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Abstract This paper studies the structure of cyclic codes of length n over M3(FF3). We define
the Gray map ¢ from M;3(TF;) to IF%3 and investigate the structural properties of cyclic codes
over M3(IF3) by using cyclic algebra. It is shown that cyclic codes of length n over M3(IF3) are
principal ideals of R[z]/(z™ — 1). Meanwhile, a linear code of length n over Mj3(F3) can be
regarded as a linear code of length 3n over [F5; under the Gray map ¢. Furthermore, we prove
that M3(IF,) is isomorphic to the cyclic algebra (Fq/F,, 7, 1) and discuss the structure of linear
codes over M;(F,) with ¢ = p*, when p = 1(mod6).

1 Introduction

In recent three decades, the theory of error-correcting codes over finite rings has gained a great
deal of attention since Hammons et al. [13] showed that some good nonlinear binary codes can
be represented as Gray images of linear codes on Z4. Numerous linear codes over commutative
rings have been built (see [1, 5-9, 21, 22, 24, 25, 31]).

Codes on non-commutative rings in theory of error-correcting codes are becoming more im-
portant. Many researchers wonder about the structure of cyclic codes over finite non-commutative
rings owing to the rich algebraic structure of cyclic codes over finite fields and commutative
rings. Linear codes over matrix rings have been a widely studied topic since Wood [30] proved
that finite Frobenius rings are suitable as linear coded alphabets. The ring M,(TF;) as a linear
coded alphabet appeared first in the algebraic construction for modular lattices in [3]. Greferath
et al. considered the role of the matrix rings in coding theory in [12]. In 2012, Oggier et al. [19]
constructed space-time codes over M(IF,). In 2013, Alahmadi et al. [2] studied cyclic codes
over M, (F,) and explored self-dual F4-codes. The structure of cyclic codes over M, (IF,,) was
built in 2014 by Falcunit and Sison [11]. In 2018, Luo and Parampalli [18] investigated cyclic
codes over the matrix ring M, (F, +ulF,) and obtained some optimal F4-codes. In 2019, Pal et al.
[20] constructed cyclic codes over M4(F,). Bhowmick et al. [4] studied self-dual cyclic codes
over M>(Zs) and Islam et al. [15] extended the results of [11] to M, (F, + uF,) in 2022. Patel
et al. [23] considered the structure of cyclic codes over My(F, + ulF,). The structure of skew
cyclic codes over M;(IF,) was studied by Si and Niu [28]. Dinh et al [10] derived the structure
theorem for cyclic codes of odd length n over the ring A = M;(F;[u]/(u*)) with the help of
isometry map from A to Fy[u, v]/{(u¥, v?, uv — vu).

This paper uses cyclic algebra introduced in [3, 27] to consider the structure of cyclic codes
over M3(TF3) and defines the Gray map ¢ from M3(FF3) to ]FgS. The cyclic codes over M;3(TF3) are
corresponding to the linear codes over the finite field 33 by using Gray map ¢. We also study
linear codes over M3(F,) when p = 1(mod6).

The structure of the article is as follows: In Section 2, this paper will introduce some essential
basic facts. This section proves that M3(IF3) is isomorphic to the finite chain ring R = Fz &
uFy @ u’Fyp,u? = 0. Meanwhile, the parameters of the Gray images of the linear codes of
length n over R are given in this section. In Section 3, the structural theorems of cyclic codes
of length n over M;3(F3) are obtained. The structure of linear codes over M3(FF,,) is studied in
Section 4. Section 5 concludes this work.
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2 Frobenius Rings and Cyclic Algebras

Let R be a finite ring with identity 1 # 0. An ideal I of R is called principal, denoted by
I = (a), if it is generated by an element a € R. If all the ideals of R are principal, then R is
called a principal ideal ring. R is called a local ring if R has a unique right (resp. left) maximal
ideal. A ring R is called a right (resp. left) chain ring if the set of all right (resp. left) ideals of
R is linearly ordered under the set inclusion. Unless otherwise explained, all rings mentioned in
this paper have a multiplication identity.

We define the Jacobson radical as the intersection of all maximal ideals in R, denoted by
Rad(R). It is a two side ideal. The left(resp. right) socle of a ring R, denoted by Soc(rR)
(resp. Soc(RR)), is the sum of all minimal left (resp. right) ideals. A finite ring R is a Frobenius
ring if and only if zr(R/Rad(R)) ~ Soc(rR) [14]. The ring M,,(R) of n x n matrices over a
Frobenius ring R is also Frobenius [29]. Next, we give the definition of cyclic algebra. Lemma
2.2 describes the relation between the Frobenius ring M3 (IF3) and cyclic algebra.

Let R™ be the set of all n-tuples over R. A nonempty subset C' of R™ is called a code of
length n over R. A code C of length n over R is called right (resp. left) linear if it is a right
(resp. left) R-submodule of R™. Elements of C are said to be codewords. Each codeword c¢ in
the code C is an n-tuple of the form ¢ = (cg, ¢y, -+ ,cn_1) € C.

Definition 2.1. Let L/k be a cyclic extension of degree n, with Galois group Gal(L/k) = (o),
where o is the generator of the cyclic group. Let (L/k,a,) be its corresponding cyclic algebra
of degree n, that is

(L), 0,7) ~ L@ eL+eL®---®e" 'L

with e € (L/K,0,v) such that le = ec(l) foralll € Land e = v € K,y # 0.
Lemma 2.2. A split algebra M, (K) can be considered as a cyclic algebra if there is a cyclic

extension L/k of degree n because L can be embedded in M, (K) ~ Endk (L) by using the
regular representation.

