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Abstract This work focuses on gradient stabilization on a nanolayer of bilinear distributed
systems. Different characterizations of the gradient stabilizing control minimizing function for
the approximation problem are considered using the regional stability approach. In addition,
the limit problem with boundary conditions is studied using the epi-convergence approach. By
integrating analytical and numerical methods, the study aims to provide a solid understanding
of the stability of the gradient on a nanolayer. The theoretical conclusions of this work are tested
numerically.

1 Introduction

Gradient stability emerges as a crucial consideration in studying distributed dynamical systems
on nanolayers, offering an often overlooked but essential perspective. Faced with the com-
plex challenges of nanoscopic environments, maintaining gradient stability becomes imperative,
even when the overall state may exhibit instabilities. This article focuses on the importance of
maintaining gradient stability in the specific context of nanolayers. However, some systems are
unstable; indeed, in some regions B, they can even be gradient stable (see example 9.1.1 [1]).
To achieve this goal, advanced mathematical tools are used to overcome the difficulties inherent
in applying numerical methods in these complex environments. The in-depth analysis is based
on rigorous techniques exploring the mechanisms underlying distributed systems’ gradient sta-
bility. This approach considers the nuances specific to nanostructures, where interactions at the
nanometric scale can give rise to unexpected phenomena. For related studies on the stability of
fluid structure and thermoelastic systems, see [2], [3]. In the context of nanolayers, instability
of the global state can be tolerated as long as the gradient state remains stable, offering the pos-
sibility of designing adaptive and resilient systems. Nevertheless, the application of numerical
methods in these environments poses significant challenges, such as managing multiple scales,
taking account of quantum effects, and accurately modeling nanoscopic interactions. For exam-
ple, in the context of a nanometric electronic chip, the stability of the temperature gradient in
the face of thermal fluctuations caused by various factors is crucial. The challenge is to design
an effective control system that considers phenomena specific to the nanometric scale, such as
quantum heat dissipation. The aim is to maintain a stable temperature gradient that allows the
system to adapt to thermal variations while maintaining stable local conditions. This solution
requires a combined approach, combining mathematical analysis of the fundamental principles
of gradient stability with numerical methods for accurate modeling of nanometric interactions,
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in particular by injecting a surface of small diameter synchronized with a flow stabilizing the
temperature.

In analyzing the limits of gradient stabilization on a nanolayer to solve a bilinear input inter-
nal thermal loss problem, the pioneering work of Zerrik, Boutoulout, and Kamal is of particular
importance, as highlighted in their publications keys. Their pioneering research on regional
gradient controllability in parabolic systems, published in 1999, laid the foundation for many
subsequent studies [4]. Furthermore, their contributions in 2001 on the controllability of the
regional gradient and the use of actuators provided valuable insights into how these actuators
can be exploited to control the gradient in such systems [5]. These references provide a robust
conceptual basis for understanding the limits of gradient stabilization in the specific context of
nanolayers.

Consider a bilinear thermal conduction problem of a body occupying a domain Q included
in R3 with a Lipschitzian 0 boundary consisting of a B. layer, with ¥+ an oscillating boundary
which is a component of 0Q and lies on the 0Q boundary (see Figure 1), and let Q. = Q\ B,
where ¢ is a sufficiently small positive parameter, u € U,q is a scalar control, and the operator
L : L*(B.) — L*(B.) is bounded and linear, where c is the "heat loss" indicator; c is continuous,
bounded and positive such that 0 < c(x) < 1, with the set

Uaa = {u € L=(]0, 00[) : [u(t)]| Lo (0,00p < C}

of admissible controls.
Consider the following problem:

2 =Az+ePc(x)z  in QX

2= LAr+ePe(x)z+u(t)Lz  in BX®

22(t,6) =0  onT™> =]0,00[x0Q ()
2(0,z) =20 inQ

[2(t,2)] =0 on]0,c0[xXZF

%ZL o = Eiag—Z’Bs on )0, co[xXF,

where Q> =0, 0o0[xQ, Q2 =]0, co[xQ,, BX =|0, 00[x B..

