + h(dT(Wpr1,9))

e € € €
$+35) +95)+ ()
2-<e, forall ne(0,1) and peN.

Then d7(Z(w,v),y) = 0 = Z(w,v) = y. In a similar manner, we get Z(v,w) = z,
Z(z,y) = v and Z(y, z) = w. From (3.60), we have

dr(w,y) =dr(lim y,, lim w,) = pli)nolo dr(wp,y,) =0,

p—r00 p—00
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and
dr(z,v) =dr(lim v,, lim z,) = lim dr(z,,v,) =0.

p—ro0 p—+00 p—+00

Therefore, w = y and x = v. Then (w,v) € (E x IT) N (IT x E) is a coupled fixed point of Z.

Uniqueness
Suppose that (w*, v*) € (E x IT) N (IT x E) is another coupled fixed point of Z then by (h¢), we
have
Mw,v) > ¢(w*,v*) and A(v,w) > ((v*,w*), (3.61)

and by (h,), we get

AN2(w,v), Z(v,w)) = ((Z(w*, V"), Z(v",w")),
{A<z<u,w>7z<w7u>> > (2" ), Z(, 7)) G0
From (3.61) and (3.62), we obtain
{A(w,u»(zw,u),a W) 2 (" v E W 1), 2" w)), 63
A, wAZ(v,w), Z2(w,v)) = (", w*)C(Z(v",w"), Z(w", V"))

Using (3.63) and applying (3.47), we get

dr(w,w*) = dr(Z(w,v), Z(w*,v*))
< ldr(w,w") + dr (v, v)],

and
dr(v,v*) = dr(Z(v,w), Z(v*,w*))
<D
-2
Then, d7(w, w*) +d7 (v, v*) < yldr(w,w*)+dr(v,v*)]. Since y € (0, 1), we have dT(w,w*)—i—
d7(v,v*) = 0. Thus, w = w* and v = v*. Hence, (w,v) € (E x IT) N (IT x E) is a unique
coupled fixed point of Z. O

[dr(v,v*) + dr(w*,w)].

4 Application

This section is dedicated to applying Theorem (3.22) to discuss the existence and uniqueness
solutions of coupled ordinary differential equations. But before that, we present the following
example.

Example 4.1. Let & = C([0, 1],R) = {w : [0, 1] = R| wis continuous} and IT = C([0, 1],R) =
{v :]0,1] = R | v is continuous}. Define d7 : E x IT — [0, 00) by

dr(w,v) = sup |w(t) —v(t)]* forall we& and vell, 4.1
t€0,1]

and f,g,h : [0,00) — [0, 00) by
fw)y=e*—1, gu)=2u and h(u)=2u, u>0.
Then, (E,I1,d7) is a complete 7C BM S with non-constant control functions f, g and h.

Proof. Note that (d;) and (dp;) are straightforward to confirm, we will focus on proving (d;).
Forall w,w; € £ and v,v; €11, we have

[w(t) = v = lw(t) = 11() +21(t) = () +er (1) = v(D)?
< 20w (t) = vi(6) +2Jwi (t) — v (1) + 2lwi () — v(1)?
< (AROOF — 1) £ 2 (1) = (O + 2 (1) ~ ()
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Taking supremum on both sides of the above inequality, we obtain

2 sup w(t)—u (1))
sup |w(t)—v(t)]* < (e te.) — 1) +2 sup |wi(t)—v(8)[*+2 sup |w;(t)—v(t)[*.
te(0,1] te(0,1] te(0,1]

Thus,
dr(w,v) < fldr(w, 1)) + g(dr (w1, 1)) + h(dr (w1, v)).

So, (E,I1,dr) is a TC BM S with non-constant control functions f, g and h. It is not difficult to
show completeness of (£,I1, dr). O

Suppose we have the following coupled ordinary differential equations:

—de — ¢(tw(t),v(t), tel=]0,1],

dt?