We consider the cyclic algebra A = (F» /r,, 0, 1), where F3; ~ F3]a] witha® —a + 1 = 0.
Its cyclic Galois group Gal(Fx /i;) is generated by the Frobenius automorphism o (a) = a’. If we
consider the map u : A — M;3(F3),

1 -1 1 0 0 -1
e— |0 1 1 , A 1 0 1 P
0 0 1 01 0

then it is easy to check that x4 is a isomorphism by [19] and [26, Lemma 12.6]. Therefore, we
have
.A ~ M3(IF3) ~ ]F33 (&) 6]F33 (&) €2F33,

where the multiplication is given by ae = ec(a) for all a € Fs;. The cyclic algebra A contains
the finite field F5; and has an Fy-basis {1,e,¢e?}. It is a central simple algebra over F3 and
dimA = 9 by [26, Theorem 12.1]. Note that (e — 1)*> = 0, then e — 1 is a nilpotent element of
order 3. Let u = e — 1, and do a change of basis to get

A~ Ty @ uFy @ u?Fys. 2.1)

Let R = F3 @ uFy @ u?Fss. It is a finite local ring with the unique maximal ideal (u).
Notice that the ring R is non-commutative for multiplication. The multiplication and the ideals
mentioned in this paper are always right.

Let C be a code of length n over R. The Hamming weight wgam (c) of a codeword ¢ =
(co,c1,+++ ,cn—1) € C is the number of nonzero components. The minimum weight w g, (¢) of
the code C is the smallest weight among all its nonzero codewords. For z = (zg, 1, , Tn_1),
v = (Yo,¥1, " yYn—-1) € C, dgam = #{i|z; # y;} is called the Hamming distance between x
and y. It is denoted by dgam (Z,y) = Wgaem(z — y). The minimum Hamming distance between
distinct pairs of codewords of C is called the minimum distance of C and denoted by dg4m (C).

For any r = 7o + ur; + u’r, € R, the Lee weight of 7 is defined as

wr(r) = WHam (12) + WHam (11 + 12) + Wham (ro + 71 + 72), (2.2)
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where wgqm (*) holds the usual Hamming weight on Fss. Let ¢ = (co,c1,-++ ,cn—1) € C.
Then the Lee weight of ¢ is the rational sum of Lee weights of its components, that is, wr,(c) =
Z?z_ol wr(c;). For z,y € C, the Lee distance dy (z,y) between x and y is the Lee weight of
x — vy, ie dp(z,y) = wr(x —y). The minimum Lee weight of C' is the smallest nonzero
Lee weight among all codewords. The minimum Lee distance of C'is the smallest nonzero Lee
distance between all pairs of distinct codewords. If C is linear, then the minimum Lee distance
is same as the minimum Lee weight.
Define the Gray map ¢ from R to ]Fg3 following the method in [6],

o(ro + ury + u2T2) = (ro,r1 + 712,70 + 71 +72).

The map ¢ is a linear distance-preserving bijection and can be extended to R™. From [20] and
the linearity of the map ¢, we have the following theorem.

Theorem 2.3. Let n be an integer that is not divisible by 3. If C is a linear code over R of length
n with size M and the minimum Lee distance d .., then ¢(C) is a linear code over Fy of length
3n with size M and the minimum Hamming distance dqpm,.

3 Cyclic Codes over M;(F5)

Let n be an integer that is not divisible by 3. We set R[z] is the ring of polynomials over R and
R, = Rlz]/(z"™ — 1). Then a linear code of length n over R is a right R-submodule of R"™. Let
C be a linear code of length n over R. The linear code C is called cyclic if for any codeword
c=(co,c1,++ ,cn_1) € C, its cyclic shift (¢, 1, co,c1,+++ ,¢n_2) isalsoinC.

This section shows that every cyclic code of length n over R is a right principal ideal of R,,.
Theorem 3.1 describes the sufficient and necessary conditions for a linear code over R to be a
cyclic code. Theorems 3.6 and 3.8 illustrate the structure of cyclic codes over R.

Theorem 3.1. A linear code C = Cy + uCy + u*Cy of length n over R is cyclic if and only if
Co,C1,Cy are cyclic codes of length n over Fs.

Proof. Let 0 be the standard cyclic shift map on R™, i.e., for any ¢ € C, we have that (c) € C
and @ is linear. If ¢y + uc; + u?cy € C, where ¢; € C;, i = 0, 1,2, then 0(co + ucy + u’cy) =
0(co) +ub(c1) + u*0(cy) € C. Thus, §(¢;) € C;, i = 0,1,2, i.e., Cy,Ci,C, are cyclic.
Conversely, if Cy, C, C, are cyclic codes over Fss. Then for every cq + uc; +u’c; € C, where
¢i € Ci,i=1,2,3, we have 0(cy) € Co, 0(c1) € C; and 6(cp) € Cp. Therefore, 6(co + ucy +
u?ey) = 0(cy) + ub(er) +u?0(cz) € C, i.e., Cis cyclic over R. o

There exists a natural homomorphic map from R to the Galois field F33. For any r € R, let 7
denote the element reduction modulo . Define the polynomial reduction map 6 : R[z] — Fss[x]
such that

n—1 n—1
f(z) = Zrixi > Z?’ixi = f(x).
i=0 i=0
Definition 3.2. A monic polynomial f over R[z] is called a basic irreducible polynomial if its
image f under the map J is irreducible.

Since the characteristic of R is 3 and n is not divisible by 3, then it implies that ™ — 1 has
a unique decomposition as a product of basic irreducible pairwise coprime polynomials in R[z]
from [8, Proposion 2.7].

