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Abstract In this research paper, using the notion of the exponential generating function of
bivariate Fibonacci and Lucas polynomials, we obtain some important combinatoric identities.

1 Introduction

Large classes of polynomials can be defined by Fibonacci-like recurrence relations and yield
Fibonacci numbers. Such polynomials called the Fibonacci polynomials, were studied in 1883
by E. Charles Catalan and E. Jacobsthal. Also, Lucas polynomials originally studied in 1970 [3].

In fact, these sequences of polynomials are crucial in a variety of fields, such as number
theory, probability, combinatorics, numerical analysis, and physics, so investigations of these se-
quences attract the attention of many mathematicians and scientists see [3, 10, 11, 12, 13, 14]. In
[1,2,4,5, 6, 8] the authors have introduced and studied bivariate Fibonacci and Lucas polynomi-
als, and their generalizations, and provided many properties of this type of bivariate polynomials,
such as Binet’s formula, summation formulas, generating function, explicit formula, and some
important identities. For example, Bergum and Hoggatt [8] gave a list of more than twenty
identities for their definition of generalized Fibonacci polynomials.

In this paper, we will take a different path, where we use exponential generating functions to
establish some combinatoric identities for the bivariate Fibonacci and Lucas polynomials.

We organize this paper as follows.

« First, we list without proof some properties of infinite series necessary to our development
of exponential generating functions.

« Second, using the properties cited, we give some combinatoric identities for bivariate Fi-
bonacci and Lucas polynomials.

+ Finally, using the differential operator o We obtain more generalized combinatoric iden-
tities of our polynomials studied.

Generating functions provide a powerful tool for solving linear homogeneous recurrence rela-
tions with constant coefficients, as will be seen shortly. In 1718, the French mathematician
Abraham De Moivre (1667 — 1754) invented generating functions to solve the Fibonacci recur-
rence relation. In [5], the authors discuss ordinary generating functions for identities relating
to Fibonacci and Lucas numbers. Also, H. W. Gould [4] has worked with generalized generat-
ing functions. Exponential generating functions are defined in a manner similar to generating
functions as follows.
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Definition 1.1. [3] Let ay, a1, ay, ..., a,, be a sequence of real numbers. Then the function

t t2 too tn
g(t):ao—l—alﬁ—l—azi—l—...:Zana, (1.1)
n=0

is called the exponential generating function for the sequence (ay, )y

Remark 1.2. [3] We can also define the exponential generating function for the finite sequence

. t 2 tn .
agp, at, ..., a, by letting a; = 0 for ¢ > n. Thus g(t) = ap + a1y + az5y ot an— s the
exponential generating function of the finite sequence ag, ay, ..., a.

The bivariate Fibonacci and Lucas polynomials are defined as follows

Fn(zvy) = xF7L—l($7y)+yFn—2(x7y)7 (F()(.T,y) =0,F1(x,y: 1)» (12)
Ln(xvy) = an—l(l‘ay)+yLn—2($7y)7 (Lo(xvy) :2aL1($,y:$)7 (13)

for any integer n > 2. It is assumed z?> + 4y > 0. The characteristic equation of bivariate
Fibonacci and Lucas polynomials is 2 — ot — y = 0, which has two distinct roots,

T+ 22+ 4y T — 2>+ 4y
— s =

a:=a(r,y) = 3

, B=pB(ry) =
Note that,

a+B=u af=-y a-B=\a2+4.

If y = 1, then (F,(z,y)), is the Fibonacci polynomials noted by (F,(x)), and if we assume
z =y =1, (F,(x,y))n is the known Fibonacci numbers noted by (F},),.
The Binet’s formulas of bivariate Fibonacci and Lucas polynomials are given by [1]

a™ — 571
-8
Now, we list without proof some properties of infinite series necessary to our work. We can

add and multiply exponential generating functions, such operations are performed the same way
as combined polynomials.

Fo(z,y) = (Vn € N), Ln(z,y) =" + 8", (Vn€N).

Lemma 1.3. [3] let
+o0 o +o00 o
n=0 n=0
be two exponential generating functions. Then we have
+o0 n n mn
A)B(t) = ; (% ( L ) akbnk> — (1.4)

For all real number t.

