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Abstract The purpose of this work is to show that the solution of a class of two-dimensional
free boundary problems with Neumann boundary conditions is unique. This is a generalization
of the problem of type —Au(z,y) + (x(u(z,y))), = 0, which was previously examined. In
our work, we explore the uniqueness of a solution to the problem —div(a(z,y)Vu(z,y)) =
(h(z,y)x(u(z,vy)))y, employing a methodology similar to that utilized by Chipot and Lyaghfouri
in a previously published article.

1 Introduction

Consider the following weak problem:
Find(u, x) € H'(Q) x L>(Q) such that :
(1) wu>0, 0<x<I1, w(l-x)=0 ae. inQ,
(P) (’LZ)U =0 on Sz,
(i) / (a(X)Vau + xh(X)e).VEdX < / B(X, ¢ — w)¢do(X)
Q S3
VE€ HY(Q), ¢>0 onS,,

S:

Figure 1.

where Q is an open bounded Lipschitz domain R? (see Figure 1), S = S; U S, U S; denotes the
boundary of Q, where 51,5, and S; are disjoint nonempty sets (to simplify, we will consider
that S5 is connected), and v is the outward unit normal vector to S. X = (z,y) € R? and ¢ is the
vector (0,1).a(X) = (a;;(X)) is a two-by-two matrix; h(X) is a function defined in Q, 3(X, .)
is a function defined on S3 x R, and ¢ is a Lipschitz continuous function on S3.
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F designates the free boundary, the interface between the two sets {u > 0} and {u = 0}. Besides
the dam problem, this general problem describes many free boundary problems, including the
aluminum electrolysis problem [2, 11], the lubrication problem [1, 9, 6, 7].

For the dam problem, Carrillo and Chipot [4] investigated fluid flow through a two-dimensional
porous medium with a linear leaky boundary condition. They established a weak formulation of
the problem, which was based on physical modeling. They established the existence of a weak
solution and some properties of the solution: regularity and monotonicity. Next, Chipot and
Lyaghfouri [10] studied a more general problem than the one described above, with a nonlinear
leaky boundary condition. They established the existence of a weak solution, the regularity of
the solution, the free boundary, and the uniqueness of the solution of a problem analogous to
the problem introduced in [4]. On the other hand, there are several works on the existence,
uniqueness, regularity of solution, and free boundary in a dam problem with Dirichlet boundary
conditions and other general problems (see, for instance, [3, 9, 5, 6, 7, 13, 14, 15, 16, 19]).
Among recent works, the authors of [17] and [18] have established the free boundary regularity
of a more general problem than the problem of [10]. As for the existence of the solution, it can
be referenced in previous works with a slight modification (see, for example, [10]). For this
reason, our study will focus on the uniqueness of the solution and related results.

Among the previous results related to uniqueness:

+ The case where a(X) = I, and h(X) = 1, which is the dam problem with linear Darcy’s
law and nonlinear leaky boundary conditions (see [10]).

+ The case where a(X) is a diagonal matrix, h(X) = az(X), and § is increasing a.e. in S;
(see [15]).

+ The case where a(X) is a symmetric matrix, 7(X )e replaced by the vector a(X )e, and 3 is
increasing a.e. in S5 (see [8]).

In our work, we give more general conditions than these conditions, such as (2.1)-(2.5). The main
difficulties are the nature of the matrix (its symmetry cannot be ignored) and the relationship
between the matrix a and the function h. We succeeded in isolating the function from the matrix,
contrary to previous studies, but we were limited to the case in which the function is related only
to the second variable.

The paper is organised as follows: In Section 2, we review certain necessary features that will
be required throughout this work. Section 3 introduces the concept of Ss;-connected solutions,
the pool, and some attributes. In Section 4, we look at a comparison result that is important for
uniqueness. In Section 5, we shall verify the uniqueness of the Ss;-connected solution. Finally,
in Section 6, two specific situations are presented.

2 Preliminary results

Let us denote by:

T3 (Q) = (a’b)’ 72(S3) = (a0, bo),
si(z) =sup{y : X = (z,y) € Q}, Vz e m,(Q),
s_(z)=inf{y : X = (z,y) € Q}, Vzem,(Q).