Lemma 3.3. Let 2™ — 1 = HE:I fi, where fls, i = 1,2,---t, are basic irreducible polynomials
in R[z]. Then

Ry = Rlal /(a" = 1) = P Rlal/ ().

Proof. The proof is obtained easily from the Chinese Remainder Theorem. O
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Lemma 3.4. Let g be a basic irreducible polynomial in R[z]. Then the right ideals of R, =
R[x]/{g) are (0), (1), (u), and (u?).

Proof. First, we assert that these four ideals are not equal to each other. They can be rewritten
as (u' + (g)), i = 0,1,2,3. Let (u’ + (g)) = (u/ + {g)), 0 < i < j < 3. Then there exist
r(x) € Rlx] with deg(r(z)) < deg(g(x)) such that u’ + (g) = w/r(z) + (g). This shows that
u’ —ur(z) € (g(z)). Since,

deg(w’r(z) — u') < deg(r(v)) < deg(g(x)),

it follows that u/7(x) —u? = 0. Multiplying above equation by u>~7, we have u**~7 = 0. Thus,
3+4+4i—j=0,i.e.i=j. Next, we prove that R/(g) has only four ideals.

Let N be a nonzero right R-submodule of R, and h(x) be a nonzero element in N with
h ¢ (g). Then h(z) = ho(x) + uhi(x) + u*hy(z), where h;(x) € Fy[z] fori =0, 1,2, and

ged(g(z), hi(x)) = 1or g(x).

If ged(g, ho) = 1, i.e. g(z) and ho(x) are coprime in R[z], then there exist sg, ¢y such that
gso + hoto = 1. That implies

(ho + (9))(to + (9)) = 1+ (9),

where (ho + (g)) is an unit in R[z]/{g). Therefore, N = R[z]/{g) = (1).
If ged(g, ho) = g, ged(g, ki) = 1, then h + (g) = uh; + u*hy + (g). That means N = (u).
If ged(g,ho) = g, ged(g,h1) = g and ged(g,ha) = 1 then h + (g) = w*hy + {g), i.e.
N = (u?).
If ged(g, hy) = g fori = 1,2, 3, then it’s obvious that N = (0). o

Lemma 3.4 shows that the right ideals of R4, = R[z]/(g) form a chain.

Lemma 3.5. Let 2™ — 1 = HE:] fi, where the f!s are pairwise coprime monic basic irreducible

polynomials in R[z). Let f; = ’”f_l . Then any right ideal of R[z]/{z"™ — 1) is a direct sum of

the ideals (J;), (uf;) and (u2f;).

Proof. By Lemma 3.3, we have
Rlal/ (@™ = 1) = Rlal/Ni_y (fi) ~ DRI/ (). 3.1)
i=1

Thus, any ideal of R[z]/(z™ — 1) is one of the form ®!_,Z;, where Z; is a nonzero ideal of
R[z|/(fi). By Lemma 3.4, we have Z; € {(f;), (1 + (fi)), (u + (fi)), (u* + (finh 1 <i<
t. Hence Z; corresponds to one of the forms (z™ — 1), (f; + (2™ — 1)), (uf; + (™ — 1)),
(W2 f; + (z" — 1)) in R[z]/(z™ — 1). i

The following theorems describe the structure of cyclic codes over M3 (F3).

Theorem 3.6. Let " — 1 = Hf.:l fi, where the f!s are pairwise coprime monic basic irreducible
polynomials in R[z]. IfC is a cyclic code of length n over R, then there exists a range of pairwise

coprime monic polynomials p;(z) € Fy[z], ¢ = 0,1,2,3, such that 2" — 1 = H?:o pi(z) and
C = (p1) @ (upn) ® (u*ps3). Furthermore |C| = 273dee(pr)+2deg(p2)+deg(ps),

Proof. Since C is a cyclic code of length n over R, then it can be seen as a direct sum of the
form of an array of ideals (u? f; + (2" — 1)), 0 < j < 3,1 <i <t by Lemma 3.5.
Without loss of generality, we make the following assumption,

Cm (For) @@ (Frpan)
S <uf81+82+1> b---D <uf31+82+s3>
® <u2f51+52+83+1> D---D <u2ﬁg>,
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where s; > 0and sy + s, + s3 + 1 < t. For s; + s, + s3 + s4 = t, define
po = fifa- fsr
P11 = f51+1 e f31+823
D2 = f81+sz+] T fs|+32+33a

p3 = f81+82+83+1 e f81+82+83+84-

By our construction, it is clear that py, p;, p2, p3 are pairwise coprime and 2" — 1 = H?:o Di.
Thus, C = (P1) @ (upa) ® (u*ps).
By [8, Theorem 3.4], we have |C| = [(p1)] - [(up2)| - |{u*p3)| and

n—deg(pit1 - deg(pit1)
R >( deelpist) (IRP) 1\ (- i)deg(pii1)
UPit1)| = — = | == = (IR

i=0,1,2, where R = R/(u). Thus, |C| = 273dce(p1)+2deg(p2)+deg(ps) u]

)

By Theorem 3.6, we obtain the following corollary.

Corollary 3.7. Let C be a cyclic code of length n over R. There exist polynomials qo(z), q1(z),
q2(x) in Fy [z] such that C = (qo) & (uq1) ® (u?q2) and q2()|q1 (x)lgo ()] 2" — 1.

Proof. By Theorem 3.6, there exists a family of pairwise coprime monic polynomials p;(z) €
Fss(z],4=0,1,2,3 and ngo pi(z) = 2™ — 1, such that C = (p;) ® (ups) @ (u’p3).