Lemma 14. Let (F,(z,y)), and (L, (z,y))n be the bivariate Fibonacci and Lucas polynomials,
respectively. Then we have

et — Pt X F(x,y)
— = ”(m y)t, (1.5)
n=0 :
+oo
Ln(2,y) ,,
et 4 Pt :Z¥t . (1.6)

n=0

For all real number t.
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Proof. Since

. +o0 m
-yt
n=0
for any real number ¢, it follows that
+oo  nyn 190 onyn
ot at st gnt
e—zn! ande_zn!.
n=0 n=0
So, we we have
et _ ofBt :f am — B ﬁszn(l‘,y)tn
a—f a—p3 ) n! n! ’
n=0 n=0
+oo +o00
" Ly (z,y)
at Bt __ n ny Y n\+, n
e +e —Z(a +8 )n! —Zin! t".
n=0 n=0
As required. O
at eﬁt
The theorem 1.4 means that the exponential functions py— and e + ¢ generate the
o —
F,(z L,(x .
numbers n( ',y) and n "y),respectlvely.
n! n!

2 Some combinatoric identities involving bivariate Fibonacci and Lucas
polynomials

In this section, using the exponential generating function, we give some new combinatoric iden-
tities for bivariate Fibonacci and Lucas polynomials.

Theorem 2.1. For all positive integer n, we have

> ( Z ) ahy" R E(2,y) = Bon(,y). 2.1

k=0

Proof. By putting a,, = 2" F),(x,y) and b,, = y™, we found that

I tn +0oo n
n=0 ’ n=0 :

Using lemma 1.3, we have

AWBE) - f( <Z>yF<y>> L 2
k=0 ’

n=0

On the other hand, from lemma 1.4 we have

+oo n ezat _ emﬁt +oo tn .
At) = "F, _= d B(t) = "— =Y.
(t) gox w(@y) =5 ad B Z:%y =
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So we can write

eyt (emat _ ewBt)

a—p3
6(:1:a+y)t o e(mﬁ+y)t
= P
eazt . eﬁzt
- Ta-8
+oo 2n n too 2n
Qa t
= e
a—F3 n! a—
n=0 n=0
+o0o
Z (a2n _ 6271) tn
- T a—3 m
—~ o« 5 nl

+oo m
= Z an(l',y)ﬁ
n=0

That is

ADBO =Y Pl
n=0

By (2.2) and (2.3) we found

n=0 \k=0

t'fL

Equating the coefficients of — yields the following combinatorial identity

n!

n
k=0
As required.
Theorem 2.2. Let n be a positive integer, we have
k=0 k

Proof. By setting a,, = F,(z,y) and b,, = 2™, we get

Z ( Z ) 2Fy" R E(z,y) = Fa(x,y).

En:(—x)""‘“ ( " )Fk(w,y) = (=)™ Fu(a,y).

B X

tn
n!

Z()an(x,y)in! = Z <Z ( Z ) xky”ka(x,y)> :L

+o00 Fn(:E y) +00 T
n=0 n=0
On one hand, using lemma 1.4, we deduce that
“+0oo n n tn
AWB() = (Z ( ) ) <—x>"’€Fk<x,y>) o
n=0 \k=0 :
On the other hand, from lemma 1.4 we have
+00 +oo
Fo(z,y) et — Pt "
A(t) = t = d B(t) =
(*) ; n! a—pf an (t) ;) n!

n

(2.3)

2.4)

(2.5)
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So, we can write

e—zt(eat _ eﬁt)

a—p
ela—z)t _ o(B—x)t
T a-8
_ e P —e@
= “ali
_ e’
= "
+00 m
— n+l hi
= S0 R
So
+00 m
ABB(=1) = > _(=1)" " Fulw,y) . (2.6)
n=0 ’
By (2.5) and (2.6) we found
+oo ns +oo n n m
DM y) 5= (Z ( . ) (x)”’“Fk(x,y)> = Q.7)
n=0 " n=0 \k=0 ’
tn
Equating the coefficients of -~ yields the following combinatorial identity
n!
- n
> (=)t ( L > Fi(z,y) = (=1)"" F, (2, y).
k=0
As required. O