Figure 1. Domain Q,

The current article aims to examine the gradient stability of a bilinear internal thermal loss
problem via feedback control with a Laplace operator and interface conditions. In our case, we
work with a B, region of the nanostructure, which can cause problems during the numerical
resolution with the finite element method and, more precisely, during the creation of the mesh
of the domain, which will be very fine and can cause numerical explosions. To tackle this limit
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problem and address the topic of this paper, we aim to explore another equivalent approximation
model to work more accurately with the finite element method.

The focus of this paper is to establish the following main result, which illustrates the bound-
ary behavior presented in the following theorem:
We consider the energy operator

1 1 1 1
F.(2) = E/Qoo \Vzg|2+2€—a /Bm \VZE\Z—E/QOO 550(30)\A26|2—§/Boo Eﬂc(x)\zg|2—/xu5ng.zE.

The weak topology on L*(0, 00; H'(Q)) is denoted by 7.

Theorem 1.1. Based on « values, F'® is defined on L?(0,00; H'(Q)), and it has a value in
RU{+0o0} such that 7y —lim, F. = F in L*(0, 0o; H'(Q)), where the functional F** is supplied
by:

(D If0 < a<1,then

1
Fo(z) = 7/ V2P, Ve e 20,00 H'(Q)).
2 Jjo,00[x0
2)If a > 1, then
F2) = 1/ |Vz|* + m(ap)n(a)/ |V/z|g|2, Vz € G C L*(0,00; H'(Q)).
2 Jip,o0lx 10,00(xE

The structure of this document is as follows. In section 3, we show the gradient stability
of the bilinear system for the approximation problem associated with the original problem and
present a priori estimates using a specific approach, such as energy estimation or variational
techniques. We arrive at the limit using preliminary results, definitions, and properties specific
to the minimization problem. The limit problem with boundary conditions is likely solved us-
ing the epi-convergence approach better to understand the system behavior near the nanolayer
boundary. Section 4 concludes with a numerical test demonstrating the proposed technique’s
accuracy, application, and theoretical results.

2 PRELIMINARIES
2.1 Notations

o sz =l —2lm.

ol *€ L2(0,00; HY(Q)) : n(a)z(t)ly € HY(E) ifa <1,
z € L*(0,00; HY(Q)) : 2(t)|y =C ifa>1.

D { D(]0, 00[x Q) ifa <1,
{z€D(0,0[xQ) : 2(t)|y =C} ifar>1.

We know that D = G.

e m°: transforms functions defined z on B into functions defined on ¥ by,

1 EPe
mcz (t,x1,12) = / z(t,x1, 22, 23) dxs.
( ) e ( )

o (t,z) = (t,2',x3), where &’ = (x1,22), V' = (i 8%) , Y =]0,1[x]0,1[,¢ : R?> —

Oz’ Oz

[a1, az] where ¢ is Y -periodic and 0 < a; < ay, p. (z') = ¢ %) P2 c(x)n L™(L),

) Oz

m(p) = [y ¢ (2')da’, n(a) = lim.oe' =, with a > 0.



842 T. BOULAHROUZ et al.

o We define the operator :

V. : H'(B.) — (L*(B.))"

92(w)  0:(x) 9a(x)
z_>< )

XB. 5331 s XBe axz 3 s XBe 3xn

€

e Note that G, = V_Vp_, where V'_ is the adjoint operator of V..

In what follows, C represents any constant independent of e.

2.2 Functional Framework

Definition 2.1. [1] The gradient of the system (3.1) is regionally weakly stabilizable on B, if
for any initial condition zyp € H'(Q), the associated solution z(¢) of (3.1) is global and verifies:

< Vp.2(t),v >,— 0 whent — oco,Vv € (L*(B.))"
Corollary 2.1. [1] Assuming that hypotheses
() (S(t)) is a Cy-semigroup of contractions,
(i1) L is compact,
are verified, if in addition, the condition
(LS(t)z,S(t)z) =0 Vt>0=Vp.z=0 2.1
is satisfied, then the system (3.1) controlled by u(t) = —(z(t), Lz(t)) is regionally weakly
G-stabilizable.
3 MAIN RESULTS

3.1 Stability study

Consider the following approximate problem;