Assume that a(X) and h(X) satisfies for positive constants A\, A and h :

oy e M@NIQ), o) <A o
a(X)z.z > A|z|>, forall z € R?, forae. X € Q, ’

h<h(X)<\ hy(X)>0 forae X cQ, (2.2)

(a12)s <0, (a21)s <0, (ax —h), <0, in D'(Q), (2.3)

arVy + (azp — h)v, >0, on S, (24)
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B(X,0) =0, B(X,.) is Lipschitz continuous and increasing for a.e. X € S3. (2.5)
First, we will give some properties of regularity for u :

Remark 2.1. As well as in [6, Remark 2.1], we have:

i) ue C2*(Q) for some a € (0,1). As a consequence, the set {u > 0} is open.

loc

i) Ifa € C*(Q) (0 < a < 1), then we have u € C*({u > 0}).

loc loc

The following three propositions were established in [9], where the Dirichlet condition v = 0
was imposed on 53 instead of the Neumann boundary condition that we are considering in this
work. The proofs are the same.

Proposition 2.2. Let (u, x) be a solution of (P). Then,
Xy <0 in D(Q). 2.6)
Proposition 2.3. Let (u, x) be a solution of (P) and Xy = (xo,y) € Q.
i) If u(Xy) > 0, then there exists € > 0 such that
u(z,y) >0 V(z,y) € Ce(Xo) = B(Xo,e) U{(z,y) €Q : |z — x| <&,y <yo+e},
where B(Xy, ) is the open ball of centre xy and radius e.
i) If w(Xo)=0, then wu(zg,y)=0 Yy >0, (x0,y) € Q.

We then define the function @ as

] ost(@) i {y:(zy) €Q, ulz,y) >0} =0,
= { sup{y : (z,y) €Q, u(x,y) >0} otherwise. @2.7)

@ is well defined and satisfies the following result:
Proposition 2.4. @ is lower semi-continuous on (a,b) and {u > 0} = {y < ®(z)}.
The following proposition is similar to [10, Theorem 4.6]:

Proposition 2.5. Let (u, x) be a solution of (P), and let C), be a connected component of [u >
0] N [y > k] where 7,,(Cx) = (ak, bx) such that [a, b] N (ag, bo) = 0.
Ifwe set Z;, = QN ((ak, b) x (k,+00)), then we have

/ (a(X)xVu+ h(X)xe).edX < / (a(X)Vu + h(X)xe).edX < 0.

The following proposition is a straightforward and direct generalization of [10, Theorem 4.9],
and [15, Theorem 2.9]:

Proposition 2.6. Let (u, x) be a solution of (P) and B(Xy,r) C Q.
Ifu=0in B(Xo,r), then we have:

B((z, s+ (7)), p(z, 54 (x)))
MX)va(x, sy (2))

where D,.(Xo) = B(Xo,7) U{(z,y) € Q; |z —xo| <7, y>yo}.

X(X) =

fora.e. X € D, (X),

The following proposition is a straightforward and direct generalization of [10, Theorem 4.11]:

Proposition 2.7. Let (u, x) be a solution of (P). If the Lebesgue measure of the free boundary is

zero, then we have

Bz, ¢)
hLQ

X = X{u>0} T+ X{u=0} forae x € Q.
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Proposition 2.8. Let x € (a,b) be such that (xo, ®(z)) € Q and

sy is 1o
a €O (QUSy),
B(x,p) — hvy € C(S3), (2.8)
B((wo, 5+ (o), (0, 5+ (0)) ®

va (20, s+ (o) < h{zo, (o))

Then, ® is continuous at x.

3 S;-connected solution

As in the dam problem, the concept of a Sz-connected solution is very important in the unique-
ness of the solution. We refer to [3, 10] for the original definition of a S3-connected solution.
Before giving this notion, we need the following theorem and corollary. Their demonstration is
an adaptation of the demonstrations in [10, Theorem 6.1] and [15, Theorem 5.1].

Theorem 3.1. Let (u, x) be a solution of (P). Then, for all (a’,b') C (ag,bo), we do not have
u=0inZ = ((a,b') x R)NQ.

Proof. Assuming that v = 0 on Z, then we have by Proposition 2.6

B((z,s+(2)), p(x, 54 (2)))
h(z)v(z, s (x))

Let £ € H'(Z) be such that ¢ = 0 on 9Z N Q. Then +x(2Z)¢ are test functions for (P), so we
have :

x(X) =

fora.e. (z,y) € Z.