Define gy = pop2p3, @1 = Pop3» @2 = po. On the one hand, it is obvious that ¢, (x)|q; (z)|qo(z)| 2™ —
1. It should be noticed that w'p;+1 = u'py-- - pipis2 - p3 = u'qipr---pi, © = 0,1,2. Thus,
C C (q0) @ (uqi) ® (u’qa).

On the other hand, note that ged(p1(z),p1(x)) = 1 and ged(p;(z), p2(x)) = 1, then there
exist p(z), ¥(x) € Fss[z] such that p(x)p; (x) + ¢ (z)p2(z) = 1. Meanwhile,
a1 = pops3
= (p1 + ¥p2)pops
= wpop1p3 + Ypop2ps
= b2 + Vqo.

Therefore, uq; (z) = upps (x) + upgo(z) € C. Similarly, it can also be proved that u?q(x) € C,
i.e. C 2 (q0) ® (uq1) ® (u*q2). The proof is complete. i

Theorem 3.8. Let C be a cyclic code of length n over R. The generator of C is P = pi(x) +
upa(z) + w?ps(z).

Proof. Itis obvious that (P) is contained in C. By Theorem 3.6, we have that C = (py, up,, u*p3)
and H?:o pi = 2" — 1, where p; € Fss[x], i = 0, 1,2, 3, are pairwise coprime monic polynomials
and piﬁi =z" — 1.

For every i,j € {0,1,2,3}, ¢ # j, it is clear that p;p; = 0(modz™ — 1) and ged(p;, p;) = 1.
Therefore, there exist «;(x) and ;(x) in F3s[x] such that for any i € {0, 1,2, 3},

a;(z)pi(x) + Bi(x)pi(x) = 1.

Multiplying them separately, we have
k
[ ei(@)pi(x) + Bi(z)pi(x) = 1 (3.2)
i=1

where k € {1,2,3}. Let k = 2. By Eq.(3.2), we get

(a1p1 + Bip1) (caps + Bap2) = anaopips + Broopips + a1 Bapipa

= 1(modz™ — 1). G-
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Multiplying both sides of Eq.(3.3) by u*f3, we have

u*p3(araapips + Bronpips + a1 Bapipa) = uracapipaps = u*p3(modz™ — 1),

and
ajappipz = 1(modz™ — 1). (3.4

By Eq.(3.4) and P = p; + up» + u’p3, we have
arjaopipr P = v agonpipaps = up3(moda™ — 1),

thus, up; € (P).
We can prove that p;, up, € (P) similarly. Therefore, C = (P). ]

From Theorem 3.8, we get the following corollary immediately.
Corollary 3.9. The quotient ring R,, = R[z]|/{z™ — 1) is a principal ideal ring.

Let C be a cyclic code of length n over R. Then C has the form C = (p;) @ (up») ® (u*p3) by
Theorem 3.6. We give the examples below.

Example 3.10. Suppose n = 2. The factorization of > — 1 over F is given by (z + 1)(x — 1).
Let f{ = x + 1, fo = x — 1. This paper considers the cyclic code C; = (f1, uf>) over R. From
Lemma 3.5 and Theorem 3.6, we know that C; = (f1) ® (uf).

Next, we determine the parameters of the Gray image code ¢(C;) of C; by MAGMA. The
code ¢(Cy) is a linear [6, 4, 2] code over F3s. A generator matrix of ¢(C,) is

1 000 0 -1
0100 -1 1
0010 1 -1
o001 1 -1

Example 3.11. Let n = 4. It is easy to check that * — 1 = (z + 1)(z — 1)(2? + 1). We set
fi=z+1, fr=x—1, f = 22 + 1 and consider the cyclic code C, = (f f»,uf3) over R. Let

po=1,p1 = f3,p2 = fifa,p3 =1L

Then we have that C; = (p;) ® (up,) by Lemma 3.5 and Theorem 3.6. The code ¢(C,) is a linear
[12,8,2] code over F3;. A generator matrix of ¢(C,) is

1 0000O0O0OO0O O O -1 -1
01 00O0O0O0O0 1 1 1 1
o001o0o000O0 -1 -1 -1 -1
00010O0O0O0OTO0 -1 -1 -1
0o00O01O0O0O0OTO0O0 -1 1 -1
000O0O0OTI1O0O0OTO0O 1 0 -1
0000O0OO0OT1O0 O 0 -1 -1
0oo000O0O0OO0OT1 1 0 0 O

4 Linear codes over M;(F,), p = 1(modo6)

In this section, we discuss the structure of linear codes of length n over M3(IF,,), where p is prime
and p = 1(mod6). The relationship between cyclic algebra and the Froebnius ring M3(IF,)
should be determined. Eq.(4.2) shows that the cyclic algebra A = (Fo/F,, 7, 1) is isomorphic
to M3 (IFp), where 7 is the Frobenius map of the finite field IF,,. Meanwhile, Theorems 4.6-4.8
depict the structural properties of linear codes of length n over M3(F),).
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Lemma 4.1. [17, Theorem 6.1, Konig-Rados Theorem | Let f(x) = agp + ajx + apa® + -+ +
ag—2x97% € F,[x]. We associate f with the (¢ — 1) x (q — 1) matrix A given by

ao a -0 Qg-3 Qg2
aq az o Qg2 ago
A= ,
Ag—2 Go -+ QAg—4 QAg-3

then the number of nonzero solutions of f(x) = 0 inIF, is equal to ¢ — 1—rank(A) .

The matrix A is a left-circulant matrix, in which each row is obtained from the preceding row
by a left cyclic shift of entries.