Ze = Az +&Pe(n)z. inQX

Ze = E%AZE +éePe(x)ze +ue(t)Lz.  in BX
Ze(1,6) = 0 onI'™ =]0,00[x0Q

z(0,2) = 2. InQ

[z-(t,z)] = 0 on]0,o00[xEF

L = Lo B on ]0, oo[x X

Q. T &> On
We are interested in stabilizing;

1
Ze = E—QAZE +ePe(x)z. +u.(t)Lz.  in B, 3.1
We note A = LA+ cPc(x)Id. We pose D(A) = H*(Q) N H'(Q), where Q C R, has an or-

thonormal basis of eigenfunctions ¢p, m (2, Y, 2) = 20n m k cos("l%lx) cos(mb—jy) cos( ’“g;z ), with

Qn,m.k = (1 - )\n,m,k)_%r with bi = ﬁi_air 1= 1727 3: such that Q. :]ala ﬁl[x]ab ﬁz[X]Oéj;, ﬁ3[»
and the corresponding eigenvalues are given by :

1
>\n,m,k = _5705 (nz + m2 + kz) 7T2 + sﬁc(z).

A generates a Cy-semi-group presented by

S(t)zf = Z ekn'm'kt <Z€a (bn,m,k) (bn,m,k-

(n,m,k)eN3
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Since Xo,0,0 > 0, the system (3.1) is unstable.
Hence

(LS(t)ze, S(t)ze) = 0,Vt > 0 = (2c, pnmi) =0 V(n,m, k). (3.2)

V.2 = 0is what we get from (3.2), and as a result, the system (3.1) is regionally weakly
G-stabilizable on B..

Nevertheless, the solution of (3.1) for z. o = ¢0.0,0 is expressed as follows: zc(t) = eaﬁc(l‘)tgb()’g’o
and we note that when t — +oo, ||z (t)|| = e <@ |¢0.0.0] = O.

According to Corollary 2.1, the quadratic control of the weakly stabilizing type of the gradient
of the system is achieved by

ue(t) = —(2:(t), Lz (t)).

3.2 Limit behavior of solution

The set V. = H'(Q) is separable. Suppose that H'(Q) has the norm

Iz @) = IVl 2@yt 2 () Therefore, it admits a countable basis {wy, wy, w3, . . ., Wy, . . . },
with w; € V, ¥ m {wy,wz,ws,...,w,} is a free family, H = Vect{w,,wy, w3, ..., wy,...}is
densein'V.

Let us consider in the spaces V,, = Vect{w,wy, w3, ......... , Wi, } the following approximate
problem:

We put z-(t) = 0" | hi=(t)w; € V.

A priori estimate

Lemma 3.1. The family (z.),., satisfies:

IV 2725,y < Ce®. (3.3)
10,00(

IVzel 7200,y < C. (34
10,00

Moreover z. is bounded in L?(0, co; H'(Q)).

Proof. Consider the problem (.27, .) We multiply the equations defined on BZ® and Q2° by
hic(t) and sum from ¢ = 1 to m;
On the one hand in B,, we have

. 1
<Zeyze >p. — < Az, 2e >p. — < Eﬁc(x)ze,z‘S >p. =< ucLz:, 2. >p,
€

1
< Z(t,x),2e >p. + < —V2,Vz. >p, — < ePe(x)ze, 2. >p. — <uclze,ze >p.= 0.
€
We obtain in |0, t.[x B,

1
< zZe(t,x),2e >p, + < —=V2,Vz. >p — < ePe(r)ze, 2 >p. — <ueLze,z. >p.=
€

1d 1
2dt ng+5a/35 |Vz€2—[355ﬁc(x)|z€|2—/]3 ueLze - 2. = 0.