/Z Xh(X) £,dX = / B((x, 51 (2)), 9((z, 5.1 (2)))-£do (X)), 3.1

Using Green’s formula, and since 3((z, s+(z)), ¢((z, s+ (z))) = xh(X) is independent of y, we
get
[anx)gax = - [ (), &x + [ xn(x)ndo()
z z

oz
= /B((%&(ﬂf)%w((%&(x)))-édo(x),

S3
+ [ Ao el 2] g, g0(x),
g 2

1
where 1, denotes the 2nd component of the outward unit normal to Z. Combining with (3.1),
we obtain

Bl s @) gl @) o) o,

S 1
from which we deduce

Bl(z,51(2)), o((, 54 (2)))

%)

ny =0 ae.ze(d,b).
This contradicts the statement 5(X, ) > 0. o
The following result is a straightforward and direct generalization of [10, Theorem 6.1, ii)]:
Corollary 3.2. For any connected component C of {u > 0}, such that

infr,(C) > ag (resp. supm,(C) < by),
there exists a unique connected component C' of {u > 0} such that

infr,.(C) = supm,.(C") (resp. sup m,(C) = inf 7, (C")). (3.2)
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Proof. Let C be a connected component of {u > 0}, (aj,b;) = m,(C). Assume that ay < a;
(resp by < by). Then, by Theorem 3.1 one cannot have v = 0 in the strip of Q between ag and
a (resp. between b and by). So, there exists a unique connected component C’ of {u > 0}, such
that a; = sup 7, (C”) (resp by = inf 7, (C”)). O

Now, we introduce the following definition, which closely resembles those found in [10, Defini-
tion 6.2] and [15, Definition 5.2]:

Definition 3.3. A pair of solutions (u, x) of (P) is an S3-connected solution if for all connected
component C of [u > 0] we have: 7, (C) N (ag, by) # 0.

The following theorem gives a characterization of the solutions (u, x) with u having support
under S5:

Theorem 3.4. Assume that h = h(y) and let (u, x) be a pair of solutions of (P) and C' a con-
nected component of [u > 0] such that 7,,(C') N (ag, by) = 0. Then we have:
C={(z,y) €Q : zem(C),y <k},

@ /ykc h(t)dt, Y(z,y) € Q,z € m,(C),

u(r,y) =

x = x(0).

Proof. By assumption, we have 7, (C) C m,(S:). If we denote by Z the strip Z = (7,(C) x
R) N Q, then £x(Z)u = £x(C)u are test functions for (P), and we have

/ (a(X)Vu+ xh(y)e).VudX = 0.
z
So,
/ (a(X)VuVu + xh(y).e.Vu)dX =0,
z
Using (2.1) and (2.2), after multiplying the above equality by A, we obtain
/Z (ANuZ + X, + Axh(y)uy)dX < 0. (3.3)

By applying Proposition 2.5 to Z where, C), = C'is a connected component of [u > 0] N [y > k]
and k = inf{y : (z,y) € Z}, we get

/Z(a(X)(XVu).e—&—)fh(y))dX < /Z(a(X)Vu—l—Xh(y)e).edX <0.

Then, after multiplying the above formula by A, we obtain
/ (Naa1uy + Aaznu,)x + X*Mh(y))dX < 0. (3.4)
z

Note that xu, = ug, Xuy = uy, a.e. in Z, and x(Z)u is non-negative and belongs to H'(Q).
Then, according to (2.3) and (2.4), we obtain

/Z(()\aﬂuw + /\Gzzuy)x)dX = _/ (/\(a21)z + /\(azz)y)udX
+ /Z (a21vy + anpvy) Audo (X)),
92nS
= - / (Aa21)z + Aa2)y)x(Z)udX
"’f (a21vy + anvy)dudo(X),
92nS

—/()\hy)x(Z)udX —i—/ (a21v + anvy)Audo(X),
o 82n8,

= —/ Auhy,dX + (a21v5 + anvy) udo(X),
A 0ZNS,

= / Axh(y)uydX + (a21v5 + (a2 — h)vy)dudo (X),
zZ 0ZNS

> / Axh(y)uydX.
z
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Note that by (2.2), we have x*h?(y) < x*Ah(y). Hence,

/Z (AR (y)uy, + x*h*(y))dX < /Z ((Nag1ug + Aazuy,)x + x> Ah(y))dz < 0. (3.5)

By adding (3.3) and (3.5), we obtain

/ (At)? + (vt + xh(y)2dX <0,

from which we deduce

uz =0 and uy:—%(y) a.e. inZ.
So, v = u(y) in Z, then
x=1 aein ZN[u>0] and X:—h(/\y)uyzo ae.in ZN[u=0].
Hence x = x(Z N [u > 0]) = x(C), then u, = —@ a.e. in C.