Theorem 2.3. Let n be a positive integer, we have

Z ( Z ) Fr(z,y)Lyn—r(z,y) =2"F,(z,y). (2.8)

k=0
Proof. By setting a,, = F,,(z,y) and b,, = L,,(z,y), we have
+oo +oo
F,(x, Ly(x,
Aty = Eu@9) i g B(t)=>" Ln(@,9) 4n.

n! n!
n=0 n=0

On one hand, using the lemma 1.3 we found that

AWBH = Y (Z ( " ) Fk<x,y>Ln_k<x,y>> e 29)

n=0 \k=0

On the other hand, from lemma 1.4 we have

+o0 T
_ Fn(xay) n __ e — Pt _ L”(‘T’y) n _ ,at Bt
A(t) = ZO 4t = o and B(t) = ont =€ Fe.

So, we can easily prove that

+o0 n
AB)B(t) = > 2"Fu(x, y)%. (2.10)
n=0 ’
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n

t
By equating the coefficients of i in (2.9) and (2.10), we get the following identity

n

Z ( Z ) Fr(z,y)Ly_i(z,y) =2"Fo(z,y).

k=0
As required. O

Theorem 2.4. For all n € N, we have

n L, (2, y) — 22"

Z( . )Fk(az,y)Fm(w) = iffiy - 2.11)
k=0

3 ( Z )Lk(x,y)Ln_k(:r,y) = 2"L,(z,y) + 22" (2.12)
k=0

The proof of theorem 2.4 will be seen in the proof of theorem 2.7, which is a generalization
of it.
Before that, we present a generalization of lemma 1.4 as follows

Lemma 2.5. For all m,n € N, we have

am 6’"1/
— Zan z, y . (2.13)
a™ m ~— "
et 4 ef t=ZLmn(x,y)m. (2.14)
n=0
for all real number t.
Proof. Since
+oo m
[
=2 nl
n=0

for all real number ¢, so it follows that

+oo nmyn

I

n=0

So, we can write

eamt _ eﬁmt _ f ﬁnm tn _ io: an(x’y) o
oa—f a—f n! n! ’

n=0 n=0
+o0 oo
m m " Lym(z,y)
a™t Bs™mt nm nm _ nm i\, n
n=0 n=0
As required. O
Now, using lemma 2.5, we generalize the theorem 2.3.
Theorem 2.6. For all n,m € N, we have
- n
k=0

We note that by setting m = 1, we obtain the identity of theorem 2.3.
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Proof. By setting

—+o0

“+o0
anl Z,Y) n L'nm TyY) ,n
n=0 ’ n=0 ’

on one hand, using the lemma 1.4 with a,, = F,,,(z,y) and b, = Ly, (x, y) we found that

n

ADB() = f (Z ( . )ka(x,y)Lmn_mk(x,y)> % (2.16)

n=0 \k=0

On the other hand, we have from lemma 2.5

+00 m m 400
_ an(ac,y) n_ € PP _ an(a:,y) n_ _a™t 8™t
A(t)—nz:;) i "= s and B(t)—nZZOTt =e* " 4e”
so, we have
AWB(H) = 3 2 Fm @) 2.17
(t) (t)—r;Tt- (2.17)
by (2.16) and (2.17) we get
+o00 +oo n
2"Fom(2,Y) ., n tm
n=0 & n=0 \k=0 k -

n

. . (AL L .
Equating the coefficients of — gives the following identity
n.

Z ( Z ) ka(l‘,y)Lmn—mk(‘T,y> = 2nan(Iay)'

n
k=0

As required.

]
Finally, we present a more general result of theorem 2.4.
Theorem 2.7. For all n,m € N, we have
“ [ n 2" Lnn(z,y) — 217 (z, )
F, yY) Ern—m s = o ) 2.18
;(14:) k(7,9) k(7,9) 21 dy (2.18)
= n
Z ( k > Lvnk(xay>Lm7L—mk($7y) = 2ann($a y) + ZL%(T,y) (2.19)
k=0

We note that by setting m = 1, we obtain the identity of theorem 2.4.