Definition 4.2. A polynomial f € R[x1, 22, - ,zy,] is called symmetric if f(z;,,zi,, - ,%;,) =
f(z1, 22, -+, z,) for any permutation i, 4y, - - - , %, Of the integers 1,2,--- | n.
Let

oL =1+ T2+ + Ty,

0y = g Lj Ty,

1<i; <ir<n

n—1
On—1 7= E H Lis
1< < <1 <n r=1

Op — L1T2 " Tp.

The polynomial o (k = 1,2,--- ,n) is called the k-th elementary symmetric polynomial in the
indeterminates x, 23, -+ , x, over R.

Lemma4.3. [ 17, Theorem 1.76, Waring’s Formula ] Let sy = n € Z and s, = si(x1,x2, ,&n) =
i +ab +- 42k € Rz, a0, -+ 2] for k > 1. Then

L iy et — IV _
_2 : in+i +~--(Zl +i+ +in — 1)! i _ip in
Sp = (_1)2 4 T — 0-10-2...0-n7
gl dy,!

where the summation is extended over all n-tuples (i1,is,--- ,i,) of nonnegative integers with
i1+ 2ip + - - - + nin, = k. The coefficient of o' 05 - - - ol is always an integer.

Theorem 4.4 gives the necessary and sufficient condition that the polynomial f(z) = 23 +
x — 1 is irreducible in F,, [z]. The best choice of f(z) is the Conway polynomial, which is used
in computational algebra systems such as MAGMA and GAP to represent finite fields. However,
since the choice of p is different, then the Conway polynomial is also different. Therefore, this
paper chooses a simple polynomial 23 + z — 1.

Theorem 4.4. Let p = 1(mod6). Then f(x) = 2> + x — 1 is irreducible on F,, if and only if

o ol RO
-1 3s+1 3 TS + 52 0 (41)
= AP = e

in the finite field I,

Since the proof of Theorem 4.4 is too long, we place it at the end of the paper so as not to
affect the coherence of the contents of this section.
Considering the Frobenius map 7(x) = 2 of F, and the cyclic algebra A = (¥o/F,, 7, 1), we
have that
M;(F,) ~ A~TF, +vF, +v°F,, 4.2)
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with ¢ = p?, v3 = 1, where F, = F,[w] and w® + w — 1 = 0. The multiplication is given by
av = v7(a) for any a € F,. From linear algebra, we know that

2P = g(z) f(z) + az® + bz + ¢ 4.3)

with g(z) € Fy[z], a,b,c € F,, i.e., w? = aw? + bw + c. The isomorphism p : A — M;(F,) is
given as follows:

1 ¢ A+ 2ab 0 0 1
v |0 b a?=2ab+2bc|,w—= |1 0 -1
0 a b —a*+2ac 01 O

Substituting the three roots ay, az, a3 of f(x) into Eq.(4.3), we get system of linear equations

a? ap 1 a of
a3 ay 1 bl =1|d5
a3 a3 1 c b
By Cramer’s Rule, we have
p p D
_ @ @ as
a= + + modp),
(a1 —a3)(an =) (2 —a3)(a —an) (a3 —a2)(as — al)( 2
pz— ety ety  eslentad) g0 g

(1 —a)(ar —a3) (a2 —a1)(2—a3) (s —ar)(az — )

—1 —1 —1
o? ob of

(a1 —ax)(ar —a3) | (az—ar)(az —a3) | (a3 —an)(as —a2)

(modp).

Cc=

Eq.(4.4) gives explicit expressions of a, b, ¢ as rational symmetric polynomials of a1, az, 3.
Table 4.1 shows the values of a,b,c, when p = 7,13,19,31. All operations on symmetric
polynomials can be done in MAGMA.

Let R, = F, + vF, + v*F,. Then R, such that v* — 1 = 0 is a non-chain principal ideal ring
with two maximal ideals (v — 1) and (v> + v + 1). The ideal lattice of R, is given in the Figure
4.1.

Ry =Fq,+olF, —l—szq, =1

(v—1) (V*+v+1)

(0)
Figure 4.1. The ideal lattice of the ring R, = F,[v]/ (v} — 1)

For a code C over R, we define
Ci={ceF}|a+uvb+rv’ceC, forsomea,beFy},
Cr={b—ceF!|a+vb+v’ceC}, (4.5)
C3={afc€F;’|a+vb+vzc€C}.

If C is a linear code of length n over R, then C, C; and Cs are all linear codes over length n
over [F,. Moreover, the linear code C of length n over R, can be uniquely expressed as

C=+v+1)C ®vC @ Cs.
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A generator matrix of C' is a matrix whose rows generate C. Let C' = (v +v+1)C1&vCrdC3
be a linear code of length n over R, with a generator matrix G. Then G can be written as

(W +v+1)G
UGZ )
Gs

where GGy, G, G5 are the generator matrices of C', C; and C3, respectively.

The definitions of Hamming and Lee metric of R, are similar to those of Section 2. Hence,
we do not repeat them in this section. The Gray map ¢ from R, to Fg is defined by p(a + vb +
v?c) = (¢,b — c,a — ¢). It can be easily checked that ¢ is a linear map. The Gray map ¢ can
be extended to R} in a natural way, that is, ¢ : R} — IFS" such that ¢ : (ro, 71, ,Th—1) +
(ag,bo — C0,a0 — €0y s An—1,0p—1 — Cn_1,an_1 — Cn_1), Where 7, = a; + vb; + v?¢; for
1=0,1,---,n— 1.

There are some structural results on linear codes over M3 (F,,). Similarly to Lemma 1 of [16],
we have Theorem 4.5. The proofs of Theorems 4.5-4.7 are similar to those of [16, 21]. Thus, we
omit the proofs of the results.