So,
ke
u(z,y) = X()\C)/ h(t)dt, x=x(C) ae.inZ.
Y
O

At this point, the authors in [3, 10] introduced the notion of a ’pool,” which interprets (u, x)
in this context. In our work, we will retain the term ’pool,” even though we cannot provide a
physical interpretation for it. We then have the following definition:

Definition 3.5. We call a ’pool’ in Q a pair (u, x) of functions which both vanish in Q except on
the strip Z, = QN (7,(C) x R), where C is a sub-domain of , and where we have

u(z,y) = X(f)/y “h(t)dt, and x(z.y) = x([y <K]) ae.inZ,

with & = max{y, (z,y) € C} and Zy N [y < k] is connected.

S2

S;connected Solution

Figure 2. S;-connected solution and pool

Now, we will give a theorem analogous to [10, Theorem 6.7]

Theorem 3.6. All (u, x) solution of (P) can be written as the sum of an S3-connected solution
and pools.

Remark 3.7. It is important to note that X is unique in both hypotheses (2.1) and (2.2). Other-
wise, achieving (3.5) would be impossible, indicating that no pools would exist in this scenario.
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4 Comparison results

The following comparison theorem is necessary to prove the uniqueness of S3-connected solu-
tion. To prove this theorem, we will adapt the proof of [10, Theorem 7.1].

Theorem 4.1. Let (u1, x1), (uz2, x2) be two solutions of (P). Define ®;(i = 1,2) as the function

associated with u; by (2.7). If @, P, are continuous on (a,b) except on a set of measure zero,
then we have

[ @GOV —w2) + hCX)-elx1 o) IVELX = 0, for all € € (),
Q

i) 8(X,o—w) =0(X,0 —up), ae. X € S,

iii) v = wa.e. on S;s.

We require the following lemma, similar to [10, Lemma 7.2]:

Lemma 4.2. Under the assumptions of theorem 4.1, for all ¢ € H'(Q) N C(Q), £ > 0, we have

/Q (a(X)V (u; — o) + h(X)-e(x — x0))VEAX

< /Dq; h(x, ®;(x)_) (1 - 6(:(’@) &(x, @;(x))dx, 4.1)

.
where
D, = {z€(ab): P(x) < P;i(z)}, i=12,
wyp = min{uj,uy},
Xo = min{xi, X2},
Oy = min{d;, P,}.

) , u; — U
Proof. For e > 0, we consider ¢ = min{¢, ——

have fori,j = 1,2 withi # j :

}. So, ( is a test function for (P) and we
5

[ @90 = 05) + Xl — ) VX

= f (B(X, ¢ —ui) = B(X, ¢ — u;))¢do(X).

S3

4.2)

Taking into account that we integrate only on the set {u; — uo > 0}, where uy = u;, equation
(4.2) becomes

/Q(a(X)V(ui—uo)—i—h(X).e(xi—Xo))VCdX = g (B(X, o—u;)—B(X, p—up))¢do(X) < 0.

which can be written :
a(X)V (s — ug)VELX + - / a(X)V (s — u6).V (s — ug)dX
{u;—up>el} € J{u;—up<ee}

—i—/gh(X)(Xi—XO).fde—/Qh(X)(Xi_XO)(g_ui—uo

) dx <o.
I Yy

According to (2.1), the second term of the above inequality is non negative, so

/ a(X)V (s — o) VEX + / B(X) (s — x0).£,dX
{u;i—up>e€} Q

4.3)

U; — Ug

< [ HEO0 - (e - ) ax.

3
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According to Proposition 2.7, the right side of (4.3) becomes

Ui — Ug

[ R0 = o) € - ) ax

5(X7 ﬁP) Ui — UQ\+
= h(X) — - X,
/{u,;>u0}ﬂ{u00} ( ( ) V2 )(£ € )y 4.4

D;(x) R
_ / dx/ (h(X) — BX¢) s”))(gf L 10y gy,
D; Dy(z) Y

1% 3

Since h(X) — @
2

and h(X) = h(x,y) is non-decreasing in y for almost every = € D;, we deduce that

/@(x) <h(X) - W) (€= =)

X
>0, forae. X € {u; >0} N{up =0}, B(X, ) does not depend on y
%)