€

By integration from O to ¢. we find

1
E Vil- [ Pl [ wles
€% J10,te[x B. 10,te[x Be 10,te[x Bz
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1 1
= 5(—Ilze(ts,w)lliz<g) + ||20,e||2LZ(Q)) < —§||ze(t5,x)|\2L2(Q) +C.
Then, by Holder’s inequality,

1

2 2 1
- Val= [ L@l 20 [ ez - sl o)l +C
10,t<[x B- 10,t[x Be 10,te[

1 2 2 C
s 0.4 [x B V| — /]Ot B 5[30(33) |ze|” — 2/](” HL25‘|ZLz<B€) +C.
yle [ X Be sle [ X De

sbe

2
Z < —
[H s||1,2 ) ool

Multiply by € we obtain
(1- Ce“)/ V2| 7/ e*Pe(z) |z < Ce®.
10,t-[x B. 10,t-[x Be
Forane < % we get (1 — 2%) < (1 — Ce%), by making T tend to oo, so for a ¢ small enough,

J, 19l < 0=

)

Then z. is bounded in L?(0, c0; H'(B.)).
On the other hand in Q. we have

< Ze(t,x),2e >a. — <Azey, 2 >, — < sﬁc(x)zs,zg >o.=0 in ]0,t.[xQ..
We obtain
< Zeyze >0, — <Az, ze >, — < ePe(x)ze, 2. >0.=0 in ]0,t.[xQ.,

which gives by integration on ]0, ¢.[,
1
2 2
A)t x V| — /]Of, o gﬁc(l') |ze|” = _EHZE(tE’x)HZLZ(QE) +C<C.

Then, for a £ small enough, let’s reduce —3 ||z (t., z) Hsz(QE) by 0 and tends 7" — +o0, we get

/ |VZ5|2 <C
10,00[x Q¢

A)HVM@@JSG

Then z. is bounded in L?(0, 0o; H'(Q.)) and the boundness on L?(0, co; H'(Q)), and since

L?(0,00; H'(Q)) is a reflexive space, then there exists a sub-sequence of ()., always de-
noted by (z:),. . such that z. — z* in L*(0, co; H'(Q)).
Hence we get the strong convergence in L?(0, oo; L?(Q)).

m

3.3 Proof of Theorem 1.1

To prove our result, we will need to establish the two Lemmas 3.2 and 3.3 and the Proposition
3.1
Note that the problem () is equivalent to the minimization problem

. 1 2 1 2 1/ 8 2 1/ 8 2 / 2
£ N |-y | E . Lz 2y (2
ZeLz(Of&;HWQ)){Z/QgO 2| + 5 Bgo\ 2| 3 Qgcs c(x)|| 3 B?Oa c(x)|z]” + Bgo( z-2)7 . ()
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Remark 3.1. According to Theorem 7.10 [9] we have the existence of a solution. Moreover, z
is given by the formula

z(t) = Sa(t)zo +/0 Sa(t — s)u(s)Lz(s)ds,

where S4(t) denotes the semigroup associated to A.

Lemma 3.2. The operator m° is linear and bounded of L?(0, co; L? (B ))(respectively
L*(0,00; H' (B.))) in L?(0,00; L*(X)) (respectively L?(0,00; H'(X))). Moreover, for all z €
L*(0,00; H' (B.)), we have

||maz — Z\ZHZLZ(]O,oo[xZ) < Ce/o / |Vz|2. 3.5)

Proof. We have

2
dzidxs.

1 2 repe
/|msz|2dx1dx2—/< ) / zdxs
z z 25(:06 —EQe

Since 0 < a; < . < ay, and based on Holder’s inequality,

1 EPe
/\mfz|2 dridz, < / 3 (/ |z] d;v3> dzidxy < —/ (/ |z|2dx3> dxdxs.
X ¥ “EPe —Epe —EPe

3.6)
Since z € L? (]0, 0o[x B.) and (3.6), it follows that m®z € L*(]0, 00[xX). Let z € D (]0, co[x B.)
we have

9 10 1
(m Z) (t xlyxZ) E (/ (t,x1,$2,$3€§05)d(£3>
1

0z
87(

([ (2 ()
" 2ep, —ep. 0T EPe (%cA ox3

2:/ | (/E‘P53,2“+($3)(8905)azd>
s |28 \J_cp. O Epe Oz ) Oxj
1 2 EQe 2
() LU o () () ol o)
2eaq v \Jocp. | O EPe Oxy ) Ox3
However, 22 € C(X) N L>(X). Thene a% is bounded and
TN

/ ) das < 7/ |V2|%.

By density arguments, for any z € L?(0,00; H' (B.)), we have

2 S
gg/ / V2.
€ Jo B.
Let 2 € D (]0,00[x B.). Then

1 £pe
( / Z(t,$17$27$3)d$3> — 2z (t,x1,22,0)
>

2ep, —ep.