Theorem 4.5. The Gray map ¢ is a distance-preserving map or isometry from Ry (Lee distance)
to ]FZ" (Hamming distance) and it is F ;-linear.

Theorem 4.6. If C = (v’ + v + 1)C; ® vCy @ Cj is a linear code over R, then p(C) =
C ® Cr ® Cs and |C| = |C1]|C,||C5].

Corollary 4.7. If C = (v2 + v + 1)C) ® vC, @ Cs is a linear code of length n over R, where
C; is a linear code over ¥ with dimension k; and minimum Hamming distance dqm(C;) for
i =1,2,3, then o(C) is a linear [3n, ki +kz + k3, min{d g 41n, (C1), dram (C2), dram (C3) }] code.

In particular, we have the following result when C'is cyclic over R,,.

Theorem 4.8. Let C' = (v2 + v + 1)C @ vCy ® Cs be a linear code of length n over R,,. Then
C' is cyclic over Ry if and only if C,, Cy, C5 are cyclic over I,

Proof Let (&, e, eV ) e (2,62, ol ) e o (¢, D ) € g and
¢ = (v2+v+1)c£1)+vc§2)+c£3) fori =0,1,2,--- ,n— 1. Then the vector (cp,c1, - ,cn_1) €
C. Since C is a cyclic code over R, it implies that (cn— ],co, -+« ,cp—2) € C. Notice that
(en_tyco, -+ rena) = (@ o+ 1) e D)o 1,0(()2),-“ D)+

e ( ’,), then ( £L>1,c(()l>,'--7cnl ,) € C, ( e 1, (>,-~- 0(272) € C; and ( 51 1,063),- -
cfzz) € (3. It follows that C, C; and Cs are cyclic codes over F,,.

Conversely, let Cy, C, and Cj are cyclic over F,. If (co,c1,--- ,ch—1) € C, where ¢; =
(v +v + 1) 4 v + ¥ fori = 0,1,2,-+ ,n — 1, then (c(()),c(ll>,~-« )y ea,
(co ,cl ,-~ ,cf)l) € (C, and (cf)3),c§3),-~- ,cfﬁl) € (3. Note that (¢p—1,¢0, " ,Cp—2) =
W4+ 1) el Dy o e P (@) e (ot
1)Ci & vC, & C3 = C. Therefore, C is cyclic over R,. O

Table 4.1: The values of a, b, c, when p = 7, 13, 19, 31

Finite Field a,b,c Elementary Symmetric Polynomials of a, b, ¢ Values
a 7'15 + 37'137'2 + 37’127'3 + 37 722 + 5mT3 -2
s b 67?7’2 + T|37'3 + 37'127'22 + 37 7‘27'3 + 67'; + 7'32 0
c 7'1 T + 47'l ™73 + 27 T3 + 7'2 7'3 1
a l + 37' T + 9‘1'l T3 + 107'1 7'2 + 97'l T3 + 97'1 7'2 + 871 7'3 + Tl 7'27'3 + 97'1 7'2 + 1
Fi3 57’1 7'27'3 + 571 Tz T + IOT1 73 + 77 7'2 + 47 7'2 7'3 + 57’2 T + 9727'3
b 12T107'2+T1T3+9T1T2+]07'1 7'27'3+11T1T2+7T1T3+]17‘17'27'3+97'1 72 —',—77'1 7'2732+ 5

117'l 7'2 5+ 107'1 T} + 117'] T2 + 87’1 7'2 7'3 + 127'17'2 T3+ 1071T2T3 + 7'2 +373 73 + T:?

Continued on next page
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Table 4.1 — continued from previous page

Finite Field

a,b,c

Elementary Symmetric Polynomials of a, b, ¢

Values

Fi9

c

7'1107'3 + 47'187'27'3 + 87'177'32 + 27'167'227'3 + 107']57'27'32 + 47'{‘7'237'3 + 27'{‘7'33 + 87']37'227'32 +
271275‘73 + 97'127'27'33 + 67 'r;'r32 + 47 T; + 12'r2573 + 6722733
7‘117+3T]157'2+157'114T3+lOT|l37'22+87'1127'27'3+167111723+2Tll1T32+3T]107'227'3+127'197'§+
57'197'27'32 + 157'187'237'3 + 137’187'33 +6‘rl77'25 +47'177'227'32 + 117'167;7'3 + 157’167'27'§5 Jr67'157'26 +
TR B2+ 1203 + 1370y + 6747203 + 13737 + 63 md 2 + 573 mrd + 57210+
17273 173 17273 17273 172 17273 17273 17273
107',27'37'33 + 27']27'35 + 97'17'28 + 37’17257'32 + 107’17227;l + 117'277'3 + 167’5‘7’3 + 137’27'35
187’11672 + 7'11573 + 157'114'r22 + 107'1137273 + 471127'3 + 13'r1127'32 + 67'1”72273 + 7'110724 +
117_107_2_,’_1393 1793188528221674 147 3666
| T2T3 T Ty 3+ VI 5 + 18T 75 27 Ty 75 + 167 7)) T3+ 147 7o 75 +-67 )75 +

97'167';7'32 + 87'167'3t + 87?7’57’3 +6TiST227—33 + 187'147'27 +9Tf‘7’§7'32 + 117'14727'; + 187'137'267'3 +
7'137'237'33 + 167']3‘1'35 + 177'12‘1'28 + 7'127'257'32 + 11‘1'12‘1'22‘1'51 + 127 7'277'3 + 1771 7';7'33 +27 7‘27'35 +
187'§ + 97'267'32 + 37';’7';‘ + 7'36