ol - ’ 4.5)
— 4 BX,») i) Ui — U\ + '
- (h(x,@(a:)—) B— ) /@*(z) (€- - ), -
with @, (z) € [Py(z), P;(z)] . Moreover,
D, () o +
/ (,5 — “°> dy < € (z,@;(z)). (4.6)
D, (z) € y
Consequently, from (4.3), (4.4), (4.5) and (4.6), we deduce that
/ )V (1~ u0): VX + [ B — xa))ydX
{ui—up>e€} X Q
< / h(, @i (2)) (1 _ M) (2, ®;(x))dX.
D; h.l/2
Letting ¢ — 0 and using Lebesgue’s theorem, we get the lemma. O
Proof. of theorem 4.1.
i) Let £ € C(Q),¢ > 0, setting
Dy ={(z,y) € Q: Pp(z) <y < s+(x)}.
+
For ¢ > 0, set a5(X) = <1 - d(X(’SAO)) , where Ag = {up > 0}. Then, we have
[ @0V = w0) + h(X)-elxs = o)) VEX
= /Q(G(X)V(Ui —ug) + h(X).e(xi — X0))V (@s§) dX 4.7
+ Z(a(X)V(ui —up) + h(X).e(xi — x0))V ((1 —as) &) dX.
Applying Lemma 4.2, we get
4.8)

/Q(a(X)V(ui ) + h(X)e(xs — x0))V (as€) dX
< h(z

(o)) (1= 252 () 0,0
N%)
Since (1 — as)& is a test function for (P), we have

/Q(a(X)Vui—l—h(X).exi).V((l —a5)€)dX < g Bz, 0 —u;)(1 — as)édo(X). (4.9)
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On the other hand, the function (1 — «s) vanishes on the set A4y. So,

/(a(X)Vuo—i-h(X).eXo).V((l—a(;){) iX = / B(X)x0 (1 — ag)€), dX
i 5%, 0)
= | S = as)g), X

- () o

_ /S - BX90) (4 _ w)edo(X).

%)

Subtracting (4.10) from (4.9), we get

/Q(G(X)V(ui —uo) + h(X).e(xi — x0))-V (I — a5) §) dX
< ) (B e —u) = B¢ — ) (1 - as)edo(X)

+ _ B(X.p—u)(1 — as)éda(X) < 0.
Sg\S3ﬁDo

Thus, employing (4.8) and (4.11), (4.7) yields:
/Q (@(X)V (s — o) + h(X)-e(xi — xo)) VELX

< [ heo) (1= 2552 ()0

Letting 6 — 0 in (4.12), we get by Lebesgue’s theorem

/Q(G(X)V(ui —ug) + h(X).e(xi — x0))VEX <0, V€ € C'(Q), £20.

Taking M — £ in (4.13), where M = supg &, we obtain

/Q(G(X)V(ui — up) + h(X)-e(x; — x0))VEdX =0, V& € C'(Q), £ > 0.

By density, (4.14) holds for all ¢ € H'(Q),¢ > 0.
Now, for £ € H'(Q), we note that ¢ = ¢+ — ¢~ with €~ = (=¢)*. Thus,

[ @090~ ) + ).l — xo)) VEX =0, ¥ € (@),

ii) Let ¢ € H'(Q). From i) we have
/(a(X)V(ui o) + h(X)e(xi — x0))VEIX =0, i=1,2.
Q

So,
/Q (a(X)V(u1 — u) + h(z).e(x1 — x2))VEIX = 0.

Since £ is a test function for (P), we get
/ (@(X)Vu; + h(z).exs) VEdX = | B(X, o — un)edo(X), i = 1,2.
Q S3

Thus, using (4.15) and (4.16), we obtain:
[ (B —m) = X — ) do(X) =0 Vee H'(@).

which gives 8(X, ¢ — u1) = (X, ¢ — uy) a.e. on S3.

(4.10)

(4.11)

4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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iii) Following ii) and (2.5), we get u; = u, a.e. on S3.

]
The following result follows from Theorem 4.1.
Corollary 4.3. If (u1, x1) and (uz, x2) are two pairs of solutions of problem (P), then (uo, xo) =
(min(uy,up), min(x1, x2)) is also a solution of (P).
5 Uniqueness of S3-connected solution
In this section, we assume that
ap = ay (5.1

The main result of this work is the following theorem:

Theorem 5.1. If s_ is continuous and the free boundary is of Lebesgue measure zero then, there
exists one and only one S3— connected solution of (P).

To prove this theorem, we need the following lemmas:
Lemma 5.2. Let (u1, x1), (u2, X2) be two solutions of (P), then we have

V(ug —up) = —@()@ —x1).e ae. inQ. 5.2)

Proof. We will adapt the proofs which found in [10, Lemma 7.6] and [15, Lemma 5.12]: By
Theorem 4.1, we have:

/ (@(X)V (1 — )" + h(X).e(x1 — x2)F)VEIX = 0, Vé € H'(Q),
Q
which can be written:

/Q (a(X)V (1 — o) + h(X).e(x1 — x0))VELX = 0, V¢ € H'(Q), (53)

where ug = min(uy, u;) and o = min(x, x2)-
Moreover, thanks to Theorem 4.1 iii), we have:

Uy = U] = U on Sz.