Proof. By setting

+oo

Fom T, Y) n
At) = Z#t .
n=0 ’

On the one hand, using lemma 1.4 we have

(A(t))z - Z (Z ( Z > ka(way)anmk(m,y)> %T: (2.20)

n=0 \k=0

On the other hand we have

+oo

an (%, y) n eamt B eBm’t
Al =) T i
n=0
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So, we have

o™t amN 2
a? = (¢ e )
O

2™t _ p28™t _ (@™ +B™)
(a—B)?
1 “+o00 tn

— pEa 4y nZ:O (zn(anm + ﬁnm) _ Z(O(m 4 5m)n) E

N 22 4 4y n!’

n=0

From (2.20) and (2.21), we get

22 + 4y n!

n=0 n=0 \k=0

n

. . (AL L .
Equating the coefficients of i gives the following identity

- n 2" Lnn (2, y) — 2L (2, y)
F, s Ern—mk s = o .
3 (g T ) =2

Which is the identity (2.18). Now, to prove the identity (2.19) we consider
+o00
an b
B(t)=>_ Lom(@,9) yn.

n!
n=0

On the one hand, using lemma 1.4 we have

(B(t))z = Z (Z ( Z )Lmk(may)[’mn—mk(xvy)> :Tn,

n=0 \k=0

On the other hand we know from lemma 2.5 that

Bt — +oo Lnnl(1’7y) o o™t 8™t
=3 ety =
So we write
m m 2
(B(t))z — (ea t +65 t)
_ 620/%+62ﬁ”’t+26(am’+6m)t
+oo ny
= Z (zn(anm +Bnm) +2<am +5m>n) H
n=0 ’
+oo n
= Z (2" Ly (2, y) + 2L5, (2, y)) !
n=0 '

n

. . . . .
Equating the coefficients of i in (2.23) and (2.24), we get what is required.

We can realize more generalized families of identities by using the differential operator

before that, we present the following Lemma.

Z anmn(l‘,y) - ZLZ,L(.’E,Q) Ln — Z (Z ( Z > ka($>y)Fm”mk($7y)> %n'

2.21)

(2.22)

(2.23)

(2.24)

%s
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Lemma 2.8. [3] Let
+oo m
=D
n!
n=0
be an exponential generating function. Then we have

dtm Z an+m I

for all positive integer m.

Theorem 2.9. For all positive integers n and m, we have

n
Z( > " ” kF'erk(xay) = meZn-‘rm(x’y)'
0

Proof. puting

erat _ gmBt X tm
At) = s Zx"Fn(a:,y)a and B(t)=¢¥' = Zy et

Using the lemma 2.8, we have

+oo ng

= Z xn+an+7n(l‘7 y) Ha

n=0

dm m (am rat 6m rBt)

dtimA(t) - a—pf

So, we have

dm xmeyt(amewat _ Bmewﬁt)

Vi At) =
am A a—p
T (a elzaty)t — Bme zﬁ+y))
a—f
2 2
xm(amea t_ 57716,8 t)
a—f

+oo m

= meFanLm(xay)ﬁ

n=0

Using lemma 1.4, we can also write

A = (Zy ) (Zx"“ﬂF i, y)t">

! n=0

+00 n n m
s (z( : )yme)) v
n=0=0 -

k=0
from (2.28) and 2.29 we get

+oo

n=0 n=0=0

n

t
Equating the coefficients of - yields the following combinatorial identity
n!

Z( > metk n kF +k(l',y) = me2n+m(I7y)'
0

As required.

mn +0o0 n ) . n
Z-TmFZn-&-m(xvy)* ™t y" Fm+k('73a y) ol
‘ !

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)
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3 Conclusion remarks

In this work, we gave some new combinatoric identities involving bivariate Fibonacci and Lucas
polynomials. We intend to continue this study to give more properties and identities for this type
of bivariate polynomials. And also get the same results for other types of bivariate polynomials
such as bivariate Pell, Jacobsthal, and Mersenne polynomials.
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