7'1167'3 + 47']14727'3 + 147'1]3732 + 157'1127'2273 + 157'1“7'27‘2 + 187'1'07'237'3 + 97'1]07'33 +
147'?7'22732—}-7?7;73+18718727'33+107177§T32+6Tl7f4+13716T25T3 +67’f’7’227'33+6715’r§’r32+
97'157'27'_? +T14T26T3 + 137';‘7'237'33’ + 137'1475 %»97'137'257'32 +9TET22T; +27'127'277'3 +27’127';T33 +
97'127'2735 + 187y 7'267'32 + 127 7'2‘7’7? + 67'17'36 + 7'287'3 + 177'257'33 + 157'227'35

7129+371277'2 +2771267'3 + 107'1257'22—1—7"247'273 +47'1237'23 +21T123T32 + 1871227'227'3 +2T|2] Tg +
47'1217'27'32 + 287'%072373 + 47"207'33 + 287']197‘25 + 27‘1‘1197'227'32 + 871187'37'3 + 47'1187'27'33 +
117'1177'26 + 51'1177'23’7'32 + 27'1177? + 241'1167'257'3 + 67'1167'227'33 + 187']157'27 + 247'1157'5‘732 +
117'115’r2'r§1 + 247'1147'267'3 + 1771147'237'3?’ + 37'114T35 + 6T1137'§ + 14'r1137'257'32 + 127'113T22'r§‘ +
197'11272773 + 2]71127'37'33 + 307'1127'27'35 + 297’1”729 + 19’r1“7'267'3z + 217’1”7237;l + 77'1”’r36 +
137'11072373 + 97'11075733 + 147'1107'227'35 + 297197210 + 27‘197'277'32 + 17'r19'r£"r§l + 247'197'27'36 +
167’187'297'3 + 8T18726733 + .’)O’r18’r23‘r§i + 18T18T37 + 1371772“ + 307’37’?7}2 + 297’177'257'§ +
8717722736 + 157‘167'2107'3 + 97?727733 + 287’167'?7'35 + TFT2T37 + 197'157'212 + 107‘157'297'32 +
287'157'2(’7';‘ + 77'?7';7'36 + 167'157'? + 157{‘72“7'3 + 107';‘7';7'33 + 267’?7’257'35 + 107{‘722737 +
297’?7’2]3 + 227’?7’2'0732 + 57'?7'277'§t + 137137;736 + 4713727'38 + 7'127'2127'3 + 67’127'297'3 +
147'127'267'35 + 167'127'237'; + 24712739 + 15717214 + 247'17'2”732 + 18717287;‘ + 57'17';7'36 +
307’17'227'38 + 177'2137'3 + 772107'33 + 147'277'35 + 207?737 + 217’2739

307’1287'2 + 7'1277'3 + 277'1267'22 + 107'1257'27'3 + 167'1247'23 + 257’1247'32 + 7'1237'227'3 + 67’1227'51 +
97'1227'27'32 + 2671217'37'3 + 57'121733 + 77'1207'25 + 247’1207'227'32 + 7T1197'§7'3 + 97'1'9’r27'33 +
147'1187'26 + 107'1'87;732 + 287’1187'; + 37'1'77373 + 2071177'227'33 + 47'1]67'27 + 97'1'67;732 +
17T|167'2T? + 57‘1157'267'3 + 137']'57'237'33 + 7'1157'35 + 3071147'§ + 77'1147'257'32 + 147'1'47'227? +
26T|l37'277'3 + 287'1137;7'33 + 217'1137'27'35 + 147'1127'; +237'1127'267'32 +207'1127'237'§‘ + 19‘1'1127'36 +
57'1“7'37'3 + 157'1“7'257'33 +237'1“7'227'35 +297'1107'210 +87'1107'277'32 4»267'110‘1';‘7'§1 +237'1107'2‘r36+
47'197'297'3 +87'197'267'33 +67'197'237'35 + 147']97'37 + 147'187'211 +227’F7'287'32+217']87'257'§+87'187'227'36+
287'177'2107'3 + 47'177'277'33 + 57171';735 + 107'177'27'37 + 77'167'212 + 87'167'297'32 + 267'167'267'§1 +
267’167'23’7'36 + 117?738 + 571572“7'3 + 227'157'57'33 + 217?725735 + 187‘157'227'37 + 97{‘7213 +
4Tf‘72107'§ + 6'rf"r27'r§1 + 177';‘7';7'36 + 9TfTZT3S + 257’137'21273 + 247'13’7'297'33 + 107?726’@5 +
127'137'237'37 + 107’13’7'39 + 127’127'214 + 71272“7'3% + 157'127'§7§t + 127’127'257'36 + 267’127'227'38 +
217’17'21373 + 297’17'210733 + 13T1727'r35 + 37’1T§T37 + 247‘17‘27'39 + 307215 + 297’212'r32 +
297’297? + 257’267'36 + 21723738 + 7'310