First, choose £ = A(u; — uyg) in (5.3), we get
/Q Aa(X).V (w1 — 10)V (s — w6) + M(X)-e(x1 — x0) V(11 — ug)dX = 0.
From (2.1), we get
ORI = )+ A (X) 01 = x0) Vo = ) <0 (5.4)
Next, taking £ = Ay in (5.3), we obtain
/Q(AQ(X)V(UI —wg)e + Mh(X)-(x1 — x0))dX =0,
Given that (x1 — x0)? < (x1 — x0), and x1V(u; — up) = V(u; — up) a.e. in Q. Then, we have

/Q()\a(X)x1V(u] —up).e + M(X).(x1 — x0)?)dX <0. (5.5)
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Note that u; — ug is non-negative and belongs to H'(Q). Then, according to (2.3) and (2.4) we
obtain

/Q)\a(X)X1V(u1 —up).edX = /((/\azl up — up)y + Aaga(ur — ug)y)x1)dX,

= / (a21)z + M an)y)(ur — up)dX

+

)\ u1 - uo 61,211/z + azzl/y)dO'(X)

9]

1

o
b

Muy — up) (a1 vy + anvy)do(X),

\Y]

+ / Mt — o) (az1vs + (azs — h)vy)do(X),
S

> /Q)\th(X)(ul—uo)de.

By (2.2), we have (x1 — x0)*h*(X) < A(x1 — x0)?h(X). Hence, (5.5) becomes
/()\h(X).eXIV(ul —up) 4+ ¥ (X).(x1 — x0)*)dX <O0. (5.6)
Q
Since wy is a test function for (P), we get

/Q(a(X)Vul + h(X).ex1)VupdX = s B(X,p —up).updo(X). (5.7

From (5.3) and since w; is also a test function for (P), we obtain:
/ (a(X)Vuo + h(X).exo)VudX = / (a(X)Vuy + h(X).ex1)Vudz,
Q Q

= i B(X, o —u)urdo(X).

(5.8)

Subtracting (5.8) from (5.7) and multiplying by A, we get by taking into consideration u; =
U = ugp on 53,

/ =AM (X).exoV(u1 — up)dX = 0. 5.9
Q

Adding (5.4), (5.6) and (5.9), we get
[ AV = w) + h(X)e (0 = w0 X <0,
Q

which leads to

h(X .
V(u —up) = —%(Xl — Xo)-€, a.e. in Q.
Similarly, one can prove that
h(X)

V(uz —up) = —T(Xz — Xo0)-e, a.e.in Q.
By combining the formulas above, we get

h(X .
V(up —uy) = —¥(X2 —Xx1)-e, aein Q.
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Lemma 5.3. Let (u, x) be a solution of (P) and let C be a connected component of {u > 0}. If
there exists a connected component Cy of {ug > 0} such that u = ug in Cy C C. Then we have
U = up in C() =C.

Proof. We argue as in [8]. We observe that Cj is a nonempty open subset of the open connected
set C. Moreover it is also closed in C. Indeed let (X,,),, be a sequence in Cj that converges to
apoint X € C. Using the fact that u(X,,) = uy(X,) for all n, we obtain by continuity of v and
ug that u(X) = uo(X). Since u(X) > 0, we have uo(X) > 0. Given that X € Cp, we have
necessarily X € Cj. Thus Cy = C and u = ug in Cy = C. O

Lemma 5.4. Let (u, x) be a solution of (P) and let C be a connected component of {u > 0}.
Assume that there exists a real constant k such that ¢(x) = k for all x € 7,(C) = (a', V). Then
we have s_(a') = s_ (V') =k, and:

C={(z,y)eQ/ze(d,b)ands_(z) <y<k}

Proof. Let Z = {(z,y) € Q /xz € (a/,b') and s_(x) < y < k }. First, it is obvious that C C Z.
Next, we have Z C {u > 0} and Z is connected. Therefore, Z C C. Hence, C = Z.

It remains to verify that s_(a’) = s_(0') = k. Assume that s_(a’) < k. Then we have by
Proposition 2.4, u(a’,y) = 0forally € (s_(a’), k).