N
0p.
=5 ( BN (t T1, T2, TIEPe ) + ET3 t $1,$27$36§05)d$’;>

So,

2

IN

oz |

2 C/ <
Si -
€ B.

0

Bx,\

0z
81'3

(m®2) o,

— (m®z)

2
dridxs.

2
[|m®z — ZIZHLZ(Z)
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Using the Holder inequality,

2
Im*z = e[ ey <

(/ (t,x1,22,23) — (t,:v17x2,0)|2 dxg) dxidxs
_5805

<C£

— 2em /
2
t,xy, 2, w)dw| drs | dridz
(_8% A 69:3( 1, T2, W) 3) 1422
0z 2
< —/ |a:3| . (t,x1, 2, w)| dw | dzs | deidas
—EPe 7590 fL'S

33:3 dx3> dzidxs

—Etp

< Cs/ |Vz[*dx.
By density arguments, we have for all z € L*(0,00; H' (B.))

s = 25l gy < Oz [ [ 19sPad

Hence, we get the result. O

Lemma 3.3. Let (z.)_., C L*(0,00; H'(Q)) which satisfies (3.3) and (3.4). Then
e 2 o
||V/ (m Zs)H(LZ(]Qm[Xz))Z <Ce g (3.7)

In addition, m®z. has a bounded sub-sequence in L?(]0, oo[xX).

Proof. According to the result of Lemma 3.2, we have
o] 8 £ 2 o0
/ H(m ze) < Cs_l/ / |Vz5|2d:z:.
0 Oz 12(x)2 0 B.

According to (3.3), one has
[P0
0 Ox 2

Then from lemma 3.2, we get

€ 2 * «
[[mez — Z\ZHB(]O,oo[xZ) < Cs/o /BE |Vz[> < Ceotl,

Since z. is bounded in L?(0,00; H'(Q)), there must exist z* € L*(0,00; H'(Q)) and a sub-
sequence z., always noted z., such as z. — z* in L*(0,00; H'(Q)). Then 2|y is a bounded
sequence in L?(]0, co[xX).

‘We have the inequality,
||m525||L2(]0,oo[><Z) < Hmsza - Z5|ZHL2(]O,00[><Z) + ||Z€|ZHL2(]O,00[><Z)’

So, there is a constant C' such that ||mfze||2Lz(]0,oo[Xz) <C.
m

Proposition 3.1. (z.). has a weakly convergent sub-sequence to an element z* in L*(0, 00; H'(Q))
such that

(D) Ifa = 1, then 2*|y € L*(0,00; H'(X)).

(2) If a > 1, then z*|y = C.
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Proof. Since the sequence z. is bounded in L?(0,00; H!(Q)), as shown by Lemma 3.1, there
exists an element z* € L?(0,00; H'(Q)) and a sub-sequence of z., always designated by z. such
as z. — 2% in L*(0,00; H'(Q)).

We have

2 .
[|m®z — ZEIZHLZ(]O,oo[xz) < Ce*land z 5y — 2y in L*(]0, 00[xX).
Hence, we get the results.

For o = 1, in accordance with the evaluation (3.7), the sequence V'mez. exhibits a sub-
sequence. Consistently, denoted as V'm?® z., weakly converging to an element 2, within
L*(0,00; L*(X))?, given that m®z. — z; in L?(0,00; H'(X)) and V'z; = 2. Thus, 2} €

L*(0,00; H'(X)).

For o« > 1, it is demonstrated, similar to the case when «« = 1 and with 2, = 0, that zr;: =C.
Thus, the results follow.
O

The prior findings have allowed us to emphasize our core finding (Theorem 1.1 ).
Let.

E/ng |st|2+2€—a B |Vzg|2—§/ggo Eﬁc(x)‘zef—E/Bgo Eﬁc(l’)‘ze|z+/Bgo (LZE'ZE)Z

Proof. (a) We will determine the upper epi-limit.

F*(22) =

From a density result, for z € G C L*(0, 00; H!(Q)), there is a sequence (z,,) in D such as
zn — 2in G, as n — +o0.
So, z, — zin L*(0, 00; H'(Q)).