7'1287'3 + 47'1267'27'3 + 267']257'32 + 157'1247'227'3 + 207']237'27'32 + 257'1227'237'3 + 287'1227'5” +
27T1217'227'32+24T]20T§T3+19T]20T2T33+137'119T§T32+21T119T;+17T|187'257'3+257'118T22T§’+
137’1177';7'32 + 237'1177'27? +277'1167'267'3 +257116T§T33 +97'1167'35 +97'1157'257'32 +97'1157'227'§1 +
7'1147'277'3 +267‘114T§T33 + 167'1147'2735 + 1671137'267'32 + 157'113’r23’r;1 + 12T1137'3° + 177'11272873 +
671127'257'33+ 1 87'112722735 -"-30’r11 ! 7'277'32-1- 1 07'11 ! T§T§+20Tll 1 72736+2T1107'29T3+1 17'110’r26’r33 +
187110T23735 + 1071107'37 + 157'197'557'32 + 57‘?7‘257';‘ + 21719722736 + 177'187'2107'3 + 7'187'277'33 +
971875‘735 + 297’?7’27'37 + 147'177'297'32 + 2271775’7; + 157'177'237'36 + 22717738 + 247'167'2”7'3 +
167'167'557'33 + 37’167'257'35 + 127’16722737 + 2971572107'32 + 157'?7'277'3‘ + 571575‘7'36 + 277'157'sz +
227’?‘7’2127'3 + 77']47'297'33 + 30714726735 + 187‘147'237'37 + 307']47'39 + 27TfT2llT3z + 13T13T28T§‘ +
37’?7';7'36 + 157'57'227'38 + 197']27'2'373 + 2371272107'33 + 217',27'277'35 + 37']27'5‘7'37 + T|2T2T39 +
2711 7'212732 42371 7'297'; +267; 7'267'36 +137; 7';7'38 +107; 7'3'0 +T214’T3 + 157’2117'33 +307‘287'35 +
37';7'37 + 147'227'39

5

17

11
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The proof of Theorem 4.4

Proof. According to Lemma 4.1, f(x) is irreducible on F), if and only if rank(A) = p — 1, i.e.
det(A) # 0(modp), where A is the (p — 1) x (p — 1) matrix,

-1 1 0 1 0 0O 0 O
1 0 1 0 O 0 0 -1
0o 1 0 0 O 0 -1 1
1 0 0 0 O -1 1 0

A=
o o0 o0 -1t 1 -+ 0 O O
o 0 -1t 1 0 -~ 0 0 O
o -1 1 o0 1 .- 0 0 O
Notice that the matrix A is a permutation of the circulant matrix B,
A= BP, (4.6)

where P is a permutation matrix with ones on the anti-diagonal, and zeros in all other entries,

o o0 o0 -0 1 0 1 -1
-1 0 0 0 0o 1 0 1
1 -1 0 O 0 o0 1 O
o 1 -1 0 0o 0 0 1
B = :
0O 0 0 1 -1 0 0 O
0 0 O o 1 -1 0 O
0O 0 O 1 0 1 -1 0

is a right circulant matrix.
Then
det(A)=det(BP)=det(B)det(P).

—1

The determinant of the permutation matrix P is (—1)*>. Define the associated polynomial
g(z) = 2* + 2> — x. By linear algebra, we have

p—1
det(B) = H(—wj + wjz« + wj)

j=1
p—1  p-l
= ij H(—l + wj + w))
Jj=1 j=1
p—1
= —JI(-1+w;+w),
j=1

2mij

where w; = eP~! and i = /—1. Thus,

det(A) = (—1)"T det(B) H—1+wj+w§). (4.7)

The determinant of A is not equal to O if and only if Eq.(i1.7) is not zero. Let o, ap and a3
be the three roots of 23 + 2 — 1 = 0 in the algebraic closure F,,, then

p—1

p—1 3
[T(-1+w +?) EHH z; — a;)(modp). (4.8)

Jj=l1
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By Vieta’s Theorem, for 2P~! — 1 = 0, we have

p—1
= g w; =0,
i=1
0y = g wi wi, = 0,

1<iy<iy<p—1

p—2
N R |

1<) < <ip2<p—1r=1

Op—1 = Wjwy - wp—1 = —1.

Consequently,

i=1 4.9)
3
3 1 (N
i=1
G e B G e S A )
By Vieta’s Theorem, for 2° + 2 — 1 = 0, we have
T =ar+a+az=0,
T =ajn + o+ ooz =1,
T3 — 03 —= 1.
Let 81 = oy, B2 = a3, f3 = aza3, then
h=50+ph+ps=1,
th = B1B2 + 8183 + B2 = 0,
03 = 1528 = 1.
According to Lemma 4.3,
1 _  p-l p—1 p—1
s, =0 tay  tog
— S (-t (1 +j2+ 55 = 1)! i s
1o 1n )
1252+ 33=p—1 J1ig2:93°
= Z (_1)j2+1M
—
25> +3j3=p—1 J2:03° (410)

&l
Rl

3s+1 (pTil +s-1)!

=3 (-1
=D (3s)!(251 — 2s)!

&l
|

@
I
- o

33]

el

_ _1)3stl 5 +S'
SOR= v

o‘

i
(=)
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S<2 _ B;{jfl +5§71 +5§)71
Z (_1)22+1 (i1 + 1> + 2.3 ! 011620

71142143
1420+ 3i3=p—1 1+42°%3

_ Z (_1)(2'14?2'3'—1)!

113!

i1+3i3=p—1 4.11)
p—1
B i (B +2t—1)
= (BN 1)
2=l 1
. _Z p31+2f
el ot

Thus, f(z) = 3 + z — 1 is irreducible over F,[z] if and only if 5;1_)1 is not equal to sf_) ,- The
proof of Theorem 4.4 is done. O

5 Conclusion

In this paper, we prove that M3 (IF3) is isomorphic to the finite chain ring R = F3s @ ulF3 @ u’Fs,
u? = 0 and investigate the structure of cyclic codes of length n over M;(IF3) by using cyclic
algebra. It is shown that every cyclic code of length n over R is a right principal ideal of
R, = Rlz]/(z™ — 1). We also define the Gray map from M;(FF3) to F3. The Gray images of
linear codes of length n over R are linear codes of length 3n over I3 under the map ¢. Moreover,
this paper also studies the structural properties of linear codes over M3(IF, ), where p is prime
and p = 1(mod6).
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