We distinguish two cases:

i) u(z,y) =0forall z < a':

In this case, we have the following situation in a small ball B,.(a’, o) centered at a point (a’, yo)
for some yy € (s_(a’), k):

w(z,y) =0 inB.(d,y0)N{zx <a'} and wu(z,y)>0 inB.(a',y)N{x>ad}
which contradicts Proposition 2.9 of [18].

i) There exists a connected component C’ of {u > 0} such that sup 7. (C") = a’:

In this case, since u(a’,y) = 0 forall y € (s_(a’), k), we can adapt the proof of continuity of ¢
(see [6], [18]) to show that there exists e > 0 and yo € (s—(a’), k) such that u(z,y) = 0 for all
x € B.(a',y0) N {z < a'}, leading to the same situation as in ¢):

w(z,y) =0 inB.(a,yo)N{zx <a} and w(zr,y)>0 inB.(a',y)N{x>d}
which again contradicts Proposition 2.9 of [18].
Hence, we have proved that s_(a’) = k. The proof that s_(&’) = k can be done similarly. i

Lemma 5.5. Let (u, x) be a solution of (P) and let Cy and C, be two connected components of
{u > 0} such that sup 7, (C,) = infm,(C2). Then, it is not possible that there exists two real
constants ki and ky such that ¢(x) = ky for all x € 7, (Cy) = (a1,b1) and ¢(x) = ky for all
x € WI(CZ) = (bl,bz).

Proof. Assume that Cy # C, and let ky = min(ky, k). Then we necessarily have by Proposition
2.3, u(by,y) = 0 forally € (s—(b1),ko). So, we have the following situation in a small ball
B,-(b1,yo) centered at a point (by, yo) for some yo € (s—(b1), ko):

w(z,y) =0 in B.(by,yo) N {z = b1}
U((E,y)>0 inBr(bhyO)m{x#bl}

which contradicts Proposition 2.9 of [18]. Hence, we have proved that C; = C5. O

Proof. of theorem 5.1. Let (uq1, x1) and (uy, x2) be two pairs of S3—connected solutions of (P).
Let (uo, x0) = (min(uy,uz), min(x1, x2)). Note that from Theorem 4.1 and Corollary 4.3, the
function (u; — ug) satisfies

{ div(a(X)V(u; — ug)) = —div((xi — xo)h(y)e) inD'(Q)
u; —ug =0 on S, U S3.
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It follows that (u; —ug) € C°(QUS,US3), and we deduce from Lemma 5.2 that (u; —u)(z, y) =
f(y) in Q for some continuous function f in I = (inf 7, (Q), sup 7, (Q)).

h(y)

Since f'(y) = (ui —uo)y = ———=(xi — x0) <0, f is non-increasing in I. Moreover f(y) >

0and f(y) = O forall y € my(S, US;3). Set k = sup{y € I, f(y) > 0}. Then k €
[inf 7, (Q), inf(m, (S> U S3))-
If k = infm, (Q), then f(y) = 0 for all y € I and we have u; = ug in Q.

If k € (inf(m, (Q)), inf(m, (S» U S3))], we have

fly) >0 ¥y € (inf(ry (Q)), k)
fly) =0 ¥y € [k, sup(my(Q))).
It follows that u; = up in QN {y > k} and u; > up in QN {y < k}. In particular we have u; > 0
inQnN{y <k}
Let C; be a connected component of {u; > 0} such that 7, (C;) N 7,(S3) # 0, and let (a;,b;) =
72 (C;). Using Lemma 5.4, we know that s_(a;) = s_(b;) = k, and:
Ci={(z,y) eQ/z € (a,b)ands_(z) <y <k}

Let Cy be a connected component of {ug > 0} such that Cy C C; and 7, (Cy) N7, (S3) # 0. We
distinguish two cases:

i) CoN{y =k} # 0

By Lemma 5.2, we have V(u; — up) = 0 a.e. in Co. Sou; —up = ¢; in Cj for some nonnegative
constant ¢;. Since u; = ugin QN {y =k} and C; NCoN{y = k} # 0, we get u; —up = 0 in
Cp. By Lemma 5.3, we deduce that u; = ug in Cy = Cj.

ii) Co N {y =k} = 0:

In this case, we have Cy C {y < k}.

By Lemma 5.2, we have (u;), = f'(y) = _hty) <1 — B(a:,ga)) in C; \ Cp. Tt follows that
A h(y)va
M'(y) + h(y) = Bla.v) in C; \ Cy, which leads in particular to Bla.v) = B is constant in
2 2

;i\ Co.
We claim that ¢ is constant in 7, (Cp). Indeed, let 71 < z;, € 7, (Co) such that ¢y (z1) < go(x2).
We have

k —
ui(x,y):/ <h(t))\B)dt in (7.(Co) x {00, k)) N (C; \ Co)

Since u; — ug = ¢; in Cp, we have by continuity u;(x1, go(x1)) = wi(z2, do(22)). This leads to:

k . k _ Bo(w2) _
2o (5200 [ (250
¢o(x1) A ¢o(z2) A ¢o(z1) A

yielding to h(t) = B for all ¢ € [¢o(z1), po(x2)].