Let 6 be a smooth function verifying 6 (xz3) = 1 if |a3] < 1,0 (x3) = 0 if 23] > 2 and
160/ (23)] <2, Vz eR.

We provide a definition.

and  ze, = 0-(2) 2z + (1 = 0-(2)) 2n.
It is easy to show that 2. ,, € L*(0, 00; H'(Q)) and 2. ,, — 2, in G, when & — 0. Since

1 1 1 1
F (2en) = */ |stm|2+*a/ |Vze,n\2—*/ 6ﬁC(it)|Zs,n|2—*/ 6[30(96)|Za,n|2+/ (Lzein - 2zen)” -
2 Qo 2¢e Bge 2 Qo 2 B B2

Thus,

1 1
F* (ze) = 5 Ve nl” + E/
10,00[x (|23|>2e¢:) 10,00[x (epe <|z3]|<2e0¢)

1
| Pe@lzenl + 5z Vel 4 [ Lo 2e0)
B €% J10,00[x Be B

2
1 1 1

:f/ \Vznf—ﬁ—f/ \Vzgyn|277/ sﬁc(m)\zn|2
2 Jj0,00[x(Jz3]> 2202 2 Jo,00lx (e <las| <2e.) 2 Jagx

_ 2 2
—/ pee”e(z)|znps)* + €' “/ e |V'zns] +2€/ e (Lzpjz - 2pjx)” -
oo 10,00[XZ 10,00[XZ

1
|Vz€7n|2 — 5/ ePe(x)|zem|?
Qg

2

)
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Since ¢, is bounded, we can verify that

1
lim 7/ [Vzenl* b = 0.
e=0 | 2 Jjo,00[x (e <] <250:)

(1) If a < 1, then

Since ¢. = m(p) in L®(X) and '~ — n(a), we get

. — 2
lim &' /]0 - Qe |V zns|” = m(@)n(a)/
,00[ X

, 2
=0 10,00[xZ ’v Zn‘):‘ .

By passing to the upper limit, we have

1
lim sup F*° (z.,) = limsup | = / |Vzn|2 + 617”‘/ ©e |V’zn|z|2
e=0 e=0 2 Jj0.00[x (|23|>250¢) 10,00[x=

2
- 5/ ele(@)|znl? —/ <P556+10($)\2n|2|2 + 25/ Pe (LG|z . an:) >
Qe 10,00[XZ 10,00[XZ

<5 V2, [* +m(s@)n(a)/ !V’zn\z\z-
]0,00[xE
(2)If a > 1, then

By passing to the upper limit, we have

1
lim sup F*© (z.,) = limsup | = / |Vzn|2 + 51_“/ Pe |V’zn|z|2
e=0 e—0 2 J)0,00[x (|z3] > 2202 0.00[xE

1
5 [ Pl = [ e e(@)znl + 22 [
10,00[x 2 0

< 1/ V2.
2 Jj0,00[x02

Since n — 400, z, — z in G. A function n(e) : R™ — N, such as Zem(e) — 210 G,
increases to +o0o when ¢ — 0. This aligns with the outcome, the diagonalization lemma [[6],
Lemma 1.15], as n gets closer to +o0;

(1) If a # 1, then

Pe (LG|2 : Zn):)2>

,00[XE

. . I . .
!1_r>r(1) sup F= (2 () < ngrfoo sup il_r}(l) sup F< (2 )

1
< f/ V2|2
2 10,00[x Q2

2) If « = 1, then
iii%sup F* (Za,n(a)) S ngrfoo sup ;ig(l)sup Fe (2en)

1 2
<5 | wPamion@ [ [l
10,00[xQ 10,00[xZ

(b) We will determine the lower epi-limit.
Let 2z € G and (2.) be a sequence in L?(0, 00; H'(Q)) such as 2. — z in L*(0, 00; H'(Q)) and