— Ly — (4, u(t), w(t)), 4.2)

dt?

w(0)=v(0)=0, w'(1)="r(1)=0,

where £ : [0,1] x E x IT — R is a continuous function. Problem (4.2) can be written as an
integral equation in the form

1
wlt) = / G(t,5)¢ (s,0(s), v(s)) ds, V¢ € [0,1], 4.3)
0
where G : [0, 1] x [0,1] = R is a Green’s function associated to (4.2) and given explicitly as

t(l1-s5), 0<t<s<lI,

G(t,s) =
s(1-t), 0<s<t<L
Then,
1 tZ(l _ t)z 1 1
/ (Gte)2ds = S g sup [ (Gt 8))2ds =
0 3 tefo.1]Jo 48

Theorem 4.2. Let (E,I1,dr) is a complete TCBMS given in Example (4.1) and define the
mapping Z : (Ex ) U (II x E) = EUIT by
1
Z(w,v)(t)= | G(t,5)(s,w(s),v(s))ds, Vtel[0,1]. 4.4
0

Assume that the following conditions hold:

(1) £€:10,1] x E x I = R is a continuous function such that for all t € [0,1] and w,z € E,
v,y €I,

€ (t,w,v) — € (ty,2)[* < Jw — gy + |z — v

(i7) Forallw,z € E and v,y € 1],
1 1
| 60 ste). e ds = [ Glt.s)¢ s.0(6),a(6) s
0 0

Then, the differential equation (4.2) has a unique solution.
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Proof. Tt is known that the coupled fixed point of Z is equivalent to the solution of Problem
(4.2). So we will show that Z has a unique coupled fixed point.
Note that, Z is covariant. Let A : E x IT — [0,00) and ¢ : IT x & — [0, o0) be two mapping
defined by
Mw(t),v(t) =e*® and  ((y(t),z(t)) = v,

Letw,z € E and v,y € I1 such that
AMw(t),v(t)) > C(y(t), z(t)). (4.5)

Then,
ME(w,9)(1), Z(r,0)(1)) = 2O = cJi Gltoelauwlohu(s)ds

and
L2y, 2)(t), Z(x, ) (1) = 2020 = ol CloIEs () als)ds,

From condition (i), we get

AZ(w,v)(1), Z2(v,w)(t) = C(2(y, 2) (1), Z(x, y)(1)). (4.6)

Hence, Z is a coupled covariant A-admissible mapping with respect to (.

Now, we prove that Z is a coupled covariant (A, ¢)-contraction. From (4.5) and (4.6), we get

Aw(t), V(A2 (w, v)(t), Z2(v,w)(t) = C(y(t), 2(t))C(Z(y, z)(t), Z(z, y)(t)-
Applying (3.47), we have

dr(Z(w,v), 2(y,2)) = sup |Z(w,v)(t) = Z(y,2)(1)

tel0,1]
:tzuopl]/Gts (s,w(s),v(s) ds—/Gts ¢ (s,y(s),z(s)) ds
Stzl[zp” ; (G(t,ﬁ)) € (5,w(5), v(5)) — € (5, 4(5), 2(5))[* ds
< sup (/ (G(tas))zdri) [Sup jw(t) = y(t)|* + sup Iw(t)—V(t)Izl
t€0,1] 0 tel0,1] tel0,1]

= <418> [sup lw(t) = y(®)* + sup Ix(t)—'/(mz]

t€[0,1] te[0,1]
1
~ (35) larle) + ar(a0).

Lety = 4 € (0,1) then Z is a coupled covariant (A, ()-contraction and all conditions of
Theorem (3.22) are satisfied and hence Z has unique coupled fixed point (w,v) € (E x IT) N
(IT x E) such that Z(w,v) = w and Z(v,w) = v, which is a unique solution to the differential

equation (4.2). O

5 Conclusions

In this paper, we introduced the concept of a triple-composed bipolar metric space. We also
presented the concept of A\-admissible mapping with respect to C for single-valued covariant and
contravariant mappings in the context of a triple-composed bipolar metric space. Leveraging
this framework, we introduced the notions of covariant (X, {)-contraction, contravariant (X, ()-
contraction, and contravariant (X, ¢)-rational contraction, thereby establishing new fixed point
results. Furthermore, we introduced coupled covariant (X, ()-contraction to demonstrate cou-
pled fixed points in the setting of a triple-composed bipolar metric space. These results were
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then applied to confirm the existence and uniqueness of solutions for coupled ordinary differen-
tial equations. Our contributions extend and enrich the existing literature and provide a novel
perspective on verifying the existence and uniqueness of solutions, particularly in the context of
second-order differential equations.
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