By continuity of ¢y and the intermediate-value theorem, there exists a point zg € (z1,z,) such
that yo = ¢o(z0) € (¢o(x1), do(22)).

Let ¢ be a small positive number such that the open ball B.(zg, o) is contained in the rectangle
R() = (Z‘l,l‘z) X (¢0($1), (bo(.’L‘z)) Since h(y) = B for all Yy < [¢0($1), (b()(l‘z)], we have h(y) =
B in Ry. Taking into account Proposition 2.7, we deduce that xo = 1 a.e. in Ry, which leads to
div (a(z)Vug) = —h,, < 0in H~'(B.(z0,10)). Given that ug > 0 in B.(x0, yo), we obtain from
the strong maximum principle that either ug = 0 in B(zo, yo) or up > 0 in Bc(zg,y). Both
situations are in contradiction with the fact that (zg,v9) € d{uo > 0}. The same conclusion
would be reached if we assumed that ¢o(z1) > ¢o(z2). Hence, we have proved that ¢ is
constant in 7, (Cj).

Using Lemma 5.5, we see that Cj is the only connected component of {uy > 0} such that
Co C C; and 7, (Cy) N 7, (S3) # (. It follows by Corollary 3.2 that we necessarily have
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ap = infr,(Cy). Given that 5((ao,s+(ao)), p(ao,s+(ap))) = 0, and due to the continuity of
B(z, ), we obtain 3(z, ¢) = 0 above C; \ Cy, which contradicts (2.5).
We conclude that Case 2 cannot hold.

By repeating the above, we arrive at u; = wg in every connected component C; of {u; > 0}.
Hence, u; = wug in Q, which leads to u; = u, in Q. We deduce from Proposition 2.7 that
X1 = X2 a.e. in Q. O

6 Two particular cases

In this section, we will introduce two special cases: the first related to the domain boundary, and
the second related to the coefficients a(X) and h(X).
Case where s_ is a monotonic graph (figure 3 and 4)

Sz

Sy

Sy

s—(a) = s+(a) and s_(b) = s, (D) s—(a) = s4(a) and s_(b) = s, (b)

Figure 3.

Sy

s—(a) = s4(a) !
{b} % |[s_(b), s (b)) € S2US;3 |

{a} % [s—(a),s4+(a)] C S2U S5

Figure 4.

The following theorem ensures the uniqueness in certain particular cases. To prove that, we refer
to [10, Theorem 7.9].

Theorem 6.1. Assume that

_(a) =s1(a) or {a} x[s_(a),s+(a)] C S,US;,
() =s.(b) or {b}x[s_(b),s:(b)] C SaUSs. and 6.1)

If the graph S_ is assumed to be monotone on 7, (Q), then the problem (P) has one and only
one solution.
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The dam problem with leaky boundary conditions
The study of the dam problem with leaky boundary conditions was initiated by J. Carrillo and M.
Chipot [4] in a simple case (a(X) = I,). An extensive investigation was conducted by M. Chipot
and A. Lyaghfouri [10], where they provided a uniqueness result in the case where a(X) = I,. A
general study of uniqueness can be found in [8, 15]. It is about studying the problem (P) under
the condition
h(X)e =a(X)e. (6.2)

Then, the problem (P) becomes
Find(u, x) € H'(Q) x L>(Q) such that :
(1)) w>0, 0<x<1, w(l-x)=0 ae. inQ,
(Pl> (ZZ) u=0 on Sz,
(i) / a(X)(Vu + x¢).VedX < [ B(X, o — wedo(X)
Q S3
VeEe HY(Q), ¢>0 onS,.

Taking into account the conditions (2.1), (2.2) and (6.1), we will give the following theorem
Theorem 6.2. Assume that

ann > A, ap=ay =0, ap=h=A\ (6.3)
Then, there exists one and only one Ss-connected solution of (P;).

Proof. By (6.2), we get a;; = 0 and ap = h(X).
Combining the condition (2.1) with the condition (2.2), we obtain

h(y) <A,
2 2 2., .2 2 64)
anzi +h(y)z + anzi.za > Mzi + 27),V(z1, 22) € R,
which give a1; > A, h(y) = A, az; = 0 and the condition (2.3) is immediate.
Consequently, we are under the conditions of the theorem 5.1. O
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