XaxVze = Vz  in L*(0,00; L*(Q))°. (3.8)
(1) If o # 1, then

1 1
Fe(z) > E/ |Vzg|2 — 5/ sﬁc(x)\zs|2 — 5/ €BC($)|ZE‘2.
Qe Qg 0
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According to (3.8) and by passing to the lower limit, we acquire

e—0

liminf F° (z.) > 1/ V2|
2 Jj0,00[x0

(2) If « = 1 and if liminf._, F© (2.) = 400, there is nothing to prove, because

1

2
2 Q\VZ|2+m(<p)n(a)/ V25 < +oo.
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Otherwise, liminf._,o F© (z.) < 4o00. Then there is a sub-sequence of F* (z.) still desig-
nated by F*° (2.) and a constant C > 0, such as F* (z.) < C. This implies that
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As a result, z. meets the Lemma’s 3.3 hypothesis. Additionally, based on this final one,
V’'mez. is bounded in L?(0, 00; L*(X))%. So, there is an element z; € L?(0, 00; L*>(X))? and a
sub-sequence of V'm® 2., always designated by V'm¢ 2., such as V'm®z. — z; in L?(0, o0; L*(X))?.
Since z.xy — zy in L?(]0,00[xX) and thanks to (3.5) and (3.9), one has m®z. — zy in
L*(]0, 00[xX). Then m®z. — 2z in L*(0,00; H'(X)). So, 21 = V'zg and V'm®z. — V'zjz in
L*(0,00; L?(X))?, and
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Using the subdifferential inequality, we have
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Thanks to the Lemma 7.1 (see [7], Appendix), we have ¢. — m(¢) in L*(Z). So, according
to (3.8) and by passing to the lower limit, we obtain

liminf F* (z.)

2
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Hence, we get the result.

Proposition 3.2. Based on o values, z* exists that satisfies

ze — 2% in L*(0, 00; H'(Q))
Fo(2*) = inf,eg {F*(v)}.
Proof. Initially (z.) is bounded in L*(0, co; H'(Q)). So, it has a 7— cluster point z* in L?(0, co; H!(Q))

and thanks to a classical result of epi-convergence (see [6], Theorem 1.10), we have z* is a solu-
tion of the problem

inf : {F*(v)}. (Piim)
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3.4 Conclusion:

In this paper, we have focused on a class of bilinear internal thermal systems, acknowledging
that thermal losses cannot be neglected at the nanoscopic scale, unlike in the macroscopic case.
These systems are described by an operator generating a compact Cy-semigroup. We have shown
that this approach is inherently unstable. Still, the gradient remains stable through a well-
defined control in an equivalent approximation problem on a three-dimensional boundary of a
nanostructure. We have also explored the limited behavior of this type of problem.

4 NUMERICAL TESTS

We have shown that for a sufficiently small value of ¢, the z. solution of the problem (3.1)
converges to the z* solution of the limit problem. We examine the numerical aspect of treating
this convergence. We will concentrate on the effect of the control on the B2° domain with
T=10 20 = 10
Q={(z,y,2)| ©€0,1[,y €] —1,1[,z €]0,1[} ue(t) = —(Lz:(t), z:(t))
B. =]0,1[x] — p(z), pe(2)[%]0, 1] o:(x) = 1.6 4 sin (w%)
p=21 e=1le—07.
Using the Python programming language, with the finite element method and the Newton
method, the solution of the approximation problem converges to that of the limit problem.
Initially, u* does not stabilize the state on all Q, which is expected since the control is set only
to Be. So, the control will stabilize the state only on a sub-region, and we are only interested in
a=1.

t [zl Izl [ Vel V2

t=0 || 1.633471507 | 1.633471507 | z1.348545782¢e-14 | 1.348545782¢-14
t=2 || 0.662224785 | 0.662224785 | 6.563283528e-15 6.563283528e-15
t=4 || 0.663795902 | 0.663795902 | 6.580694682¢-15 6.580694682¢-15
t=6 || 0.665167585 | 0.665167585 | 6.624604249¢-15 6.624604249¢-15
t=8 || 0.662617914 | 0.662617914 | 6.576354025e-15 6.576354025¢e-15

Table 1. Numerical tests of the stability of the state and the gradient of the state on - B,

TABLE 1 shows that the solution of the approximation problem converges to that of the limit
problem and that u. stabilizes the gradient of the state V2.5, and u stabilizes the state Vzz on
the nanolayer, demonstrating that the model is suitable for nanolayer control specialists.
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